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PROCEEDINGS 


OF THE 


LONDON MATHEMATICAL SOCIETY. 


VOL. XVII. 


TWENTY-SECOND SESSION, 1885-86. 
November 12th, 1885. 


J. W. L. GLAISHER, Esq., F.R.S., President, in the Chair. 
SrEcIAL MEETING. 


The President stated that, in accordance with a notice sént out to 
members, the meeting had been made a “ special " one, for the purpose 
of considering certain alterations in the “ Rules," which were to be 
proposed by the Council. He then called upon the Treasurer (A. B. 
Kempe, F.R.S.) to move the adoption of the same. The motion 
having been seconded by Sir J. Cockle, F.R.S., and carried 
unanimously, the Meeting then became the 


ANNUAL GENERAL MEETING. 


Mr. L. J. Rogers, B.A., B.Mus., Balliol College, Oxford, was elected 
a Member. 

The Treasurer then read his Report. Its reception was moved by 
Mr. S. Roberts, seconded by Prof. J. Larmor, and carried unani- 
mously. 

At the request of the Chairman, Mr. A. B. Basset consented to act 
as Auditor. | 

From the report of the Secretaries, it appeared that the number of 
members since the last General Meeting, held November 18th, 1884, 
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had increased from 170 to 181, of these 64 being Life Members. 
There had been no loss of members by death during the Session. 


The following communications had been made :— 


On the Theory of Screws in Elliptic Space (Supplementary Notice) and on the 
Theory of Matrices: À. Buchheim, M.A. 

On Sphero-Cyclides: H. M. Jeffery, F.R.S.  . 

Results from a Theory of Transformation of Elliptic Functions: J. Griffiths, M.A. 

On the Limits of Multiple Integrals : H. MacColl, B.A. 

On the Motion of a Viscous Fluid contained in a Spherical Vessel: Prof. H. 
Lamb, F.R.S. 

On certain Conics connected with a Plane Unicursal Quartic : R. A. Roberts, M.A. 

Note on Elliptic Functions, on an Integral Tranformation, and a Theorem in 
Plane Conics: Asütosh Mukhopadhyay, B.A. 

On certain Systems of g-Series in Elliptic Functions in which the Exponents in 
the Numerators and the Denominators are connected by Recurring Rela- 
tions: the President. l 

On a Group of-Circles connected with the Nine-point Circle: R. Tucker, M.A. 

Notes on the Plane Unicursal Quartic: R. A. Roberts, M.A. 

The Differential Equations of Cylindrical and Annular Vortices: Prof. M. J. M. 

. Hill M.A. 

On Criticoids: Rev. R. Harley, F.R.S. 

Multiplication of Symmetric Functions: Captain P. A. Macmahon, R.A. 

Note on Symmetrical Determinants: A. Buchheim, M.A. 

Supplementary Paper on Multiple Integrals: H. MacColl, B.A. 

On the Binomial Equation z?—1 — 0: Quinquisection (Second Note): Prof. 
Cayley, F.R.S. 

Sur les figures semblablement variables: Prof. J. Neuberg. 

On the extension of Ivory’s and Jacobi’s Distance-Correspondences for Quadric 
Surfaces: Prof. J. Larmor, M.A. 

Some Properties of a Quadrilateral in a Circle the rectangles under whose oppo- 
site sides are equal: R. Tucker, M.A. 

On a Method in the Analysis of Plane Curves (Second Paper): J. J. Walker, 
F.R.S. 

On the Geometrical Form of Perfectly Regular Cell-structures : Mrs. Bryant, D.Sc. 

On the Constant Quadratic Function of the Inverse Coordinates of n + 1 Points in 
Space of n Dimensions: Prof. Sylvester, F.R.S. 

On the Flexure of Beams: Prof. K. Pearson, M.A. 

Two Elementary Proofs of the Contact of the * N. P.” Circle of a Plane Tri- 
angle with the In- and Ex-Circles, together with a Property of the Common 
Tangent: Rev. T. C. Simmons, M.A. 

New Relations between Bipartite Functions and Determinants, with a Proof of 
Cayley’s Theorem in Matrices: Dr. T. Muir, M.A. 

On Eliminants and Associated Roots: E. B. Elliott, M.A. 

On Five Properties of certain solutions of a Differential Equation of the Second 
Order: Dr. Routh, F.R.S. 

On the Arguments of Points on a Surface: R. A. Roberts, M.A. 

On Congruences of the Third Order and Class: Dr. Hirst, F.R.S. 

An Application of Determinants to the Solution of certain types of Simultaneous 
Equations; Rev. T. C. Simmons, M.A. 
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On Binodal Quartics : H. M. Jeffery, F.R.S. 

On the Flow of Electricity in a System of Linear Conductors: Prof. J. Larmor, 
M.A. 

On the Potential of an Electrified Spherical Bowl, and on the Velocity Potential 
due to the Motion of an Infinite Liquid about such a Bowl: A. B. 
Basset, M.A. 

Note on the Porism of the Inscribed and Circumscribing Polygon: L. J. Rogers, 
B.A. | 

Liaison Géométrique entre les sphéres osculatrices de deux courbes qui ont les 
mémes normales principales: Prof. A. Mannheim. 


Minor communications were made by the President, the Treasurer, 
and G. Heppel, M.A. | 

Some Notes on Quadric Transformations, by the late Mr. Spottis- 
woode, P.R.S., were edited for the Council by Prof. Cayley, F.R.S. 

Additional Exchanges of Proceeding$ were made with the Canadian 
Institute, Toronto, and the “ École Polytechnique de Delft.” 

The same Journals had been subscribed for as in the preceding 
Session. 


The meeting next proceeded to the election of the new Council. 
The Scrutators (Mr. G. Heppel and the Rev. T. R. Terry), having 
examined the Balloting Lists, declared the following gentlemen duly 
elected :— 

President, J. W. L. Glaisher, F.R.S. ; Vice-Presidents, Dr. Henrici, 
F.R.S., Prof. Sylvester, F.R.S., J. J. Walker, F.R.S.; Treasurer, 
A. B. Kempe, F.R.S.; Secretaries, M. Jenkins, M.A., R. Tucker, 
M.A. Other Members: Prof. Cayley, F.R.S., Sir J. Cockle, F.R.S., 
E. B. Elliott, M.A., Prof. Greenhill, M.A., J. Hammond, M.A., Prof. 
H. Hart, M.A., C. Leudesdorf, M.A., Capt. P. A. Macmahon, R.A., 
S. Roberts, F.R.S. 

Mr. Glaisher thanked the members for his re-election. 


The following communications were then made :— 

On Waves propagated along the Plane Surface of an Elastic 
Solid : Lord Rayleigh. 

On the Application of Clifford's Graphs to Ordinary Binary 
Quantics: Mr. Kempe. 

On Clifford’s Theory of Graphs: Mr. Buchheim. 

On Unicursal Curves: Mr. R. A. Roberts. 

On some Consequences of the Transformation Formula y = 
sin (2+A+B+C+...): Mr. J. Griffiths. 


The following presents were received :— 

** Educational Times," for November. 

** Mathematics from the ‘ Educational Times,’’’ Vol. x11. 

** Physical Society—Proceedings,’’ Vol. vir., Pt. 11., October, 1885. 
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** Johns Hopkins University Circulars,’ Vol. rv., No. 42. 

** Extensions of Certain Theorems of Clifford and of Cayley in the Geometry of 
n Dimensions," by E. H. Moore, jun.: (from the Transactions of the 
Connecticut Academy, Vol. vrr., 1885). - 

** Bulletin des Sciences Mathématiques et Astronomiques,’’ T. 1x., November, 1885. 

** Atti della R. Accademia dei Lincei—Rendiconti," Vol. 1., Fasc. 21, 22, and 23. 

** Acta Mathematica," vir., 2. 

** Beiblátter zu den Annalen der Physik und Chemie,” B. 1x., St. 9 and 10. 

** Memorie del R. Istituto Lombardo," Vol. xv., Fasc. 2 and 3. 

** R. Istituto Lombardo—Rendiconti," Ser. 11., Vols. xvi. and xvir. 

** Jornal de Sciencias Mathematicas e Astronomicas," Vol. v1., No. 3; Coimbra. 

** Keglesnitslaeren i Oldtiden,” af. H. G. Zeuthen; 4to, Copenhagen, 1885. 
(Vidensk. Selsk. Skr. 6 Række Naturvidenskabelig og Mathematisk afd. 32e, 
Bd. 1.) 


On Waves Propagated along the Plane Surface of an Elastic 
Solid. By Lord RaAvrxzieg, D.C.L., F.R.S. 


[Read November 12th, 1885.] 


It is proposed to investigate the behaviour of waves upon the plane 
free surface of an infinite homogeneous isotropic elastic solid, their 
character being such that the disturbance is confined to a superficial 
region, of thickness comparable with the wave-length. The case is 
thus analogous to that of deep-water waves, only that the potential 
energy here depends upon elastic resilience instead of upon gravity.* 

Denoting the displacements by a, B, y, and the dilatation by 0, we 
have the usual equations 


- atp) T = uva, ea, 
nwi =E+ Eee. suede tenn: 


If a, 3, y all vary as e”, equations (1) become 


(+p) 2 js tHVa+ pa = 0, Wes idearehisieainelesuld)s 


* The statical problem of the deformation of an elastic solid by a harmonic appli- 
cation of pressure to its surface has been treated by Prof. G. Darwin, Phil. Mag., 
Dec., 1882. [Jan. 1886.—See also Camb. Math. Trip. Ex., Jan. 20, 1875, Ques- 
tion Iv. ] a 
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Differentiating equations (3) in order with respect to z, y, z, and 
adding, we get 
| | (VEA) 250, a onset reset (4); 
in which M = pp? | (NF 24) ..... eere (9). 

Again, if we put E 0p LH. stiano) 


equations (3) take the form 
(W +i) a= (1- E EE 


À particular solution of (7) is* 


a 1d g 1d) 1e ! 

B= h? dy’ Y — hj dz arse (s 
in order to complete which it is only necessary to add complementary 
terms v, v, w satisfying the system of equations 


(V+h)u=0, (V+RP)v=0, (V?+R) wu m0 ,........ (9), 
du , dv , dw . 
Em T dy T em Ur E E (10). 


For the purposes of the present problem we take the free surface as 
the plane z = 0, and assume that, as functions of z and y, the dis- 
placements are proportional to e"*, ef", Thus (4) takes the form 


P saat) g=0: 
(sath f g)9-0; 
80 that Qa pe "Qe uccisi LL), 


whére P S PHP R iiics (l1). 


In (11), r is supposed to be real; otherwise the dilatation would pene- 
trate to an indefinite depth. For the same reason, we must retain 
only that term (say the first) for which the exponent is negative 
within the solid.f Thus Q = 0, and we will write for brevity P = 1, 
or rather P = eee”, but the exponential factors may often be 
omitted without risk of confusion, so that we may take 


gie tt a E E A (Los 


# Lamb on the Vibrations of an Elastic Sphere, Math. Soc. Proc., May, 1882. 

t By discarding these restrictions we may deduce the complete solution applicable 
to a plate, bounded by parallel plane free surfaces ; but I have not obtained any re- 
sults which seem worthy of quotation. 
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‘At the same time the particular solution becomes 


For the complementary terms, which must also contain 6%, e” as 
factors, equations (9) become 


(Z + pg) u= 0, oss 18); 


whence, as before, on the assumption that the disturbance is limited 
to a superficial stratum, 


u = Ae", v = Be", w= 0e vesscncccseseveeee(16), 


where | Sg SN E R O o 


In order to satisfy (10), the coefficients in (16) must be subject to 
the relation 
UfA +g B—8O = 0... cccccocecseeceesseseeeee( 18). 


The complete values of a, B, y may now be written 


a = T e+ Ae", B=- 3 I e-"4. Be", y = 5 e" Ce7*... (19), 


in which A, B, C are subject to (18) ; and the next step is to express 
the boundary conditions for the free surface. The two components 
of tangential stress must vanish, when z = 0, and these are propor- 


i .. d dy dy “ 
tional to dz dy’ T +4 


respectively. Hence 
sB — 5E + ig 0, sA— 2 HC eese (20). 


Substituting from (20) in (18), we find 
C (8 -P g) PHR (PHP) —0 ...............(21). 


We have still to introduce the condition that the normal traction is 
zero at the surface. We have, in general, 
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or, if we express A in terms of p, h, k, 
mots) p 
80 that the condition is 
E —21 —2 (4-0-F A380) = 0, 
or, on substitution for 7? of its value from (12), 
E —2(f*--g)—2580 20 t'es (22). 


By eliminating C between (21) and (22), we obtain the equation by 
which the time of vibration is determined as a function of the wave- 
lengths and of the properties of the solid. It is 


o0 (E-2(Pxg)) PF Pg) no QE p) = 0, 
or, by (17), £2 (PHP) PY = Ane (f* og?) ...... sess (28). 
If we square (23), and introduce the values of 7? and & from (12), 
(17), we get 
(2 *7)—E)* = 16 (f gg — E). 


As f and g occur here only in the combination ( F +p), a quantity 
homogeneous with h’ and k we may conveniently replace (f*-4-g?) 
by unity. Thus | 


K — 81° + 2414 —1612 — 161212 4- 168? = 0.............. (24). 


Since the ratio A! : I? is known, this equation reduces to a cubic and 
determines the value of either quantity. 


If the solid be incompressible (A = o»), k’ = 0, and the equation 
becomes KP —8k*--24/—16 = 0 ............ eee (25). 
The real root of (25) is found to be 91275, and the equation may be 


written (1? —:91275)(k* — 7:087254? --17:5311) = 0. 


The general theory of vibrations of stable systems forbids us to look 
for complex values of k’, as solutions of our problem, though it would 
at first sight appear possible with them to satisfy the prescribed con- 
ditions by taking such roots of (12), (17), as would make the real 
parts of the exponents in e^'*, e^" negative. But, referring back to 
(23), which we write in the form 


(2— ky = 4rs, 
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or, in the present case of incompressibility, by putting r = 1, 
(2— k): = 4s, 


we see that we are not really free to choose the sign of s. In fact, 
from the complex values of k’, viz., 3°54362:2°23011, we find 


4s = — 2:74312- 6:88461 ; 


so that the real part of s is of the opposite sign to r, and therefore 
e^'*, e^" do not both diminish without limit as we penetrate further 
and further into the solid. 


Dismissing then the complex values, we have, in the case of incom- 
pressibility, the single solution | 


i? = e = 91975 (FPH 9) eee (26). 
` From (19), (20), (21), we get in general 


s 2 : - 89 
Ra =f f —e" + appre? 1 ene (27), 


8 = ig} ent ee | ——À— P2123 
Zaj cmi — 4 ^g -33 
nyse} e e } aaraa (29). 


In the case of incompressibility, we have i? given by (26), and 
r = f?+g, $-:08725 (f?+ 9’). 
Hence Wa = if { — e-+ :5433e7"} ent gi gov 
WB = ig { —e°™ 4-548367 "1 eh ehem >... (80). 
hy = J/(f?+ g)íe"—1:840e-"] eiPt eife tay | 
If we suppose the motion to be in two dimensions only, we may put 
g = 0; so that B = 0, and 
Wa |f = i(—e4:5488e7"] et e d 
My f= ( e^—L849] on e E5197 
in which k = '9554f, 8 = 2954f............ e (92). 
For a progressive wave we may take simply the real parts of (31). 
Thus Wa | f = (e —:5433e7*) sin ( pt+ fz) 


hy | f = (e^ —1:840e7**) cos d dirus 
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The velocity of propagation is p/f, or :'95544./(u/p), in which 
// (p / p) is the velocity of purely transverse plane waves. The sur- 
face waves now under consideration move, therefore, rather more 
slowly than these. 

From (32), (33), we see that a vanishes for all values of z and 6 
when ef- = :5433, i.e., when fz = ‘8659. Thus, if A be the wave- 
length (2-/f), the horizontal motion vanishes at a depth equal to 
'1378X. On the other hand, there is no finite depth at which the 
vertical motion vanishes. 

To find the motion at the surface itself, we have only to put z = 0 
in (93). We may drop at the same time the constant multiplier 
(h? / f) which has no present significance. Accordingly, 


a = °4567 sin (pt -- fa) 
y = —:840 cos ( pt -- fa) 


showing that the motion takes place in elliptic orbits, whose vertical 
axis is nearly the double of the horizontal axis. 

The expressions for stationary vibrations may be obtained from 
(80) by addition to the similar equations obtained by changing the 
sign of p, and similar operations with respect to f and g. Dropping 
&n arbitrary multiplier, we may write 


} A) 


a=-ff —e7^ 4-543367] cos pt sin fæ cos gy 


B = —gí-—e"4-:5483e7"] cos ptcosfe sin gy (. ......... (35), 
y= rf €"—L840e"| cos pt cos fz cos gy 
in which raJ/(fitg"), 8 = ‘2954S (PIG?) eee (36). 


As before, the horizontal motion vanishes at a depth such that 
J CP rg?) z = ‘8659. 


We will now examine how far the numerical results are affected when 
we take into account the finite compressibility of all natural bodies. 
The ratio of the elastic constants is often stated by means of the 
number expressing the ratio of lateral contraction to longitudinal ex- 
tension when a bar of the material is strained by forces applied to its 
ends. According to a theory now generally discarded, this ratio (e) 
would be 3; a number which, however, is not far from the truth for 
a variety of materials, including the principal metals. In the extreme 
case of incompressibility « is 1, and there seems to be no theoretical 
reason why o should not have any value between this and —1.* 


* Prof. Lamb, in his able paper, seems to regard all negative values of o as exclu- 
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The accompanying table will give an idea of the progress of the 
values of k? / (f*-- g^) as dependent upon A/p, or upon c. It will be 
observed that the value diminishes continuously with à, in accordance 
with a general principle.* 


As an example of finite compressibility, we will consider further the 
second case of the table. From (12), (17), 


7? = 7182 (f?+ 9"), r= °8475./(f*?+9°), 
è 1547 (+g), 8 = 89383 / (F +g). 
Hence, from (27), (28), (29), in correspondence with (30), we have 
Wa zdf(—e"4:5778e"] et ef e'o 
WB zdgi(—e"4:5773e"] eem t uuu (87). 
My = ‘8475./(f* g) fe" —1:7320e7") ef?! oV» ooy 
For a progressive wave in two dimensions, we shall have 
Wa | f = (e^ —:5773e-") sin ( pt t- fe) 
hy | f = (8475e-"—1-4679e-*) cos m En 
At the surface, 
Wa/f= °4227 sin ( pt+ fæ) 
Wy | f =— 6204 cos ( pt -- fz) 


so that the vertical axes of the elliptic orbits are about half as great 
again as the horizontal axes. 


| PENES E E) 


ded a priori. But the necessary and sufficient conditions of stability are merely that 
the resistance to compression (A + £u) and the resistance to shearing (u) should be 
positive. In the second extreme case of a medium which resists shear, but does not 
resist compression, A = — $u, and o — —1. The velocity of a dilatational wave is 
then $ of that of a distortional plane wave. (Green, Camb. Trans., 1838.) The 
general value of o is A/ (2A + 24). 

* Math. Soc. Proc., June, 1873, Vol. rv., p. 359. ** Theory of Sound," t. 1, p. 85. 
Lamb, /oe. cit., p. 202. 


—— — — — P —— eee eee 
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It is proper to remark that the vibrations here considered are 
covered by the general theory of spherical vibrations given by Lamb 
in the paper referred to. But it would probably be as difficult, if not 
more difficult, to deduce the conclusions of the present paper from the 
analytical expressions of the general theory, as to obtain them inde- 
pendently. It is not improbable that the surface waves here investi- 
gated play an important part in earthquakes, and in the collision of 
elastic solids. Diverging in two dimensions only, they must acquire 
at a great distance from the source a continually increasing prepon- 
derance. 


On some Consequences of the Transformation Formula 
y = sin (L+A+B+O+...). 


By Joun Gnrirritas, M.A. 
[Read Nov, 12th, 1886.) 


CONTENTS OF PAPER. 
Noration,—OvrT Line. 


Secr. 1.—On some Developments of the Equation y = sin(Z+A+B+...). 


Sect. 2.—Deduction of y = 


Becr. 3.—Deduction of y= e(l, e) 


E (1, zn 
—O&(1,23)n-V 


Secr. 6.— Complete multiplication by 25. Expression for sn 2nu deduced 
from two conjugate transformations. 

Secr. 6.—Imaginary Transformations. 

Secr. 7.—Transformation of @ and & functions. 

Secr. 8.— Complete multiplication by 2x. Expression for 62nw. 


Sect. 4.—Deduction of y 


APPENDIX.—Hemarks on the modular equation for an even transformation. 
The second equation corresponding to an order of transformation = 2 x odd 
prime number n. 


Notation. 


In order to avoid repetitions, it is convenient, for the purposes of 
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this Note, to write 
T jee E Bee) a uo i Qus /1—2? 


— a?a l—a^m? ’ 


wen = 1+ A") a &c., 


1 — ig? d 
where dta’ zz) r9 -... 
| : 1+) #/l—23 1—(1+#') 2’ 
sin L = (1+k) e /1—2f L= LÁ, 
Jake cC 007 J/1 — kz 
_ 8K _ 2—1 
wan We K, (mod. k), 


w= y=2-1E, (mok); 


8 being an integer from 1 to n—1, and ! an integer from 1 to n. 


(1, <°)” = rational and integral function of æ of the order 2m. 
(Prof. Cayley's notation). 


II = product of a certain number of factors; for example, 


3 3 3 3 
iiit t= ea Oe M june ore 
(7 ant ty ( "T4 mE mi y 
n n n 


to n—1 factors. 


In the case of n = 1, II must be taken = 1. ct= cn ~ sn. 
The object of the Note is, in the first instance, to show how the 
three even rational transformation equations of the forms 


Le(has | (Las | (ay 
romae 3g as V gates: 


can be derived from the formula 
= sin (L+A+B+...); 


and, secondly, to notice some results as regards the transformation 
and complete multiplication by 2n of the sn and © functions. 
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Sect. 1.—0O some Developments of the Equation 
y = sin (L+A+B+...). . 

a 1—2 — —g! 

JO VI ea 

function of 2+ vor 1—i’2*, so that Jacobi’s change of y, x into 


Here y — EU E rational function of v, and /1—y? = rational 


XD =i is applicable. In fact, the integral equation gives rise to the 
differential relation 


dy e dz 
/1—y?. 1—Ay! Vll-a., 1— ka 
provided that 
MVI- Ny =V Fa itp PE 


(See a note by the present writer, Proc. Lond. Math. Soc., Vol. xv., 
p. 64.) 


But, besides the change of y, æ in question, we have, in this in- 
stance, the following ones, viz., of 


y into Ay 


; ] 
À pa 
into X 


M into MÀ 
Writing y = sn (Mu, à) and g = sn (u, k), 
we deduce then the groups of formulae, 


A zi LE 
SN? u, 


—— 2? 
/1—2» = II (1—E sn? v 2?] + 
common denom. v 1— ks? II {1—# sn? w zi 
(see notation). 


(—)'en 
M^ on (Mu, d) = BURY) yy gy Lj, 
1— i? sn? S ent 
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MA. cn (Mu, X) = dnu 1+ YF 493 — — — ; 


1—? sn? sK sn? u 
n 


ET. k | n 
M. dn (Mu, X) =dnu4 1+ in +23 ——————— 


1— X? sn? sK au 


where the order of the transformation = 2n. 


" 2n 
Sect. 2.—Deduction of Y = T an from the above equations. 


i "d a 
If we put Y= J Toy we have, from the foregoing Section, a 


rational transformation equation, of order 2n, wherein 


¥=n/1- a E 


3 
sn’ v, 


/i-Yi= MV .aV/1-2@ nfi- 2 


uj m 
VI-XI 2 AV1—k? II (1— E sn* a, 27} + 
common denom. = II (1— à sn? « e]. 


Here we have, in fact, a formula 


Y = cos (4+B+0+...) = (1, 2)" 


(1, à)" 
where the coefficients a, B, &c. may be taken to be 
=kmE, «a =dnX&, Boken2X 
a = ksn z a= dno, p= ksz) 


and so on for odd multiples of x. 


This gives the differential equation 
dY da 


E = M x. 
Vl- Y?.1-XN Y? J/1—2?, 1 — p 


1885.] Transformation Formula y = sin (D--A--B--C-...). 15 


r dY | 
| JES toys 00 EM > 


If, then, Ji — dy — = Uy and | 77$ = Vy; 
o V 1—3!.1—2A5? o V1—Y*.1—XY? 
the relation between the two transformations is 
V. T- v, = A, (mod A). 
Sxor. 8.—Deduction of z = oo. 
From y = sin (L+A+.. .), I have already derived the secondary 
transformation 42 = tan (X, +X,+...+X,_1), 


where tan X, = tia tan X, = 2a e 


EVE Lear Do 
and the coefficients are of the form 
= dn (£, K). 
See Proc. Lond. Math. Soc., Vol. xv1., p. 90. 
OY s dz n dz 
Th 8 ves ——————— = N ————— 
i f, /1—2. 1—y*s? Jj /1—2?. 1— he? 
Or, say, u, = Nu. 


We have, accordingly, 


N = I sn’ (£, JE II sn? (= 1 K, 2E 


gn (Nu, y) = Nsnu . I {1+ ctu sn? u} + 
cn (Nu, y) =cnu dn u. II f1— dn! w sn! u } + 
dn (Nu, y) = II {1—dn*x sn? u} -+ common denom. II (1--et v; gn*u ). 


(For the values of u and ve see notation.) 
For example, when 2» = 6, 


sn (Nu, y) = Nsnu (1-7 sn? E ont *u) (1-1 sn! ——— ee —— sn 'u) 


+ (1+ ka") (1— — k’ sn? H sn 'u)(1-— k s 2 SE pa u). 
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| 2n 
Sacr. 4.—Deduction of Z = (1.9) 


From Sect. 2 there follows a secondary equation, 
Z = i cot (X,+ X,+... +X), where tan X, = IA 
| 145,2 
tan X, = "2? | te, and ho dn (ZEK, x); 
1+ bia? 2 
t being an integer from 1 to n. 
s dZ : da 
Here | —M—Á—À m n| ——— 
oV1—-2 1-72 o V1—2, 1— ka? 
4.6.5 v, = 4I" + Nu, 
or u, +v, =I", (mod y). See Sect. 3. 


Sect. 5.—Complete Multiplication by 2n. Expression for sn 2nu deduced 
from two conjugate Transformations. 


Complete multiplication by 2n may be effected in several ways; 
for instance, writing the equations of Sects. 2 and 4, as Y =f (a, k), 
Z = 9 (z, k), and taking the modular relations to be 


9nA — MK | r=NK 
A = MK’ Onl’ = sal: 


(see Proc. Lond. Math. Soc., Vol. xvt., p. 91,) 


we derive | ores im =~ ul ER NONO 
/1—Y!.1—XY? V1 —2. l-e 


change Y into X; e into Z; À, k, M into k, y d ; then 


* dX _ 2n dZ 9n pew 
-n me — — (QT + Nu ; 
Jj V1—X*.1—EX* rl, V1—23.1— yz nS 
. £ dX 
j j J1i—-X?, 1—-RX? Y 
or sn (K —4K' —2nu) = f (Z, y), 


where Z = $ (sn u, k). 
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Sect. 6.—Imaginary Transformations. 
The general form of the transformations of Sect. 3 appears to be 


sn (Nu, y) = N en u.IL f 1— —k? sn 2 2pK + tee aniu} 


+ II 1 1 — Z? sn? TOUT NE , 
2n | 
if p, p', m, m' be certain integers, positive and negative, or, say, 
sn (Nu, y) = Nsn u (1, sn? u)"*! + (1, sn? u)”. 
The functions (1, sn? ~)"~' and (1, sn! u)” are self-inverse, i.e., each 


of them remains unaltered, to a factor prós, when is written 


therein for sn v. 


1 
ksn u 
Since it is essential that 


cn (Nu, y) shall be = cn u dn u x rational function of sn u, 


the integers must in all cases satisfy the relation 


ma, 26K (n +1) K _ COIT ie pK 


There is no difficulty as regards the simple case of 2n = 4. 


Here 


sn (Nu, y) = Nenu (1— — sn PIE ont tu) 
2 
E NOUO E Ne, oes E 
; (1 k’ sn g” u)(1 k^ sn -7 m u), 
sn (N,u, ya) = N,snu (1—# sn 


=+ (1—7 gn? BI C enu) (1-1 sn? BE OR on u) ; 


nê EE iK - u) 


sn (Nu, y,) = N,8n« (1-2 


4- (1-9 sn? odd) (1-5 gn? MENE a u), 


VOL. XVII.—NO. 254. C 


p EIE, ntu) 
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sn (N,u, y,) = N,snu (1-5 gn! SETHE ont u) 


+ (1-9 sn SEE us «»)ü- kis nt SES ent a). 


Hence 
am (4u, k) = am (Nu, y)+am (N,u, y;) -am (Nu, Y4) +am (Nu, Y4), 
pm (4u, k) = am (Nu, y)—am (N,u, Ys) Tam (N,u, Y») —am (NU, Ya), 


if sm (u, k) = ksn (u, k), am = sin`tsn, 
and sn(Nu,y)=Nsnu (1- k? sn? DE u) 
iK ;94.K 
+(1- — I? sn? t uS tu) (1— i? sn cQ mu u) 


snu(l+ksn u) 


= l E R A, 
(1+ vk) 14+2Vk(1+ //k4- k) sn! utk sn*u ? 


with similar expressions for 
sn (N,u, Ya), sn(N,u,y, and sn(N,u, y,), 


obtained by changing ./k into —1./k, — /k, and i Vk, respectively. 

The multiplication formula in question seems to be true when the 
order of the transformations 2n is of the form 2"; i.e., in that case 
we have 

am (2nu, k) = am (Nu, y) - àm (N,w, y,) tam (N,u, Ys) +... 
" --am (Ns tt, Y2n)- 

Also, by the principle of duality, each of the above transformations 
gives rise to a conjugate one. With regard to these* non-real trans- 
formations, which I have considered more fully in an Appendix, it 
should be mentioned that if À and y be the respective moduli corres- 
ponding to a pair, then itis necessary to assume relations of the forms 

MK = aad NK = aT HWT | 
3 
MK'z dA’ +2ib A NK = 2ar + 2ibT 


where a’ is an odd integer, and the other integers are connected by 


* This phrase is meant to include both imaginary modulí and those which are 
real but » 1. | 
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the relations aa’—2b* =+ n, b+% = 0, if 2n = order of the transfor- 
mations. 


[Compare this problem with Jacobi’s. See Fundamenta Nova, 
P. 75, and a note thereon by the present writer, Proc. Lond. Math. 
Koc., Vol. Xvr., p. 104.] 


SxcT. 7.—Transformation of O functions. Expressions for O (Mu, X) 
and O (Nu, y). 
The formula for O (Mu, X), corresponding to & first real root A<1, 
is ©™0.@ (Mu, A) = © (0,3) O^ udnu. nfi- -K gn? 5É 21 sn tu 


(see Proc. Lond. Math. Koc., Vol. xvi., p. 103). 
From this is deduced 


9^ 0.0 (Nu, y) = 6 (0, yO" u.f i—i ant (7 


2 ik’) snu}, 


where s, ¢ are integers from 1 to n —1 and 1 to n, as before. 


This pair is, in fact, only one from a set of transformations whereof 
the types must be 


6* 0.6 (i, 4, A.) | 

= 0 (0, 4) O"u dnu. im II f1- gn? PESE antu} 
(g, g biega), | | 
*0'^ 0.0 (N,u, yr) E 


= 6 (0, y,) O*u.e "Fa =H ont E+ Qn E DE qa 
n 


The 4 and » functions which here present themselves are of the forms 


LOTMOK | _ wib'N,K 
IE CREME! 


* The formule are similar to the above: e.g., in a real transformation 
e (Mu, X) A) #(0, A) _ Ə (My, a) 4, 9 (0, a) A) 
Emu no e? 4 ero 


(For the definition of the -function see a note by the present writer, Proca Royal 
Soc., No. 237, 1886.) 
c2 
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If we put u = K, we have 


, , 2mK + (2m + 1 ) 1K’ 
= (A) + II dnt 
Consequently, by the principle of duality, 


m ee Tas (EE i’). 


Sect. 8.—Complete multiplication by 2n. | Evpression for O 2nu. 


It is not difficult to show that any two conjugate transformations 
give complete multiplication; but, as the formule are very long to 
write down, I here notice only a pair which ss ae to the case 
of à and y being each real and <1, viz., . 


6 (Mu, X) = 0. 0^ udnu. Hi 1—4 en! 55 eK ant ‘ul, 


O (Nu, y) = C. ew.) 1-¥ gn? (== iK’) mu : 


where O= a constant, generally. 


Changing A, k, M into k, y, and T. and u into Nu, we have from 
the former 


© 2nu = 0.0" (Nu, y) dn (Nu, y) E ( 1— y su? (T, y) ont (Wu, ») }, 
and, from Sect. 3, 
sn (Nu, y) =Nsnu.P+Q, dn(Nw,y)-— EQ, 
if II (1+ct? w snu) = P 
II (1--ct^ v; sn’u) = 


IL(1—dn? v; sn us 
(See Notation.) | 


Hence 


O 2nu = 0.0%'u. Q*. — g T1- — y! sn? (=, y) MP ay «| 


—0.0*'4.Q. R. n{ -Ny sn? (= y) Psi! u}, 
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since s is an integer from 1 to n—1 inclusively; or, ultimately, 
© 2nu = 0. Ou. 1 {1—a’ sn! u}, 
where the number of quadratic factors included in the symbol II is 
2n (n—1)9n2 29. — 


Since the function © vanishes for any odd multiple of 7K’, i.e., 
O (2r -- 1) iK’ = 0, it is seen without difficulty that 


2mK + (2m --1) iK’ - 
2n ] 


a = ksn 


if different integer values be given to m and m so as to produce the 
requisite 2»! quadratic factors. In other words, the coefficient a must 
include all the roots of sn 2nu = œ. 

The above results, added to those which have been already pub- 
lished by the Society, give a fairly complete development of what I 
have called the Theory of Composition or Addition. (See Lond. 
Math. Soc., Vols. xv. and xvi.) 


APPENDIX. 
Remarks on the modular equation for an even transformation. 


The following remarks are intended to apply more especially to 
those two cases where an even number is of the forms 2" and 2 Xan 
odd prime number. 


Case 1.—2n = 2", 

Here it is convenient to take a relation between A and k which 
gives n pairs of inverse moduli À, Ag, As, Ay, &c., whereof one root only, 
viz., A, is real and <1. 

For example, when 2n = 2, then 


Q,2l1-É p ltk 
TIP °? 1 
When 2n = 4; 
_1-YK _14i/K ewe 
VAST VELUM VTL 
and A m Lote 


1 tt VK 
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These correspond to | 
A = k + dat (i, y) dnt (22, pns 


1, = kt - dn‘ = K’) dn! (Ae 2K IX 2 
A, = ki = n (E7, 3 dn‘ (Et TEE 7 K), 
h, = kt " (E75, 2] dn! (Sk +34 SK K); 


where AA, = 1, A,A, = 1. 


Case 2.— When the order of transformation = 2 x an odd prime number n. 


In this case the modular relation gives another real root, viz., 4, « 1l, 
and we have accordingly what may be called the second rS 
tion equation 


(—)07? y = sin ÍD-AB— E (9? (A4, B ...)], 


if a= dn EM pz dn EK, &c.. aa =k = BB =.... 


For example, when 2n = 6, the equation is 
y = sin(—L+A+4A,), 


20K’ 


A 94K 
where a’ = dn —— 3^ J. 


a; = dn n(K- = 


Corresponding to A, we have the relations 
2A,=M,K, nA; =M,K’ 
Hence the principle of duality gives 
aT, = N,K and ory = N, K’. 


(In addition to the two real roots À, Ars fees are n ~l imaginary 
ones.) 


The following are some formulæ arising from the equation, so. far 
as I have been able to derive them, viz., 
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y = Mayi- menfi- ae | | ge | * 
n 
V1—3! = {1—(1 +K) 2} l zm 5 | 
(remm 
- 2 EA 
| E25] 
V1 — Xy = {1- (1—#) 2) 41-1 sn’ (ZE) a] 
x f 1—7 sn! (4-29) JE 
common denom. //1— ka nfi — k’ sn iE g ot 


x f1 sn? (K— Zeik) dt 


if y=sn (M,«u,2,), «8n u, and s is now an integer from 1 to $ (n— 1). 
(Order of transformation = 2 x an odd prime number n.) 


0^0.0 (Mu, X) = © (0, X) O”u dn u II 1 1—# sn? ae sn ‘uf 


x {1-1 sn? (&- dec) sn’ u} ; 


070.0 (N,u, yı) = O (0, yı) e"v (+k sn? u) II 


x { 1—# sn’ (SE 55) su]. 

X end Petey Maat (Ss 2E K), 

iK BE) 
n 


yi = (Ky" + (1-- E TL dnt ( > 


(IILz 1, when n = 1.) 


N, — (—yi0-? (14%) IL dn (ES 4 EHE) II dn E dn? (sx+ 2%), 
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with a corresponding expression for M,, obtained by changing the 
modulus k into E. 


en(M y) = N mur 1— P nt EK ut ‘ut 
x [1- ont («x + 2E) mu) 
+ (Ltk 0 {1M ont (EE a EE) ana], 


where both the signs + are to be used. 


As I have already observed, the non-real transformations present 
some difficulties ; but the results of this note are, I think, in the main 
correct. The correlative of the transformation 


(—)i "y =sin {L—-A+B-...} 
may be studied in the form 


( —)1 7? igetan { X,—-X,+X,—X, +... E (9 (Y, Y+ Y,— ...)], 


-(1+k) 2 _ iag 
where tan X, = 2 Eds lan X, = ird ata ere j 
— 9b 
1 + b 3? [ENEMEJ Md) 
and the coefficients are 
a, = dn 22K 29K. b, = ken E Lay E, 
n n n n 


if s be an integer from 1 to 1 (n—1). 


When k = 0, we have 
(—)}"-Disin n0 = tan { X, X, X,—... c (—) KX wey}; 


if n be an odd prime number, and tan X, = 7 sin 0, 


tan X, = 2i sec sin 0 + f 1+ so" Tainta} 


1885.] Mr. R. A. Roberts on Unicursal Curves. 25 


On Unicursal Curves. By R. A. RoszRTS. 
[Read Nov. 12th, 1885.] 


In this paper I collect together several investigations with regard 
to unicursal curves, both plane and twisted. Most of the results re- 
late to the curves of the third and fourth degree. 

Below is a brief statement of the contents :— 

§§ 1—4 relate to certain conditions connecting points on the 

| plane curves. 

$8 5—8 are concerned with conics and quadrics touching the 
curve of the n™ degree in n points. 

$8 9—19 contain miscellaneous properties of the twisted uni- 
cursal quartic. 

$8 20—42 contain properties of chords of the same curve. 

$8 43—64 relate to conics and quadrics which divide harmoni- 
cally chords of curves of the third and fourth order. 

$8 65—68 contain properties of certain twisted curves of the 
fifth and sixth order. 

$8 69—72 relate to certain unicursal curves which are geodesics 
on a quadric. 


1. In the same way as in $ 10 of my “ Notes on the Plane Unicursal 
Quartic " (Proceedings, Vol. xvi., p. 50), we get + (n—1)(»—2) rela- 
tions connecting the parameters of the n points where a line meets 
the general plane unicursal curve of the n degree. Now, these rela- 
tions are all linear in the sum, sum of the products in pairs, &c., of 
the parameters, from which it can readily be inferred that any n—2 
of these relations are sufficient, and that the remaining 1 (n—2)(n— 3) 
relations can be deduced linearly from the assumed n—2. 

In finding, then, the relations connecting the points where a curve 


of the m™ degree has p-point contact with the curve at ue points, we 


must modify the resulting conditions by means of the foregoing con- 
siderations. 

We have seen already, thus, that there are only four systems of 
conics having quartic contact with the plane unicursal quartic, instead 
of seven as appears to be the case at first sight (see Proceedings, Vol. 
XVI., p. 50, and Clebsch, Crelle, t. 64, p. 64). | 

In the same way we can show that the number of systems of cubics 
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having three-point contact with a unicursal quartic at four points is 
reduced from twenty-six to twenty. 

It may also be observed that we can show thus, that there are six- 
teen conics altogether which touch a unicursal quintic at five points. 


2. From the form of the conditions, given loc. cit., that points on the 
quartic should lie on a line, we can obtain the equation which deter- 
mines the parameters of the nodes in a certain form. | 

Let U,, U, be two conditions that four points on the curve should be 
collinear; then, if the four parameters are supposed to coincide in 
U, U, we see, from the equations mentioned above, that 


U, FAT, = mut mwi,iuiuuuee eee ees (1) 


where u, v are linear factors corresponding to the parameters of a 
node. Since, then, the invariant T vanishes for the expression on the 
right-hand side, we see that X is determined by the cubic equation 
found by equating to zero the invariant T of U,--AU, Supposing now 
the expressions to be homogeneous in À, p, if 


,d od _ ] 
dv" aa n 
we have, from (1), AU, HAAVU, = AmuPAu Lue eese (2), 


taking à’, p’ as a root of v; from which we see that, if we take the com- 
binant Q of the cubics AU,, AU, we shall obtain a sextic in X, p’ 
whose roots are the parameters of the six nodes. Again, it is easy to 
see that the resultant R of AU,, AU, gives the points where the six 
inflexional tangents meet the curve again, and, if we take the com- 
binant P of the same cubics, we shall obtain a covariant quadratic 
determining two points on the curve. These equations are, then, con- 
nected by the relation E = P'—27Q (Salmon's Higher Algebra, Art. 
195). In the same way, for the curve of the n™ degree, if the condi- 
tions for collinear points are 


U 20 U,-—0, i U,,-2 = 0, 
we have AU A, Ut oe An 2 Un-2 = pw" v^, 
whence A, AU, +A, AU, +... HAn-2 Un- = kw", 


The condition, then, that a linear function of these n—2 quantics 
AU,, &c. of the (n—1)" degree should be a perfect (n—1)™ power 
will give the equation determining the parameters of the nodes. 


3. We may notice here a few points in connection with the equa- 
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tions $ (a)—k,¢ (a) = 0, &c. for the case of the quartic. Taking 
ihe three conditions that eight points on the curve should lie on a 
conic, it is evident that one of the conditions will be identically satis- 
fied if the conic pass through a node; and we have then two relations 
connecting the remaining six points of intersection of the conic and 
quartic. Now, suppose the conic to pass through two nodes of the 
curve, then, for the four other points of intersection, we have 


$ (a) — 5$ (a^) = 0, 


a, a being the parameters of the node throngh which the conic does 
not pass. Thus we see that each of the conditions for the collinearity 
of four points on the curve expresses by itself that the points lie on a 
conic through two of the nodes; and, when we take two of these con- 
ditions together, it is evident that the conics must break up into a 
line joining a pair of nodes and another line, and we thus verify the 
fact that any one of the conditions will POORE follow from the 
other two. 
We can also show that when one of the conditions is satisfied, say 


OE E (a) H0 EA (B), 


the corresponding points will lie on a conic having double contact 
with a conic of one of the three systems mentioned in §§ 12, 13 of the 
paper referred to above; for let U be a conic of the system whose 
points of contact satisfy the equation 


"TOP RICE O) 
(besides two others), then for any point on the curve we have 
LU UE strebt). 
Hence, writing a conic having double contact with U in the form 
le my + z+ p/U —0............ eere (6), 


we have, for four of the points of intersection with the curve, 


lf +mf,t nfi pb (39) z29(3) 20; 


whence, substituting a and a’ successively for 3, and recollecting that 


Á LA lf V(a) _ 
FETT =k, an di k,, from (4), 


we get $ (a) — k, 9 (a) = 0, 


which was to be proved. By considering the case when the conic U 
breaks up into factors, we see that four points connected by the 
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relation (3) lie on a conic touching the tangents at the node aa’, or a 
conic touching a certain pair of double tangents. We have seen that 
there is an identical linear relation connecting the quantities 
9 (a)—k,¢ (a^), &c. (see §10 of paper referred to above). Now, if 
these quantities are connected by another linear relation, in which case, 
of course, there is only one constant involved, it is easy to see, from 
what we have shown above, that the four corresponding points are 
situated on a conic having double contact with an inscribed quadric of 
the unique symmetrical system (see § 13, loc. cit.) 


4. It may beobserved that we can find, by the method which I have 
used, the relations connecting the parameters of the points at which 
the tangents are touched by a curve of the m™ class. By considering 
the reciprocal curve we see that we must have 


9 (a) —K, (a) = 0, &o..................... (7) 
where $ (3) = (3—3)) (3—93,) ...... (3—3,), 


p being equal to 2m (n —1) in general, and a, a’ are the parameters of 
the points of contact of a double tangent. The simplest relations are, 
however, obtained by considering the cusps of the reciprocal or the 
points of inflexion of the given curve; in this case the corresponding 
parameters coincide, and we have then 


pon constant, or Z, ! 

$ (a) a— 9 
where a is the parameter of a point of inflexion. Since there are 
3 (n—2) points of inflexion, we have thus 3 (n—2) equations of con- 
dition, which will always be sufficient in the case of tangents passing 
through a point; for these tangents are connected by 2» — 4 relations, 
being n—2 less than the number of the points of inflexion. In the 
case of the conic, however, the relations are not sufficient, as for in- 
stance, if the given curve is a quartic, there are seven relations con- 
necting the tangents, and only six are supplied by the conditions (8). 
For the case of tangents of the cubic touched by a conic, it may be ob- 
served that (8) supplies exactly the proper number of conditions. 


ES B Gisuspsnado)s 


9. I now proceed to mention a few properties of conics (or quadrics 
in the case of twisted curves) touching the unicursal curve of the n™ 
degree at n points. Suppose the line joining two points $,, 3, on the 
curve to touch such a conic or quadric S, then we have 


Hom m C) R 


where P,,= 0 is the condition that the points should be conjugate 
with regard to S ; but, if y (9) is the quartic of the n" degree which 
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gives the n points of contact of S, we have S = (y (9) }?, from which 
we see that (9) breaks up into the factors 


WY, + P= ————— UR 


Now, y, UJ, —P,, is divisible by ($,—5;,)*, the remaining factor being 
evidently of the (n—2)™ degree in 3, 4- $,, 9, 5, 1. 

Hence we see that, if S be a conic having triple contact with the 
plane unicursal cubie, the tangents to S will meet the curve in points, 
two of which will belong to a system in involution, as we have seen 
already (Proceedings, Vol. xIv., p. 57). . 

Again, we can deduce that, if we take a system of points in involu- 
tion on a twisted cubic, that is, such that the corresponding chords 
are generators of a quadric containing the curve, then those chords 
are touched by a quadruply infinite system of quadrics having triple 
contact with the curve. 

In the case of the plane quartic, the relation (10) is of the second 
degree, and, for one of the three systems alluded to above, breaks up 
into two linear factors (see Proceedings, Vol. xv1., p. 14), thus giving 
two systems in involution. For the unique system of conics, we may 
find the relation otherwise, thus: Let u,v, be linear and u, v, quantics 
of the third degree, in the parameter; then, if we write z = uu, 
Y =V Ugy Z = U V+ V Us, the conic S = z!—4wy =0 evidently has 
quartic contact with the curve, and, it is easy to see, is of the system. 
Writing, then, a tangent to Sin the form ts —tz+y = 0, we have, for 
the points where it meets the curve, 


Duy us — 0 (uv, +0 Us) T v, v, = 0, 
which breaks up into the factors | 
(tu — v) (tu, —v,) = 0. 


Now, from £u,—v, = 0, we see that each pair of three points where 
the tangent meets the curve are connected by a relation of the second 
degree between the sum and product of the parameters. Also, from 
tu,—v, — 0, we see that the fourth point of intersection is homo- 
graphically connected with the point of contact on the conic. We 
shall hereafter consider more particularly the application of the equa- 
tion (10) to the case of quadrics touching the twisted unicursal 
quartic at four points. 


6. We now proceed to consider the system of conics having double 
contact with such conics as those which we have been investigating 
above. Expressing the plane cubic in the form 


Ag = 3, Ay —= y, Az = 1+% e*9 050000000 99009 (11), 
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if a conic S have triple contact with the curve, the points of contact 
will be determined by an equation of the form 


$?—ag3'-b3—lzy($)z0.................. (12), 
and then, writing the conic V having double contact with S, 
le+my+nz+p/S=V = 0, 
we have, for three of the points where it meets the curve, 
[S 4- m3" +n (14-85) - p (P—a3?+5b9—1) = 0.........(18), 
or (n+p) 3°+(m—pa) ¥+(l+pb) $+n—p = 0, 


from which it follows that a certain unique conic of the system 
V can be described through three points on the curve, namely, the 
conic whose constants l, m,n, p are determined by taking the para- 
meters of the three points as the roots of the equation (13). There 
are, of course, other conics of the system which are determined by 
taking two roots of (13) andfone root of the same equation with the 
sign of p changed. It will hence appear that such conics are related 
to the curve much in the same way as a plane is to a twisted cubic. 
It is easy to see, then, that if three conics of the system are drawn 
through the same point of the curve to touch the curve elsewhere, 
then the curve will be included in the equation | 


Av Vict a M Vit v V, = 0. 


Also, if three conics of the system are drawn to have three point con- 
tact with the curve, the curve will be included in the equation | 


AV Vit pA Vi v V V, = 0. 


Again, from a property of the twisted cubic we see that, if three conics 
of the system be drawn through a point P to osculate the curve, their 
points of contact will lie on a conic of the system passing through P. 

It is easy to see that the poles of the chords of contact with S of 
such osculating conics lie on a unicursal cubic; for, writing (13) in 
the form $4 py, we have 


9 +p} = (8$ —3'J identically, 
whence, if 3;, 3,, 3, are the roots of y = 0, we readily obtain 
(3,—3,) Ypi + ($5—9)) Ypa + ($—9,) 1/9, = 0, 
which evidently gives the result we have stated. 


We can also find conics of the system (V) having double contact 
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with the curve, that is, by equating to zero the discriminants of both 
ọ +p} and o—pi. If we write the discriminant of $ J- py, 


Ap! + Gp? + Dp! + Gp +d’ = 0, 
we shall have then Ap'-- Dp? 4- A'— 0, Gp*-- G0, 
whence, eliminating p, we obtain 

|. — AG"— DAG +A’ = 0, 


which is of the sixth degree in l, m, n. If S touches the curve at one 
point, and has four-point contact with it elsewhere, A'— 0, and the 
relation connecting l, m, n is of the fifth degree; also, if S has six- 
point contact with the curve, the relation reduces to the third degree. 
Again, since conics having double contact with a fixed conic are 
equivalent algebraically to circles on a sphere, we can easily deduce 
that, if conics of the system (V) are drawn through two variable and 
each of four fixed points on the curve, they will have a constant an- 
harmonic ratio; for such conics will evidently be of the form 


V+aV=0, V+BV'=0, V+tyV=0, V+oV'=0, 
where a, D, y, ò are the parameters of the four fixed points; but the 
anharmonic ratio of these conics is (a—B)(y-— 8) a constant. By the 
(a=) (6—y) d 
anharmonic ratio of the conics is understood that of their chords 
of contact with S, or that of their tangents at either of the two 
points on the curve. | 


7. I now proceed to consider some properties of conics having 
quartic contact with a plane unicursal quartic. If the curve be re- 
presented by the equations Az = fj, Ay = fa Àz =f} and if f, is the 
biquadratic giving the points of contact of the conic S, we have 
A/S = f,; hence four of the points where a conic having double con- 
tact with S meets the curve are determined by the equation 


lf, mf, nf, pfs =O ....... e dE n 


We thus see that such conics are related to the curve in the same way 
as planes are related to a twisted unicursal quartic. There are, then, 
four conics of the system, apparently, which have four-point contact 
with the curve. 

Since there are three linear relations connecting the sum, sum of 
the products in pairs, &c. of the roots of f, (see Proceedings, Vol. xv1., 
p. 9), we see that f, is of the form u+Av, where u, v are quantics 
whose coefficients are constants of the curve, and A depends upon the 
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particular conic S. Hence, corresponding to the canonizant of the 
twisted quartic, we have a quantic of the form ¢+ AW (Proceedings, 
Vol. xiv., p. 23) ; and, therefore, corresponding to the invariants S and 
T of the twisted curve, there are a quadratic, and a cubic in A respec- 
tively. In the case of the conics belonging to one of the three systems, 
the invariant T of the corresponding twisted curve always vanishes ; 


for, writing g% = ay, y = By, 2 =P FOR esee ee(9); 


where a, P, y are quadratics in the parameter, z?’—4wy = 0, it is easy 
to see, is a conic of one of the three systems, and the twisted curve 
x = ay, y = Dy, 2 = yl, u = ap, evidently has its invariant T'— 0 ; and 
then, if S also vanished, the curve should have a cusp. This is not the 
case for the unique system of symmetrical conics, for which there are 
two of the system corresponding to the twisted curve whose invariant 
S vanishes. We see, then, from § 9 of a paper in Proceedings, V ol. xiv., 
p. 22, that conics having double contact with either of two such conics 
can be described to have double contact with the curve at each pair 
of the vertices of an infinite number of triangles inscribed in the 
curve. The tangents to the curve at the vertices of the triangle pass 
through a point which lies on a conic, as we see by projecting the 
results in the paper referred to above. 

Again, I shall show hereafter (p.35) that see osculating planes 
can be drawn to the twisted curve from any point of itself, and that, 
if the invariant S vanish, the points of contact will lie on a line. 
Hence, if through any point of the curve three conics of the system 
which we have just been considering are described to have three-point 
contact with the curve elsewhere, their points of contact will lie on & 
line which touches the fixed conic having quartic contact with the 
curve. 

If we equate the invariant T to zero for the twisted curve corres- 
ponding to the case of the unique system of conics, we should 
apparently obtain three conics of the system; but two of these are 
irrelevant. In fact, it is easy to see that the canonizant of the twisted 
curve will be of the form 


L{(a—$)*~h (a — 9)*1 +m ((8—9)!—&, (8 —8)*1 =0 ... (16), 


where a, a, &c. have the same meaning as before, and J: m is in- 
determinate. Taking, then, the invariant T of this quantic, l, m are 
. obviously factors, and the corresponding cases are irrelevant. If 
S be the corresponding conic, we see then that conics having double 
contact with S can be described to have double contact with the curve 
ab each pair of consecutive vertices of an infinite number of inscribed 
quadrilaterals. 
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_In the same way, there will be certain definite conics corresponding 
8 

to numerical values of the absolute invariant 3 of the twisted curve, 
and then conics inscribed in the conics so determined can be described 
to have double contact with the curve at each pair of consecutive 
vertices of an infinite number of closed polygons inscribed in the plane 
curve (loc. cit., p. 30). By projection we see that the tangents to the 
curve at the vertices of the polygon form another polygon inscribed 
in @ unicursal curve of the fourth order. 


8. I now proceed to consider some properties of quadrics inscribed 
in a fixed quadric which touches a unicursal twisted quartic in four 
points. If the curve be expressed in the same manner as before 
(Proceedings, Vol xiv., p. 23), and if U be the touching quadric, we 
may evidently write V U —f,, where f, is the quantic which determines 
the four points of contact of U. Let 


V = læe+my+nz+pu+g vU = Q.. osese (17) 


be a quadric inscribed in U, then four of the points where it meets the 
curve will be determined by the equation 


Uf, + mf, nf, pf, o dfs = 99......... e ueeues sss (18), 


and we easily see, thus, that five surfaces of the system can be found 
such that, for every point of the curve, 


he Vg Vg Vas Vee ENN SAM SA obses). 


These quadrics are, therefore, related to the general curve in much the 
same way as spheres are to the circular curve, the imaginary circle at 
infinity which meets the circular curve four times being replaced by 
the quadric U having quartic contact with the curve (loc. cit., p. 31). 
We can then see, in the same way as before, that a quadruply infinite 
system of quartic surfaces with a double conic can be described 
through the curve which touches U along its intersection with another 
quadric. 

Again, we see, in the same way, that if four surfaces of the system 
be described through three variable and four fixed points of the curve 
respectively, the poles of the plane of the three variable points, which 
evidently lie on a line, will have a constant anharmonic ratio. 

There will evidently, also, be similar theorems involving systems of 
such quadrics having four-point or ordinary double contact with the 
curve, as in the case of the circular curve. In this connection it may 
be noticed, that the result stated in § 14, loc. cit., namely, that the nodal 
curve of the locus of the osculating circles is a spherical curve of the 
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sixth order, is incorrect. We may show that the locus is a circular 
twisted quartic as follows :—F'rom (22), loc. cit., we must take S,, 45, 
69, 4S, S, respectively proportional to 1, 2p, p!-- 2g, 2pg, g. Sub- 
stituting, then, these values in the identical relation connecting (20), 
and dividing by p’— 4g, which belongs to the case of the curve, we get 
a relation of the second degree connecting p, q, 1, whence these 
quantities may be expressed as quadratic functions of a parameter. 
The five spheres S,, &c. are thus expressed as functions of the fourth 
degree in a parameter, from which it follows that the locus is a cir- 
cular twisted quartic. 


9. From the property of the unicursal quartic in $3 of my paper 
on unicursal quartics referred to above, it may be deduced that the 
osculating plane at a point P of the curve contains a conic which 
touches the curve at P, and the sections by the stationary planes. It 
is easy to see, then, that this conic can be represented by the equations 


Me, = a, (J—a)’ ($—a)*, Xo, = a, (39—B)! bed "T (20), 
At, = a, (9—y) ($— y), A2, = A (3— à) (9— ò)? 


where $ is the parameter of a variable point on the conic, and 9 that 
of the point P on the curve. The tangential equation of this conic is 
hence found to be 


X (a—(3)! (3 —a) (F—B)? aa, MA; = B= O............(21); 


from which it can be seen that the locus of its centre is a unicursal 
quartic; for the coordinates of the pole of a plane 


Ag T Ne, RAV d Ae, = 0 


are the differentials of 3 with regard to A,, A,, As, A, respectively, and 
the centre of the conic is the pole of the plane at infinity. From the 
equations (20), we see that the locus of the conic is the covariant 
Steiner’s quartic which bas the given curve for an inflexion curve 
(Proceedings, Vol. xiv., p. 312); the conic is, in fact, a part of the 
section of this surface by one of its tangent planes, the remaining 
portion of the section being the other conic which can be described 
through P to touch the traces of the stationary planes. The other 
points of intersections of the two conics are, it is easy to see, the 
points where the plane meets the three double lines of the Steiner's 
quartic. 

From (21), we see that four conics of the system (20) can be 
described to touch a given plane, and that the parameters of their 
points of contact are given by the Hessian of the binary quartic which . 
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determines the four points where the given plane meets the curve; for 
the equation (21) is the Hessian of ZajA, (—a)* = 0. 

The property of the tangent lines of the unicursal quartic referred 
to above may also be stated as follows :—The planes described through 
any tangent line and the vertices of the canonical tetrahedron have a 
constant anharmonic ratio. We can hence derive the theorem that the 
cone having any point P of the curve as vertex, and containing the 
tangent QP at P and the lines from P to the vertices of the canonical 
tetrahedron, has the osculating plane-P for the tangent plane along 
QP. 

It may be observed that the planes through the tangent line and the 
vertices of the tetrahedron of reference have a constant anharmonic 
ratio for all the curves included in the equations 


2$,:2,:2,:2,— (9—a)^ : (9—08)^ : (9— y? : (F—5)"; 


and there will also exist for these curves conics and cones similar to 
those we have found above. 


10. I now proceed to consider some properties of the osculating 
planes of the unicursal quartic. By considering the cubic cone which 
stands on the curve and has any point P on the curve as vertex, we 
see that three planes can be drawn through P to osculate the curve 
elsewhere, and that their points of contact lie on a plane passing 
through P; for these planes are evidently inflexional tangent planes 
of the cone. 

Suppose the canonizant to be written in one of its canonical forms : 
At + n* 4- 6mA*p?, then the condition that four points on the curve should 


be complanar is 00 lap mp, 20 Lese enen(22), 
where m=, p,— 239,9, and I= " 


Hence, putting J, = 9, = 9, = 4, say, for an osculating plane, we 
have 1 4-959, --8m (PHIL) z0.......... eere (23) ; 


from which we find, if J,, 2, 9, are now the parameters of the points 
of contact of the osculating planes passing through 4,, 


T II, + 9,9, + Syd, = 8m, 9,9,9, = — 3, serere (24). 
4 
Now the coordinates of a plane are, it is easy to see, linear functions 
of the sum, sum of the products in pairs, &c. of the parameters of the 
four points in which it meets the curve; thus we see that the plane 
containing the points considered above (24) passes through a fixed 
D2 


9,4-9,4-9, 9 — 
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point and touches a cone of the second order; for its coordinates are 
quadratic functions of the parameter 3, The fixed point must evi- 
dently be the single contravariant point which the curve has (Pro- 
ceedings, V ol. XIV., p. 311). 

If we sought pairs of points A, B on the curve such that the oscu- 
lating plane at A passed through B, and vice versd, we should have, if 
æ, y were these osculating planes, 

| =u, y= Au, 

A, p. being the parameters of A, B respectively. Hence, since if we 
substitute m — T. for A, u, respectively, in these expressions, and 
operate on the canonizant, the result must vanish, we see that the 
canonizant will not have the terms Ap’, Mu, and therefore be of the 
canonicalform. Hence, from the theory of the binary quartic, we see 
that there are three pairs of points such as A, B, and that they are 
determined by the sextic covariant of the sanoiioant 

. Again, from what we have found above, if the curve be written in 
the form 


g: y:z:u= p(X): Aw (X —gu) :M—pg : A* + u* -- 6mA?p?...(25), 


we see that six osculating planes of points such as A, B pass through 
2yz; this point is, therefore, the contravariant point; also the plane 
u, it can be verified, is the covariant plane (loc. cit., p. 311). Also, from 
the equations (25), we see that the cone standing on the curve whose 
vertex is the contravariant point is of the form 


az) + bes! egy! =O uuu eese se (26). 


We see thus that the equations (25) give a unique canonical form of 
the curve, the point zyz being the contravariant point, the plane u the 
covariant plane, and the planes 2, y, z containing the pairs of the three 
chords which may be drawn through zyz to the curve. It may be 
observed that for this form the tetrahedron of reference is the common 
self-conjugate tetrahedron of all the covariant quadrics of the curve 
(see loc. cit., p. 310). 

If the three points given by the equations (24) lie on a line, they 
must be co-planar with an arbitrary point on the curve, and there- 
fore, from (22), satisfy the equation 


145,9 m (9p t s) = 0, 
where 3 is arbitrary. This becomes, from (24), 


(1 4-39?) (9—S,) = 0, 
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which is identically satisfied if 1 + 3m? = S = 0, or the invariant S of 
the curve vanishes. Hence, in this case, we see that the osculating 
planes at any three collinear points of the quartic meet the curve 
again at the same point. Hence, if v, y, z are three such osculating 
planes, and v a plane through their line of contact, the quartic whose 
invariant S vanishes may be represented by the equations 


2:y :z2:u(9—ayf(93—8) : (9—0)* (I—6) : (3—y)* (9—8) 
: (9—a)(9—8)(3—y) (9—e) ...... (27). 


In this case it is easy to see that the plane through a point P on the 
curve and the points of contact of the osculating planes from P, 
touches the quadric containing the curve at its intersection with the 
covariant plane v. 


11. From the fact that the cone standing on the curve whose vertex 
is the contravariant point is of the form (26), viz., stands on the pro- 
jection of a lemniscate of Bernoulli, by means of a well-known pro- 
perty of this curve we can derive that the four planes described 
through the contravariant point C, and a point P of the quartic to 
touch the curve elsewhere, are an equi-anharmonic system, and their 
points of contact lie on a plane through C. 

Also, from a theorem of mine, given in p. 5 of Vol. xvi. of the Pro- 
ceedings, we find that the six tangent planes of the curve drawn 
through C and an arbitrary point P in space have their points of con- 
tact lying on a cone of the second order whose vertex is C. 


- From the canonical form (25), we see that the curve will satisfy 
two equations of the form 


HPH H =O, af qb Mex = 0............(28), 
where OPO be = O disiestdisawen viene (29). 


The surfaces (28) subject to the condition (29) will, however, repre- 
sent two distinct unicursal guantes arene from the two signs of u. 


12. Referring now to Salmon’ 8 Brass, Art. 473, Ex. 2, we see 
that the lines of striction of the hyperboloid 


e 
Z4 + f-1= e uiostitsonates(u0) 
lie on the cone 


a* (BEF 4553 + b° (à —a’)? 2? + c* (a? — b)? 9? — 0... ... (81). 
But this cone and the hyperboloid are, it is easy to see, connected 
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together in precisely the same manner as the surfaces (28) and (29). 
Hence, we see that the lines of striction of a hyperboloid consist of 
two distinct twisted unicursal quartics; also that the general twisted 
unicursal quartic may be homographically transformed, so as to be- 
coge a line of striction of the hyperboloid on which it lies. 

It may be observed that the two curves of striction of the hyper- 
boloid (30) may be conjointly represented by the equations 


a= a® (p*?— b*)(p?—c’) 2. p (p*—c*)(p?—a*) 


p (AO I yw (=e) ar)’ 


_ $ (p-a)gi- bo) 

= p (c — a?) (à —w) TTD UIIIIPTPPPPEPE (32), 
where p is the perpendicular from the centre on the tangent plane to 
the quadric at the point on the curve. Again, from the equations of 
the quadric and the cone (31), it is easy to see that we have 


x? 3 g 3 gi 3 g 
(-X-£)mLeL.5 €— (33), 
from which it can be readily inferred that, if Q be the foot of the per- 
pendicular from the centre on the tangent plane to the quadric at a 
point P of the curve, then QP is one of the generators at P; for, if we 
express that QP, whose direction cosines are proportional to 


a ES 2 NS d i 
| 2 (1 3 ), y (1 ji E z (1 E ) respectively, 
is parallel to an edge of the asymptotic cone, we obtain the equa- 
tion (33). 


13. I shall show now that the locus of Q is a twisted unicursal 
quartic ; for it evidently lies on the locus of the feet of the perpen- 
diculars on the tangent planes to the surface, viz., 


(2) + y? + 2)! — (ata? + b? + 6323) =O... eee ee eee nee (94). 
But, combining this equation with that of the quadric, we get 
a? (D — c)? 327 +b? (c?— a?)? 272? +6? (a? —b?)? à? = 0...... (35). 


Hence, since this cone is connected with the quadric in the same 
manner as the cone (30) and quadric (31), we see that the locus of the 
feet of the perpendiculars from the centre of a quadric on the genera- 
tors consists of two twisted unicursal quartics; also, that the general 
twisted unicursal quartic can be homographically transformed so as 
to become such a locus on the quadric by which it is contained. 
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This curve is circular, that is, passes through four points on the 
imaginary circle at infinity (see Proceedings, Vol. xiv., p. 31), and 
from (35) we see that its inverse with regard to the origin is a curve 
related in an exactly similar manner to the reciprocal quadric; and, 
in fact, if $ is a parametric angle, we can represent it thus, 


2:y:2:2 ay te : 1 =a (b— eè) cos $ : b (e—a?) sind 
: ev — 1 (a?—b?) sin 9 cos $ : {b? (a?—c*) sin? 9 +a’ (’— c) cos? 9} 
: {(@— e) sin? 3+ (P — e) eos! 9} ............... (96). 
We can then easily show that the equation | 


De pea TTE —abc/ —1 loys = 0 ........... (37), 
l 1 21 1 — — S 
where A—4:—e B-- P 0 = a p? 


represents the Steiner’s quartic which contains all the foci of the 
curve (loc. cit., pp. 33, 34), and the intersection of this surface with 


yh Qmm | X Y/Y (patet) = 
pat aaa ob V l tY +z’) =0 


gives the focal curve. The two curves given by (34) and (35) can 
be conjointly represented by the equations 


z^ (P—VU)n—d) y — (P-a)(P-A) 2 _ (Paet) 


= -ape —_— = 


(Gea! WT AY 47 Ca a\(Gab) 


...(88), 


where r is the radius vector to the point on the curve. I now investi- 
gate an expression for the arc s of this curve. We have 


= JU (y+ 7 
ab + Do + ca! — (a! +b? E o0) 7°} 
— from (38) r {ener 


Now, if do is an element of the arc of the sphero-conic 


LHH = R, E ee NS 
HA 


pi— k ew 
measured up to its intersection with the confocal 
LE E 
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we can easily show that 


p—») 
= y TECE 
Now, de will be equal to ds if 


2 1.314 p a gme? u? = at — Vic y? p, R 2 

k = œb, k =a’—c’*, p PFF = ¢— =¢+bte. 
Thus we see that the arc of the curve is equal to the are of the sphero- 
conic which is the intersection of the director sphere and the cone 


a? y? a o 


a‘ — bc? T bt— ca? a c—ab 


the latter arc being measured up to the intersection with the confocal 
sphero-conic lying on the cone 


This representation of the arc is, of course, not possible if the square 
of the radius of the director sphere is negative. Ifthe radius of the 
director sphere vanishes, we see, from (39), that the arc is expressible 
by a pure elliptic integral of the first kind. Putting c? =— (a’?+0*), 


we have 8 = BF (k, 9), 
41 741 4213 3 72 
where 9! = IB = a r? = a! cog! ¢ +b? sin’ ¢. 


14, It may be observed that the equations of the Heg curves 
assume a simple form in elliptic coordinates. 


Writing the quadric in Cayley's form, viz., 


and the two confocals 
y # _]= - 
ait diis : 
ee ie 
at+g Vm c+q 


eres ces (40), 
=0 
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the cone (31), being transformed by the substitutions 


2.0 (a 4- b) (a. -- ) 
Esp) es 


gives g’ (a+p)(b+p)(ctp)—p’* (a+q4)(b+9)(c+q) —0 ...... (41), 


which must, of course, be divided by p—4. From this equation we 
ean derive & property of the curve; for it may evidently be con- 
sidered as derived from 


DEREN, eee a — UQ >- 

V i(otp)brp)ctP) iG-r)0T)Got9)0j 
dq —4dp = 0... eere eee eee eee ee eo (43). 
But (42) is the differential equation of the generators of the surface; 


0... (42), 


and if 239 is the angle between the generators, tan! 9 =— T Thus 
2 being eliminated between (42) and (43) represents the locus of 


those points on the generators at which the angle of intersection with 
the generators of the other system is a minimum. |. 

To obtain the equation of the locus of the foot of the perpendicular 
from the centre on a generator, we express that the distance of such 
a point from the centre is à minimum. Hence, since ? = p+q+a 
constant, we have dp -- dq = 0, which, combined with (42), gives 


(a+p)(b+p)(c+p)—(a+q)(b+q)(ct+q) = O......... (44) ; 


and this, being divided by p —q, gives the desired result, which might, 
of course, have been obtained at once by transforming the equation 
of the cone (35). 


15. It may be added, that more generally the intersection of the 
quadric (30) and the cone 


a? (a?— ky (bà — cy yh? + p (9 — i (cà —a*y* zy 
+c l-EE (?—b")? a’y? = 0 ...... (45) 
will break up into two twisted quartics; for this cone satisfies the 
condition (29). Now, if P be a point on one of the lines of striction, 


and Q the foot of the perpendicular from the centre on the corres- 
ponding generator, and R a point taken on QP, so that 
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where p is the perpendicular on the tangent plane at P, we can easily 
show that the locus of R is one of the curves determined by the 
cone (45). 

Again, if we transform the cone (45) to elliptic coordinates, and 
put k? = 3, we have, using Cayley's notation, - 


(ac p)(btp)(ctp). (atg)btg)(ctg)-o | (46) 
(p 9)! (1+9) l 


which ought to be divided by p—q. 


Now, this equation evidently arises from (42), and 
(pt 3) dq—(q+4) dp — 0. 


But, if 27 is the angle between the geodesic tangents drawn to the line 


J 
f t 9-0, tani =— (E ). 
of curvature p+ ; n'4 qT3 
Hence we 8ee that the curves we are investigating are the loci of 
points on generators at which a given line of curvature subtends 
along geodesics a maximum or minimum angle. 


16. By generalizing one of the preceding results, we can arrive at 
the following mode of generation of the twisted unicursal quartic, 
Let U, V be two quadrics, and O a fixed point; then, if A is a generator 
of U, and B its conjugate line with regard to V, the plane through O 
and B will meet A in points lying on a twisted unicursal quartic, the 
generators such as A being all taken of the same system. Writing 
U = ey —zu, we have z—AÀz = 0, u—ìy = 0, for a generator A, and 
the conjugate line of A with regard to V will be then 


N+AL=0, MHAP = Oieee. (A7), 


where L, M, N, P are the four differential coefficients of V. Putting 
then A= = in the equation of the plane passing through the line 
(47) and the point L/, MW, N’, P, we have 

(LP CL'P) & -(M'N— MN’) 2--(LM'-NP—LM—N'P)as = 0 


which represents a cubic of which æz isa double line. The remaining 
intersection with U, it is easy to see, is a twisted unicursal quartic. 
This result, it is easy to see, may be also stated as follows :—The 
locus of points where generators of one system of a quadric are met 
by homographic tangent planes of a cone of the second degree is a 


1885.] Mr. R. A. Roberts on Unicursal Curves. 43 


twisted unicursal quartic. The cone in this case tonches the curve in 
four points; and, since the tangent cone to the containing quadric also 
touches the curve in the four points lying on its plane of contact, we 
see that this result is consistent with the theorem given in §(15) of 
a paper of mine on plane unicursal quartics (Proceedings, Vol. XVI., 
p. 92). 


17. We have already considered the case of the curve generated by 
the locus of the feet of the perpendiculars from the centre of a quadric 
on the generators of one system. Now, if we consider the locus of 
the feet of the perpendiculars from an arbitrary point, it is easy to 
see that the locus must be a circular twisted unicursal quartic; for 
the feet of the perpendiculars on the tangent planes lie on & nodal 
cyclide, and the intersection of this cyclide with the quadric must 
break up into two distinct curves, corresponding to the two systems 
of generators. We can hence infer that these curves are circular 
twisted unicursal quartics. Now, if we are given the quadric on 
which a general twisted unicursal quartic lies, the curve still involves 
seven arbitrary constants, and four conditions are satisfied by passing 
through the four points where the quadric is met by the imaginary 
circle at infinity. Hence we see that circular unicursal quartics 
lying on a given quadric involve three constants; but the loci con- 
sidered above involve three constants, namely, the coordinates of the 
fixed point. Thus we see that these loci are the most general circular 
twisted quartics. If the quadric containing the curve is one of revolu- 
tion, the loci will have double contact with the imaginary circle at 
infinity. 

It is evident that the planes through point and the generators touch 
the tangent cone, and that the planes through point perpendicularto the 
generators touch the reciprocal of the parallel to the asymptotic cone. 
Now, these cones are obviously connected by two relations, namely, 
are such that either has double contact with the reciprocal of the 
other. Thus we see that the locus of the intersection of mutually 
rectangular tangent planes to two such cones breaks up into two uni- 
cursal cones of the fourth order, namely, the cones standing on the 
two loci which we have been considering. 

Again, considering the case when the point is on the surface, the 
cone standing on one of the loci is the locus of the intersection of 
planes drawn through one of the generators at the point with perpen- 
dicular planes touching the parallel to the asymptotic cone. Thus we 
gee that, if through any point of the reciprocal sphero-conic ares be 
drawn perpendicular to the tangent arcs of a given sphero-conic, the 
locus of their feet lies on a unicursal cone of the third degree. 
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We may notice that, in the case of the paraboloid, the locus of the 
feet of the perpendiculars from a point on the generators consists of 
two twisted cubics, each passing through two of the points where the 
surface is met by the imaginary circle at infinity. By inverting the 
foregoing mode of generation of the circular curve, we see that circles 
passing through a point which generate a cyclide with the point as 
cnicnode have their centres on a general circular twisted quartic. 


18. We may notice here another mode of obtaining the general 
curve. Let a twisted cubic referred to four osculating planes be 
expressed as follows :— 


ety iat u= (S—a)*t (9—8) : (9—7): (9—0) 


Then, for any point on the circumscribed developable, it is easy to see 
that we may write 


g:y:z:u= ($—a)(3—a): (ges —B) (3—8)y : (9—vy) 9—y» 
: ($—3) (G—O)¥... ec sesseeceeaee eee (49), 


since these are evidently the coordinates of a point lying on the tan- 
gent at the point 9 on the curve. If we express, then, that the point 
(49) is situated on a quadric, we get an equation of the form 


Ag? + B6 --O —0 LLL eee (90), 


where A, B, C are biquadratics in 9. Now, let p, p' be factors of A, 
and q, q' factors of C ; then, if the quadric touches the developable in 
four points, that is, if the discriminant of (50) is a perfect square, it 
is easy to see that we must have B = pq’+ pq, in which case (50) be- 
comes the product of the factors pó-Fq, p'$--q. If, then, we take 
P, q, P,Q as quadratic factors, we see from (49) that the intersection 
of the developable and the quadric consists of two distinct unicursal 
quartics which are touched by all the generating planes of the 
developable; for it is evident that x, y, z, u are any four planes of the 
System. "Thus we see that the unicursal quartic arises from the in- 
tersection of a quadric with a quartic developable which ues the 
surface in four points. 

If we take p, q, p, q as linear and cubic factors respectively, it is 
evident that the intersection of the quadric and developable consists 
of a twisted cubic and a unicursal quintic. 


19. We can also show that, if a unicursal quartic cone touches a 
quadric in four points, then its intersection with the quadric breaks 
up into two twisted unicursal quartics. In order that these curves 
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should be the most general ones of their kind, it is necessary that the 
tangent cone to the quadric, which, of course, touches the quartic 
cone along four edges, should belong to the unique system determined 
in § (13) of my paper, entitled “Notes on the Plane Unicursal 
Quartic " (Proceedings, Vol. xvi., p. 51) ; for, if it belonged to one of 
the other three systems, it is easy to see that a second quadric could 
be described through either of the curves of intersection. 


20. I now proceed to investigate some properties of chords of the 
unicursal quartic. If we write the canonizant of this curve in the 
form A‘+ p‘+6mdA*? = 0, the condition that two chords should inter- 


sect will be 1L+qiqstm (pip, 44 4) 2 O LLL ceeeeeeee A (OL), 


where 9, qi, Pa qa are the sums and products of the parameters of the 
extremities of the two chords respectively (Proceedings, Vol. xiv., p. 25). 
It follows, hence, that if two points on the curve belong to a system in 
involution, then the chord joining them intersects a fixed chord; 
also, the double points of the involution are the points of contact of 
the two tangent planes to the curve which pass through the fixed 
chord. The chord joining the latter pair of points may be called the 
tangential chord of the fixed chord. Hence we may say, that if two 
chords intersect, either chord is harmonically connected with the 
tangential chord of the other,—if by harmonical connection we mean 
that the corresponding parameters are harmonically connected, in 
which case it is easy to see that the planes through any three collinear 
points on the curve and the extremities of the chords form a harmonic 
system. 


21. It is not difficult to see that the locus of chords intersecting a 
fixed chord is a cubic with a double line; and we can, in fact, obtain 
the equation of the cubic as follows. Let two planes ez, y be drawn 
through the given chord so as to meet the curve again on chords at 
the extremities of which the tangents intersect. Only two such planes 
can be described ; for the corresponding chords are evidently deter- 
mined by the equations 


l+ +m (p?+2q)=0, l+gqtm(ppt+g+g9) = 0, 


where p, q, are the coordinates of the given chord. Let z, u, then, be 
the bitangent planes at the extremities of the chord so determined. 
We may write now, for any point on the curve, 


Ag = ay, Ay=Py, aca, Aum enesesse... (52), 


where y is the quadratic which determines the parameters of the 
extremities of the given chord, and a, are the quadratics deter- 
mining those of the chords found above. We then easily find that 
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the locus of chords intersecting the chord y is the cubic 
gu Ue SO oiseau 0d) 


of which the given chord zy is a double line. 

Now, all the generators of this cubic intersect the line zu; whence we 
infer that, if any chord of the quartic intersect a given chord, it will 
also intersect a fixed line lying in two bitangent planes of the curve 
. and completely determined by the given chord. 


22. If we take two such cubic loci for two fixed chords, it is evident 
that they will intersect along the chord of the curve which intersects 
the two fixed chords. Also, the given curve is common to both loci; 
hence the remaining part of their intersection is a curve of the fourth 
order. This curve, itis easy to see, is the locus of points through 
which two chords drawn to the curve intersect two fixed chords 
respectively, which is, therefore, a twisted unicursal quartic, as it is 
easy to see that it must be unicursal. 

To find the envelope of the plane of the two chords drawn through 
the points of the locus to the curve, I observe that the equation of 
the plane containing the chords p,, qıs Pa qa can be written 


aty (pit ps2 (pg - 30) + UG, =O oo... (94), 


where 2, y, z, u are certain planes, and 1+9,9,.+m ( p, p,d- 14-94) = 0. 
In the case we are considering we have p, = a+ Bq, p,7a' + B qa from 
which we easily find that the plane (54) passes through a fixed point 
and touches a cone of the second degree. 


23. Since the cone standing on the curve whose vertex is a point 
on the containing quadric has a triple edge, we can infer the following 
property of the curve from a theorem concerning quartics with a 
triple point given in the paper of mine referred to above (Proceedings, 
Vol. xvi, p. 57): The planes described through any point P of the 
containing quadric and the sides of a triangle inscribed in the curve 
meet the curve again in three chords respectively, which are inter- 
sected by a common chord of the quartic. 

We can also easily deduce the following theorem from the harmonic 
properties of a quadrilateral. If six points A, B, C, A’, B’, C’ be taken 
on the curve so that the planes A’BC, BCA, C'AB, A’B’C’ pass through 
& point P on the containing quadric, then the chords AA’, BB’, CC’ 
will be all intersected by a common chord of the curve. 

We may also mention the following theorem which can be obtained 
from the plane cubic (Proceedings, Vol. x1v., p. 57), or by means of the 
surface (53). Let y be a chord of the curve, and Va cone of the 
second degree with its vertex on the quartic, which has triple contact 
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with the curve and touches the two tangents of the curve intersecting 
y, then any chord intersecting y touches V. 


24. I now proceed to investigate some properties of closed polygons 
formed by chords of the curve. We know that the three equations 


03333, +b, (34 4-394) +c = 0, 053,9, +b: (F,+5,) +6, = 0, 
ash I+ b, (344 - 9,) +e, = 0 TEE (00) 


can coexist for an infinite number of values of 394, 9,, 39,, provided that 
the double points of each of the three involutions are harmonically 
connected. Hence we infer that an infinite number of triangles can 
be inscribed in the curve so that each side intersects a fixed chord, 
provided that the tangential chords of each of the three fixed chords 
are harmonically connected, or, which is the same thing, that 
each of the fixed chords intersects the tangential chords of the 
other two. 

The same will be true for an infinite number of closed polygons of 
n sides inscribed in the curve, provided the n fixed chords are connected 
by three relations. For, eliminating 3; 3,... 9,., between the first 
n—1 equations of the form (55), we obtain a relation of the form 


43,9, 4- B9, 4- C3, +D = 0, 


which can be made to coincide with the n™ equation of (55) by the 
satisfaction of three conditions. 

It may be observed that the plane containing two adjacent sides of 
the polygon touches a developable of the sixth class; for this develop- 
able evidently arises from combining the tangential equations of two 
such cubics as (53) ; but these surfaces are of the third class and have 
a line in common, and also, as we have seen, a cone of the second 
degree; namely, the envelope of the planes containing two chords 
which intersect two fixed chords respectively. The remaining part of 
the circumscribed developable is, therefore, as we have stated above, 
of the sixth class, and also, it is easy to see, unicursal. 


25. I now proceed to investigate a method of representing the 
chords of the quartic by points on à plane. If we put p — " q= P 
where p, q are the sum and product, respectively, of the parameters of 
the extremities of the chord, and z, y, z the coordinates of a point on 
a plane, it is evident that the chord will be a tangent to the curve if 


the corresponding point lies on the conic 
g4deyz Um). ttes) 


and that the points corresponding to two intersecting chords are con- 
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jugate with respect to the conic 
L+H +m (2+ ey) SV = nees (97), 


the canonizant being written in the canonical form. 

It is easy, to see then, that the points corresponding to chords inter- 
secting on the curve lie on the same tangent of U. Hence, also, the 
point corresponding to the tangential chord of a given chord P is the 
pole with regard to U of the polar of P with regard to V. 

These two conics are evidently connected by an invariant relation ; 
in fact, the discriminant of V—A U is 4A*— SA + T = 0, where S and T 
are the invariants of the curve. 

Again, the reciprocal of U with regard to V, viz., 


m (+y) + (m3 +1) ey—m?7 —0 .................(98) 


is the locus of points corresponding to chords meeting the curve again, 
namely, the generators of one system of the containing quadric. 

Also, from the invariant relation connecting U and V, the lines 
divided harmonically by U, V have their poles with regard to U lying 
on V; from which we see that the problem to circumscribe closed 
polygons about the curve (Proceedings, Vol. xiv., p. 27) is the same 
as to inscribe polygons in U whose sides should touch the reciprocal 
of V with respect to U. 


26. We can now obtain some results by means of this representation. 
To a closed polygon inscribed in the curve will evidently correspond 
a closed polygon circumscribed about the conic U. Hence, from 
Brianchon's theorem, we can readily deduce that, if a, b, c, d, e, f be six 
points on the curve, the three chords intersecting the three pairs of 
chords ab, de; bc, ef; cd, fa, respectively, are all intersected by a 
common chord of the curve; or, the ruled hyperboloid determined by 
these three chords meets the curve again in two points lying on the 
same generator of the other system. Again, corresponding to six tan- 
gents a, b, c, d, e, f of the curve, we have six points lying on the conic 
U; hence, from Pascal’s theorem, we can deduce that, if a, a’; B, (9 ; 
y, y are the chords intersecting the pairs of tangents ab, de, be, ef, cd, 
fa, respectively, then the three chords intersecting the respective pairs 
a, a, &c., are intersected by a common chord of the curve. We can 
easily derive several other theorems from the Theory of Plane Conics ; 
as, for instance, the following :—Let a, b, c, d be four points on the curve; 
then, if a, 3 are the chords of which ab, cd are the tangential chords, 
and y, ô the chords intersecting the pairs of chords bc, ad; ac, bd, 
respectively, the four chords a, /3, y, 6 are all intersected by the same 
chord of the curve. Also, by considering two triangles reciprocal 
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with regard to the conic V we derive :—If a, b,c, a,b’, c are six chords 
of the curve such that a’ intersects the chords b, c, b the chords c, a, 
and c' the chords a, b; then the three chords intersecting the pairs of 
chords a, a’; b, b; c, č, respectively, are all intersected by a common 
chord of the curve. Again, let a, b, c, d be four chords of contact of 
pairs of intersecting tangents ; then, if a, a’, B, 9, y, y are the chords 
intersecting the six pairs ab, cd, ad, bc, bd, ca, respectively, the three 
chords intersecting the respective pairs aa’, BB’, yy are concurrent. 
Also, let a, b, c, d be four tangents of the curve, then, if a, a’, B, D, y, Y 
are the chords intersecting the six pairs ab, cd, ad, bc, bd, ca, respec- 
tively, the three chords intersecting the respective pairs aa’, BB’, yy’ 
are such that each intersects the chords of which the two others are 
tangentials. 


27. From the fact that it is not possible to describe a quadrilateral 
such that each pair of consecutive vertices should be conjugate with 
respect to a conic, we infer that it is not possible for four chords of the 
general curve to form a skew quadrilateral. If, however, the dis- 
criminant of V vanish, that is, if the curve have an actual double 
point, there will be an infinity of such quadrilaterals. 


28. Again, suppose a closed “ 2n " gon to be formed by tangents to 
the curve, then, if un u,,, are the arguments of the parameters cor- 
responding to the r and (n+7)™ points of contact, we have 

Ur— Unter = io 
(Proceedings, Vol. xiv., p. 27), from which we easily find that the 
corresponding parameters are harmonically connected with a pair of 
conjugate roots of the sextic covariant of the canonizant. Hence we 


infer that such chords intersect one of the three fixed concurrent 
chords determined by these roots (see $ 10). 


29. Suppose U and V, referred to their common self-conjugate tri- 
angle, to be written in the forms 


JC=e84+7+2=0, V E= a Tbv = 0, 
we have atoto SU curano aO), 


and then it is readily proved that az, by, cz, represents the tangential 
chord of z, y, z. Hence the n™ tangential chord is represented by 
a^z, b"y, c"z, from which we easily find that the third tangential chord 
will always coincide with the given chord if we have 

ab 4- bc 4- ca, = 0, 


or if the invariant S of the curve vanishes. 


30. I now proceed to consider some properties of the systems of 
VOL. XVIL—NO. 256. E 
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chords whose parameters are connected by the relation 
(a, b, €; f g; h) (p, q, 1)? = 0 — — —— À OU), 


thatis, whose corresponding points describe à general conic. 


I first prove a general property of such systems. Suppose the 
coordinates of a point on the curve to be expressed in terms of a 
parameter. Then, if we substitute these expressions in the equation 
of a quadric S touching the curve in four points, we must get 


S= {9 Qr, 


where ¢ (29) isa binary quartic whose roots give the four points of 
contact. Now, if the line joining two points touches the quadric S, we 
have 


S,8,— Pi, = 0, 


where P, = 0 is the condition that the two points should be conjugate 
with regard to S. Hence, if the chord joining the points 34, 9, on 
the curve touch the quadric S, we get a condition which breaks up into 
the factors 


$ (9) $ ($)-FPu —0, $ (9) $ ($) Pu = 0 ss (61). 


Now, the condition must obviously be divisible by (3,— 9,)*, and as 
the first factor is not satisfied by 3, = 3,, the second factor is divisible 
by (32, — 9,)*, and then evidently assumes the form (60). This relation 
will be sufficiently general to represent any equation of the form (60), 
because a quadric touching the curve in four points contains five 
indeterminate constants. We hence infer that chords satisfying a 
relation of the form (60) are tangents to a quadric touching the curve 
in four points, or, as we may call it, for brevity, an inscribed quadric. 
We cannot infer, conversely, that chords touching an inscribed quadric 
satisfy a relation of the form (60), for there are evidently such chords 
whose parameters satisfy the first of the factors (61). 


31. I now show that chords touching an inscribed quadric are such 
that the planes described through them and certain four fixed points 
on the curve have a constant anharmonic ratio. It is easy to see that 
the plane containing the chords p, q; p’, g is of the form 


X+pY+q7Z7=0, 
where X, Y, Z contain p, q; but we have also, from (51), 
L+mgtmpp'+(m+q)q¢=0, | 
and P—Ip'+q = 0, 


where J is the parameter of one of the extremities of p’, q'; hence the 
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plane containing the chord p, q and the point 3 is 


X, X, Z d Bree DAS 
l4ma, | mp, m+g 
$, -9 1 


Hence we see that the anharmonic ratio of the planes passing through 
a chord p, q, and four points J, J3, Js, 9, on the curve, is equal to that 
of the pencil joining the point whose coordinates are 


ltmq, mp, mq... (09) 


to four points lying on the conic U (56). Thus, from the theory of 
plane conies, we have a general relation of the second degree between 
the quantities (63), or, which is the same thing, p, q, 1. Also, it is 
easy to see that the four points 94, 3,, 9, 3, on the curve are the 
points of contact of the inscribed quadric; from which we can infer 
that, if chords of the system are such that their tangential chords touch 
the curve, then the latter lines are the tangents at the points of con- 
tact with the quadric. This result may be also stated as follows :— 
Chords of the curve which are divided in a constant anharmonic ratio 
by the sides of an inscribed tetrahedron are tangents to a quadric 
touching the curve at the vertices of the tetrahedron. We may prove 
this independently thus: If a, 5, c, f, g, h are the coordinates of a line 
with regard to the tetrahedron, it is easy to see that af : bg : ch, where 
af+bg+ch = 0, give the anharmonic ratios of the points where the 
line meets the sides of the tetrahedron. Now, a = 0 is the condition 
that a chord should intersect an edge of the tetrahedron, and f= 0 
the similar condition for the opposite edge. Hence af is proportional 
to RPP where R is the condition that either extremity of the 
chord should coincide with one of the vertices of the tetrahedron, 
and P, is the condition that the chord should intersect the edge (12). 
Hence, from af = kbg, we have 

Py Py, — KP Py, = 0, 
the factor R dividing out, which is evidently satisfied, as is easily 
seen from the theory of plane conics. 

Since the coordinates of the tangential chords are linear functions 
of those of a given chord, we see that, if chords of a certain system 
touch an inscribed quadric, all the successive tangential chords, posi- 
tive or negative, are tangents to fixed inscribed quadrics. 


32. We may now mention a few theorems concerning such systems 
of chords obtained by means of the representation by points on a 
plane. 


From Pascal’s theorem we deduce :—Let a, b, c, d, e, f be. any six 
E 2 


52 Mr. R. A. Roberts on Unicursal Curves. [Nov. 12, 


chords of the curve touching the same inscribed quadric, and a’, b’, c', 
d’, €, f' the six chords intersecting the respective pairs ab, de, be, ef, 
cd, fa; then the three chords intersecting the pairs ab, cd’, ef', re- 
spectively, are intersected by a common chord of the curve. 

This result may, by McLaurin’s theorem for conics, be also slaved 
as follows :—Let a, B, y be three chords of the curve, and a’, B’, y the 
chords intersecting the respective pairs Py, yu, af; then, if the three 
latter chords and the chords a, (9 intersect five fixed chords of the 
curve respectively, the chord y will touch a fixed inscribed quadric. 

Again, if two variable chords intersect two fixed chords respectively 
and each other, the third chord drawn through their intersection will 
touch a fixed inscribed quadric, which, however, is not a general one, 
as we have eyidently only four constants at our disposal. 


33. If we express that the plane containing two chords passes 
through a fixed point, we easily see that the corresponding points on 
the plane are conjugate with respect to a fixed conic, S say. Hence, 
if one chord intersect a fixed chord, it is easy to see that the other 
will satisfy a relation of the form (60). This relation is not, how- 
ever, the general one, although we have apparently five constants at 
our disposal; for, if we refer the conics S and V to their common self- 
conjugate triangle, we find that the locus corresponding to the rela- 
tion (60) circamscribes the triangle, and therefore satisfies an 
invariant relation with V. Since there are, then, an infinite number 
of triangles self-conjugate with regard to V, which are inscribed in 
the locus, it follows that in the above case three chords of the curve 
pass through points lying on a curve in space. We cau now easily 
see that the inscribed quadric reduces to a conic meeting the curve 
in four points; for the quadric will reduce to such a conic if the 
points of contact are complanar; but to four complanar points on the 
curve evidently corresponds on a plane a quadrilateral circumscribed 
about U, whose diagonals are divided harmonically by V; and to the 
relation (60) corresponds a conic S inscribed in the quadrilateral. 

But, when this is the case, it is easy to see that S and V are con- 
nected by the invariant relation mentioned above ; which is, therefore, 
the condition that the system of chords corresponding to the equation 
(60) should intersect a conic meeting the curve in four points. 


34. Similarly, if the conic S, in a plane corresponding to the system 
of chords varying subject to the condition (60), circumscribe tri- 
angles circumscribed about the conic U, the inscribed quadric touched 
by the chords degenerates into a cone. In this case, it is easy to see 


that we have p=atmr, q=ß+nr, 
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where p, q, r are the sum, sum of the product in pairs, and product 
respectively of the parameters 4,, 3,, 9, of the vertices of the triangle, 
and a, D, m, n are constants; but the equation of the plane of the 
triangle is of the form 


Bt ry td (+r) 20... eee (64), 


where 9 is the parameter of the point where the plane meets the 
curve again. Now, for the canonical form of the canonizant, we have 


L+mgt (r+mp) = 9........................ (69); 


from which we see that the plane (64) involves a single parameter in 
the second degree, and, therefore, passes through a fixed point and 
touches a cone of the second degree. 

It is easy to see that there ought to be four cones touching the 
curve at four given points; for, if S be one of the quadrics touching 
the curve at these points, and W the quadric containing the curve, 
we have evidently four cones of the system S+kW. Now, one of 
these cones is that determined by the invariant condition found above, 
and the three others belong to the case when the expression (60) 
breaks up into factors, that is, correspond to three pairs of chords of 
intersection of the conic on the plane with the conic U. These three 
cones are, it is easy to see, the envelopes of planes containing pairs of 
intersecting chords which meet the three pairs of chords, respectively, 
joining the fixed points (see § 22). This result is consistent with 
some theorems obtained in a paper of mine, entitled “On certain 
Conics connected with a Plane Unicursal Quartic " (see Proceedings, 
Vol. xv1., p. 14). 


a 


35. It may be observed that, in the case of chords intersecting a 
conic meeting the curve in four points, there is only the relation of 
the second degree connecting the sum and products of the parameters, 
the factor of the fourth degree in (61) in these quantities becoming 
irrelevant, namely, corresponding to the case when the chord passes 
through one of the four points where the conic meets the curve. 
This is not the case, however, when the quadric reduces to a cone. 


36. We might notice, also, the following theorems. Leta, b, c be 
three mutually harmonic chords of the curve, and a’, b’, c three other 
chords similarly related to each other, then these six chords are all 
touched by the same inscribed quadric. Again, if a, b, c are the sides 
of a triangle inscribed in the curve, and a’, b’, c the tangents at the 
vertices of the triangle, the three chords intersecting the pairs aa, 
bb’, cc’ respectively are intersected by a common chord of the curve. 
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37. Since the tangents of the curve are a particular case of chords 
satisfying an equation of the form (60), we see that all the tangents 
are touched by an inscribed quadric. Now I have shown (Proceed- 
ings, V ol. Xiv., p. 309) that the osculating planes, and, therefore, the 
tangent lines, are touched by a certain contravariant quadric, which 
quadrie, we see now, is inscribed in the curve, the points of contact 
being the points where certain four tangents meet the curve again 
(Proceedings, Vol. xiv., p. 25). Again, since the chords of contact of 
intersecting tangents satisfy the equation V = 0, we see that these 
chords are touched by an inscribed quadric. Now: we have seen that 
the double tangent planes, and, therefore, their chords of contact, 
touch a contravariant quadric ø (loc. cit., p. 310). We see, thus, that 
this quadric is inscribed in the curve; and the points of contact are, 
it is easy to see, given by the Hessian of the canonizant, namely, the 
points on the curve at which the tangents meet the curve again (see 
loc. cit.) 

We can easily show, hanes. that there can be only four independent 
covariant quadrics. For such a quadric must evidently meet the 
curve in eight points determined by an equation of the form 


lO 4+ mOH pnm? = Q ule evade: (66), 


where C is the canonizant, and H its Hessian; whence there are 
three quadrics corresponding to C?, CH, H?, respectively, besides the 
quadric containing the curve. We thus see that we can determine a 
doubly infinite system of covariant quadries which are inscribed in the 
curve, the points of contact being given by the equation 


AC+pH = 0. 


It may be observed that the covariant plane meets the curve in the 
four points given by the equation 


3TC —2SH = 0. 


38. I now proceed to investigate some properties of closed polygons 
which can be formed by chords of the curve. Since to a closed poly- 
gon inscribed in the curve corresponds a closed polygon circumscribed 
about the conic U in the plane, we see that, if the conic S correspond- 
ing to an inscribed quadric satisfy a certain invariant relation, 
namely, one of the conditions determined by Professor Cayley (Philo- 
sophical Magazine, Vol. vi., p. 99), then it will be possible to inscribe 
an infinite number of polygons of a given number of sides in the 
curve, so that each side will touch the same fixed inscribed quadric. 

Again, if a closed polygon of n sides be inscribed in the curve, so 
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that n—1 sides are tangents of a certain system to the same fixed in- 
scribed quadric, the n™ side will touch another fixed inscribed quadric. 
Also, from the theory of plane conics, we can deduce that, if a closed 
polygon of n sides be inscribed in the curve, so that n—1 sides inter- 
sect n— l fixed chords of the curve, respectively, then the n™ side will 
touch a fixed inscribed quadric. The conic in the plane corresponding 
to this latter quadric has, it is easy to see, double contact with U; 
and hence we can readily show that the chord intersecting the tan- 
gents at the extremities of the n chord touches a quadric having 
double four-point contact with the curve; for, in that case, the points 
of contact of the quadric coincide in pairs. 

We may also notice the following result. An infinite number of 
closed polygons can be inscribed in the curve, so that the inverse tan- 
gential chord of each side touches a different quadric having double 
four-point contact with the curve, provided these quadries are con- 
nected by three relations, or, which is the same thing, all but one 
remain indeterminate. 


39. If chords of the curve which touch an inscribed quadric form a 
closed polygon, it is evident that the corresponding polygon in the 
plane will be inscribed in a conic S, and be such that each pair of 
consecutive vertices is conjugate with regard to V, or, which is the 
same thing, be circumscribed about the covariant harmonic conic of S 
and V. Hence, corresponding to a certain invariant relation con- 
necting S and J, there area singly infinite number of closed polygons 
formed by chords of the curve which touch the same fixed inscribed 
quadric. We have already considered the case of three chords passing’ 
through a point, and have shown that, in that case, the quadric re- 
duces to a conic meeting the curve in four points. We may observe 
that the polygon cannot be a skew quadrilateral; for we have seen 
that such a figure cannot be formed by chords of the curve. 

Again, if a closed polygon of » sides be formed by chords of the 
curve, so that n—1 sides are tangents of a certain system to a fixed 
inscribed quadric, then the n™ side will touch another fixed inscribed 


quadric. 


40. It may be observed that, in a certain case, that is, if the co- 
efficients in (60) are connected by a certain invariant relation, the 
corresponding chords will not only touch an inscribed quadric, but 
also a cone of the second degree, having double contact with the curve, 
and touching two bitangent planes drawn to the curve through its 
vertex; for, in a paper published in the Proceedings, Vol. xvr., p. 9, I 
have shown that the tangents to a conic touching two bitangents, and 
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having double contact with the curve, meet a plane trinodal quartic 
in two pairs of points whose parameters are connected by the same 
relation of the form (60). Now, the plane conie has one indetermi- 
nate constant, and the position of the vertex of the cone gives three 
constants, from which we see that (60) must satisfy a single con- 
dition in this case. "This condition may be easily found by means of 
the following considerations. Corresponding to the two pairs of 
points or chords of the curve lying on a tangent plane of the cone, 
there are, on the plane, two points lying on the conic, S say; these 
points are conjugate with regard to V, and also with regard to 
another conic W, because the plane of the chords passes through a 
fixed point. Hence, writing, 


V = aa? by! tc? = 0, 
W = aa! b cz = 0, 
where a+b+e =d 4b 4c = 0, 


which is evidently allowable, we have, for & pair of points conjugate 
with regard to both V and W, wa’ = yy’ = zz. Theconic S must then 
be such that both these points lie on it, and, therefore, it is easy to 
see, must be of the form 


S zd kz (aty) tay = 0. 
But, forming the invariants of S and V, we find 
00 —AA c0... veio team 04); 


which is, therefore, the required invariant condition, satisfied by S in 
this case. Since (67) is the condition that the covariant harmonic 
conic of S and V should break up into two points, we see that, in the 
case we are considering, the third chord drawn to the curve through 
the intersection of two intersecting chords of the system meets one or 
other of two fixed chords. 


41. With reference to the actual locus of the chords satisfying a 
relation of the form (60), it may be observed that the surface is of 
the sixth degree, and has the given quartic for a doublecurve. "There 
is also another double curve, which appears to be of the tenth degree, 
namely, the locus of points through which two chords of the system 
pass. In the case when the inscribed quadric degenerates into a conic 
meeting the curve in four points, the latter double carve will evidently 
be replaced by the conic, which is then a triple carve on the surface. 
In the general case, it is easy to see that the plane of the two inter- 
secting chords of the system touches a developable which is the 
reciprocal of a twisted unicursal quartic. 
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42. To find the locus of the points of contact of the chords with the 
inscribed quadric, S say, which they touch, we may write S = ¢’, 
where ¢ is a biquadratic in the parameter 3 of a point on the curve. 
Putting, then, x = mz, +nz, y = &c., for any point on the chord 
joining the points 2, 4,2,1,, %Y,%,%, on the curve, and expressing that 
this point lies on S, we obtain mọ, -- n$, = 0, whence we have 


£ = $,%,—9$,%,, y = Ke. 


Now, these expressions, being divided by $,—S,, are of the third 
degree in 9, 9,, 3, +3,, 1; from which it follows that the locus of the 
points of contact is a unicursal curve of the sixth degree. Also, it is 
easy to see, the locus of the fourth harmonic to the point of contact 
and the points on the curve is a unicursal curve of the eighth degree 
touching the quadric S in eight points. 


43. I now proceed to consider some cases in which it is possible to 
inscribe an infinite number of polygons in a unicursal curve, so that 
the sides may be divided harmonically by a fixed conic. If we express 
that two points on a plane unicursal cubic are conjugate with regard 
to a fixed conic, we evidently obtain a relation of the third degree be- 
tween 1,4, ttt, l, where ¢,, t are the parameters of the two points. 
Now, if two conditions are satisfied, this relation will break up into 
one of the second degree and another of the first. I consider this case 
more particularly. By taking œ, 0 as the values of the parameters 
corresponding to the double points of the involution determined by 
the linear factor, that factor assumes the form ¢,+¢#,. If, now, we refer 
the curve to the triangle formed by the node and the points whose 
parameters are oo, 0, we may write 


hz = (t—a)(t—b), Ay =t(t—a)(t—b), Az =#t(t—c)......(68), 


where a, b are the parameters of the node, and c that of the point 
where z meets the curve again. Itis easy to see, then, that the points 
+t are conjugate with regard to the conic 


N = z (y—cg) + (a+b) Ey = 0 eseese.. (69), 


where k is an arbitrary constant. 


Now, eliminating ¢ and A between (68), we get the equation of the 
curve in the form 


wy {y—cx+(a+b) z} = z(y!--ab»?), 
from which we see that the line 


P=y-—c#t+(at+b)z=0 
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intersects z on the curve, and meets the curve elsewhere in two points 
which are harmonically connected with the points, A, B, say, where z 
meets the curve, and is, therefore, it is easy to see, completely deter- 
mined when A, B are given. S is then a conic described through 
two points 4, B on the curve, and through the points where the line 
P, determined in the manner stated above, is met by thelines OA, OB, 
. Where O is the node; for S is evidently satisfied by 


P=0, ay=0. 


Expressing, now, that the points ¢,, /, on the curve (68) are conjugate 
with regard to the conic S (69), and dividing by ti +t, we get 


(4, —c) (5$ — c) (tit + ab) +h (4 —a)(& —5) (t — a) (& —5) = 0...(70). 


Hence, from this relation, we see that the inscription in the curve of 
polygons, of the kind described above, is the same analytical problem 
as that of circumscribing polygons about the conic 


so as to be simultaneously inscribed in 
(che — cz - y) (y - aba) +h (ahy —a2 Hy) (Pa —bz +y) = 0 ...(72). 


- Since this conic (72) passes through the points where the tangent at 
the point corresponding to c on (71) is met by the tangents at a, b, it 
is easy to see that, for the cases of the triangle and quadrilateral, the 
relation (70) becomes irrelevant, as in the latter case it ought evi- 
dently to do. For the case of the pentagon we easily find 


(ad-c)(b--e) 9b (a+b)? m0 Lees (78). 


44. Tt is not to be inferred, however, from the above, that there are 
no conics which have an infinite number of self-conjugate triangles 
inscribed in the cubic; for we shall show now that such conics arise 
from the case in which the points A, B, mentioned above, coincide at 
the node. | 

Referring the curve to the nodal tangents and the line of inflexions, 


it may be written q^ ry —ayz = 0, 
and may then be represented thus: 
Av=t, Ay=#?, Ml-cÜO. 


If we now express that two points t, 4, on the curve are conjugate 
with regard to the conic whose equation is 


a (e? +yz) +b (y* +20) tory = 0 oseere (74), 
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we find that the result is divisible by 1, -- 4, the remaining factor being 
a (pq +b (L+ pq) eq = 0..................... (79), 
where hth-— p hh5g; 
and, as this relation may be considered as arising from 
a (£54 SS SU) +) (GS S) e m0, ttt,=1......(76), 


we see that there are an infinite number of triangles in this case. 
This result coincides with what we know otherwise, for the relation 
t, +t, = 0 expresses that f, t are corresponding points on the curve, 
and corresponding points are conjugate with respect to all the polar 
conics of the cubic of which the given curve is Hessian. Bat the 
conics (74) are polar conics of 


g? +y? +3xyz = 0, 


which has the given curve for its Hessian. Also, the triangle formed 
by the points corresponding to those where the Hessian is met by a 
line, is self-conjugate with regard to the polar conic of any point on 
the line (see Salmon’s Higher Plane Curves, Art. 239), which, it is easy 
to see, is the result represented by the equation (76). 


45. In the case of the cuspidal cubic, we put a = b in (68), and if 
the curve be then transformed to the form 
y! — ez = 0, 


we find that the conic (69) may be written 


(aga — (u? — B) y +2} fa (a? —23) x — (a? +26) y 422] 
+k (y! —aay + By’) = 0, 
where a, /3 are the sum and product, respectively, of the parameters 
of two points on the curve. 
It is easy to see that there can be no infinite system of triangles 
self-conjugate with regard to a conic and inscribed in a cuspidal 
cubic. 


It may be observed that, if we express that two points on the cubic 
y°—2'z = 0, represented by the equations 


Ay zl, Ay=t, w= PU, 
are conjugate with regard to the conic 


ax’ + by? + cr = 0 TE PIT 
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we obtain Qi bg Rey? m EA (4 D); 


where tt, = q; from which we see that the points on the curve belong 
to one or other of three distinct involutions. It may be deduced from 
this result, that it is possible to inscribe in the curve an infinite num- 
ber of closed polygons of 2n sides, such that each side may be divided 
harmonically by a conic belonging to the system (77), provided these 
conics are connected by the single relation 


9198 +++ Jan—1 = 344 +++ Q2 5 


the g corresponding to each conic being determined by the equa- 
tion (78). 

We may also notice the following result. Since the locus of the 
intersection of the tangents at the points, and the envelope of the 
chords joining the points, in the preceding case, are both conics having 
double contact with the curve (see Proceedings, Vol. xiv., p. 57), and 
passing through the cusp; it can easily be shown that rectangular 
tangent planes to the cone y*—ka’z = 0, the axes v, y, z being rect- 
angular, intersect on one or other of three quadric cones; also, that 
the envelope of planes containing two mutually rectangular edges is 
one or other of three quadric cones, all these cones having double con- 
tact with the given cone, and containing its cuspidal edge. 


46. Proceeding now to the case of plane unicursal curves of the 
fourth degree, if we express that two points on the curve whose para- 
meters are /,, f, are conjugate with regard to a conic, we obtain a 
relation of the fourth degree between +t, tt, 1; and it is evident 
that, if three conditions are satisfied, this relation will break up into 
two factors of the first and third degrees respectively. Hence it 
appears that, if we take a system of pairs of points on the curve whose 
parameters belong to a given system in involution, then each pair will 
be conjugate with regard to a conic which is completely determined. 
Referring the curve to the triangle formed by the nodes, any point 
on it can be expressed thus: 


AD = qr, AY = rp, Ng = 9q...eeeenn (9), 


where p= (t—a)(t—a), g = (t—8)(t—(9), r = (t—y)(t—y). 


Supposing, then, œ, 0 as the parameters of the double points of the 
involution, and (a, b, c, f, g, h) (eyz)! = 0 as the equation of the conic, 
we express that the polar of the node yz, namely, 


ae d hy t g2 = 0, 
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passes through the points —a, —a’, when we find a proportional to 
2aa’ (a 4- a) (8B —vy') A, 
where "^ Az|1 —(a-«), aa |, 
l, B+B, PË 
| l yty, YY 
and h proportional to ` 


(8B —vy )(vv — aa ) (a +p) (a +8) 8) (a^ 8) ; 


whence, by symmetry, we can at once write down all the other co- 
efficients. If we wish to find, now, the conic corresponding to two 
points on the curve whose parameters are Jj, 39,, we have merely to 


NT a—3, a—¥4F, 
substitute ag aad,’ 


&c., for a, a’, &c., respectively. 


47. For the tricuspidal quartic a =a, B = f, y =y and the 
equation of the conic becomes then 


8a? (8 —y) +... +2 (a +B) (y —a) (B — y) xy - ... = O...... (80). 


Hence, by reciprocation, we see that, if two tangents of a unicursal 
cubic belong to a system in involution, they will be conjugate with 
regard to a conic which is completely determined. From this result 
it may be deduced that the tangent planes drawn through any edge 


of the cone £ —9ay! +z J/8 (+y) = 0 


(the axes being rectangular) to the surface are mutually at right 
angles; for the tangents intersecting on the curve belong to a system 
in involution, and the conic in this case is the imaginary one at 
infinity, t.e., +y’ +2? = 0. 


48. We have seen that, if two points on the curve are conjugate with 
regard to a conic, the sum and product of their parameters are con- 
nected by a relation of the fourth degree. Now, if four conditions are 
satisfied, this relation will break up into two factors of the second 
degree, and, therefore, it would appear that the conic could only in- 
volve one arbitrary constant. However, we arrive at the conclusion, 
which it would be difficult to prove directly, that there. are no conics 
that do not break up into two right lines. 

Let x,y be two double tangents of the curve, then, if a, p are the quad- 
ratics in the parameter which determine the points of contact, we may 
write Az = a’, Ay = 3°, 
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Now, if we take two lines harmonically connected with v, y through 
their intersection, 


yea! em Osa dst (Ob), 


'say, then the condition that two points on the curve should be con- 
jugate with regard to these lines breaks up into the factors 


Big, ze Kaya, =O aeinn ... (82). 


I may hence be deduced that it is possible to inscribe in the curve an 
infinite number of closed polygons of 2n sides, so that each side may 
be divided harmonically by a pair of lines of the system (81), pro- 
vided these pairs are connected by the single relation 


kh, «+ sa E koka sss kon = 0. 


It may be observed that, in the case also of points on the curve 
conjugate with regard to two double tangents, the condition breaks 
up into two factors of the second degree in the sum and product of 
the parameters, namely, 


ap, = y -1 a, = 0, 
which are evidently always imaginary. 


49, Let us consider, now, two lines intersecting on the curve, such 
that we may write 


Aa = 9(9—c)(9—a), Ay = (I—c) (Pb) ............ (83), 


in terms of the parameters. It is easy to see what these lines are; for, 
forming the equation of the tangents to the curve from zy, we get a 
result of the form az‘ + 3y*+ ya^? = 0, showing that the lines a, y are 
conjugate factors of the sextic covariant of the four tangents drawn 
to the curve from a point on itself, which point evidently remains 
arbitrary ; or the lines 2, y involve one arbitrary constant. Express- 
ing now that two points on the curve are conjugate with regard to 


zy, and dividing by (h+) (h— c) (9,—c), we obtain 
319;—5b (912-92) - (b —a) 949,4-ab =O cece. (84). 


In this case there does not appear to be any geometrical theorem con- 
cerning the inscription of polygons in the curve. 


50. Again, let v, y be any two lines passing through one of the nodes, 
then, if a, p, y are certain quadratic expressions in the parameter, we 
may evidently write Az = ay, Ay = By ; whence, if we express that 
two points on the curve are conjugate with regard to zy, we get 


(ub - Bide) NY = O........... eee (89), 
which breaks up into factors, the only one of which belonging to 
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variable points on the curve is a,3,+(,4,=0; but the lines zy contain 
two constants, or one more than would possibly appear to exist at 
first sight, as stated above. 

It is probable that, if we take the general condition that two points 
on the curve should be conjugate with regard to à conic, and express 
that this equation breaks up into two factors of the second degree in 
the sum and product of the parameters, we should come upon the 
. aggregate of all the preceding cases, in which we have shown that this 
resolution into factors takes place. 


öl. I now proceed to the problem of the inscription of polygons in 
a twisted cubic, such that their sides may be divided harmonically by 
a fixed quadric. If we express that two points on the cubic are con- 
jugate with regard toa quadric, we shall evidently obtain a general 
relation of the third degree between the sum and product of the 
corresponding parameters; for a quadric contains nine arbitrary con- 
stants, and the plane curve of the third degree the same number; from 
which we may infer conversely that, in general, if the sum and product 
of the parameters of two points on the curve are connected by a 
relation of the third degree, then the two points are conjugate with 
regard to a fixed quadric. Suppose 


— (#—-a) (u—b) (u—-c)(u—d) —. 86 
$0) = (i-a) (u-b)(u-e)u-d) es EO, 
where p is the parameter of a point on the curve; then 
$ (m) —9 (m) = 0, 


being divisible by pı— u» gives a relation of the third degree connect- 
ing p+ po, pupa, 1. Now, the relation (86) is satisfied by p, = a, and 
Ba = b, c, or d, &.; also by gu, = o, =b, c, or d^, &c. ; from which 
we infer that the quadricin this case has two self-conjugate tetrahedra 
inscribed in the curve, namely, those formed by the points whose 
parameters are a, b, c, d and a’, b’, č, d', respectively. It might 
appear that the equation (86) contained eight constants, but it 1s easy 
to see that there are only six, as (86) involves the coefficients of the 
Jacobian of the two binary quartics whose roots are a, b, c, d and 
a’, V, c, d', respectively. Hence we see that, if two tetrahedra be in- 
scribed in the curve, there will be a definite quadrie U with regard to 
which these tetrahedra are self-conjugate, and this quadric U will 
satisfy three invariant relations with the curve. Suppose we take, 
now, four points on the curve whose parameters are connected by the 


relations $ (m) = 9 (pr) = $ (s) = 9; 


which is evidently a legitimate assumption. We can hence infer 
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that a singly infinite number of tetrahedra can be inscribed in 
the curve which are self-conjugate with regard to the quadric 
U. It is easy to see, otherwise, that the quadric U satisfies 
three conditions; for the result of operating with the tangential 
equation of U on any three quadrics containing the curve must 
vanish, the three quadrics being taken so as not to be linearly 
connected. 


52. By reciprocation, we see that a singly infinite number of 
tetrahedra can be formed by osculating planes of the curve so as to be 
self-conjugate with regard to a quadric 3, the quadric X being con- 
nected with the curve by three relations, and being completely 
determined when two of the tetrahedra are assigned, which may be 
done arbitrarily. The locus of the vertices of the tetrahedra is 
evidently another twisted cubic, namely, the locus of the poles with 
regard to X of the osculating planes of the given curve. Hence the 
result we have arrived at may be stated thus :—If two tetrahedra are 
formed by osculating planes of a twisted cubic, then their vertices 
are situated on another twisted cubic. 


53. We might also prove this theorem as follows :—From (86) the 
parameters of the four planes are the roots of the equation 9 (y) —k=0, 
from which itis easily seen that the sum, sum of the products in pairs, 
&c., of the parameters are connected by three linear relations. But 
since the sum, &c., of three parameters are proportional to linear 
functions of the coordinates of the intersection of the three correspond- 
ing osculating planes, these three relations are equivalent to 


P+pP=0, Q+pQ'=0, RLkRE—0.... ees (87), 


where P, P, &c. are planes, and p is the parameter of the fourth 
osculating plane. | 

Now these equations, as is well-known, represent a twisted cubic. 

By taking two linear relations connecting the sum, sum of the pro- 
ducts in pairs, &c., of four parameters, we see, in the same way that 
osculating planes of the curve can form a doubly infinite system 
of tetrahedra, which have their vertices on a ruled quadric. Since 
this quadrie involves but six arbitrary constants it must be con- 
nected with the curve by three relations. 


94. If the quadrie we have called = above degenerate into a conic 
and then coincide with the imaginary circle at infinity Q, it is evident 
that the curve must satisfy three relations with Q. Two of these 
conditions are equivalent to the curve being osculated by the plane at 
infinity. In this case there will evidently be an infinite number of 
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three mutually rectangular osculating planes. Referring the curve to 
rectangular Cartesian coordinates, we may write 


a=a($—a)’, yzb($—08), «—c($—y). 


the axes being three planes of the system, and the equation of an 
osculating plane is then | 


2 (8-7) 2 (3-3) £ (8-8) +B) 8-2 6-9 =0. | 


j—a 3—] 
If three of these planes are mutually rectangular, we have 
(8—y) (y—a)’ (a—3)* 


O e- et ey 
à! (a—3,) (a — 3,) "p (8—3,)(8—3:) 8 (y—S)) (y-9) 


and two other similar equations, which are, it is easy to see, only 
equivalent to two, namely, 


ao (a) o (B) _ èg (y) 
B-y -y  y—a a—p : 
where | $ (t) —(t—3) 646—359) ((—39.  - 


It is easy to see, then, as we stated above, that there are an infinite 
number of three mutually rectangular osculating planes, and that their 
intersection lies on the line 


ae by ce 
B—y y-a a-Ê 


Reciprocating this result with regard to a sphere, we find that there 
is a point on the general twisted cubic, through which it is possible to 
draw an infinite number of three mutually rectangular chords, and 
that the plane passing through the extremities of these chords contains 
a fixed line. There are, in fact, two such points, for the cones of the 
second degree containing the curve involve a parameter in the second 
degree, and the condition that a cone should contain three mutually 
rectangular edges is linear in the coefficients. This condition is 
identically satisfied if the three points at infinity of the curve are 
mutually rectangular, and there are then an infinite number of three 
mutually rectangular chords for every point of the curve. In this 
case the cubic is such that it passes through the feet of the normals 
drawn from a point to a quadric. 


55. Again, let : : 
— P tap +b (88), 
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and suppose two points on the curve whose parameters are connected 
by the relation $ (p,) - $ (pj) = 0; then this equation, being divisible 
by ut 55, gives a relation of the third degree connecting p+ pa, pps, 1; 
and, therefore, the corresponding points are conjugate with regard 
toa quadric. By expressing the curve in the form 


At=1, Ayzpu, ‘=p, Au pesce ree (B9); 
the equation of the quadric is easily found to be 
V = bea? 4- (ca — b) y* + (a — c) à +u --9baz + Qcyu = 0 .........(90). 


This quadric involves five arbitrary constants, namely, a, b, c, and 
the two involved by the points on the curve corresponding to the 
values oo, 0 of the parameter p; it therefore satisfies four relations 
with the curve. 


Now, taking four points on the curve, the equations 


$ (Qu) +9 (p) —0, $ (He) +9 (Hs) = Hd 
$ (Hs) +o (m) =0, $C) +9 (m) = 9 


are only equivalent to three, or the points belong to a singly infinite 
system. Hence we infer that a singly infinite system of skew quadri- 
laterals can be inscribed in the curve, such that each side is divided 
harmonically by a quadric of the system V. It may also be shown, in 
& similar manner, that there are a singly infinite number of hexagons 
and octagons inscribed in the curve which have their sides divided 
harmonically by V. In these cases the fourth equation of (91), which 
results from the other three, is satisfied by the factor u,+p, = 0, and 
not the factor of the third degree; and then we shall see, further on, 
the chords joining the points u, p, &c. are generators of a quadric 
containing the curve, and are divided harmonically by a whole system 
of quadrics. It may be observed that the chords joining the vertices 
Hy Bs &c. are all divided harmonically by a definite quadric; for, 
dividing ¢ (yu) — $ (pus) by pı— ps, we see that the corresponding points 
are conjugate with regard to 


bex?—(ca—b) yY? + (a — c) 2—u? + 2baz—2cyu = 0............(92), 

a quadric which has evidently four generators in common with V. 
By reciprocating this last result, we see that an infinite number 
of quadrilaterals, hexagons, and octagons, formed by lines in two planes, 
can be described so that each pair of consecutive planes containing 


adjacent sides is conjugate with regard to a quadric which satisfies 
four relations with the curve. 


1885.] Mr. R. A. Roberts on Unicursal Curves. 67 


96. I now proceed to the case in which the condition that two 
points on the curve should be conjugate with regard to a quadric 
breaks up into two factors, one linear and the other of the second 
degree in the sum and product of the parameters. In order that this 
should be the case, it is evident that the quadric must satisfy two 
relations with the curve. Taking the double points of the involution 
determined by the linear factor as oo, 0, and expressing the curve as 
at (89), we easily find that the condition that two points on the curve 
should be conjugate with regard to the quadric 


S, = a (y! +22) +b (2 +yu) o exy +dyz+exut+fzu = 0......(93) 
is divisible by u, +4, the remaining factor being 
ep! + fq! + bpq 4- apt (d — 8e) qp c = 0......... ss (94), 
where bitu =P, pubs q. 


It will follow, hence, that pairs of points on thecurve belonging to 
a system in involution, or, which is the same thing, such that the 
chords joining them are generators of a quadric containing the curve, 
are conjugate with regard to a system of quadrics involving five abso- 
lute constants linearly; also that, if the sum and product of the 
parameters of two points on the curve are connected by a relation of 
the second degree, (94) say, the corresponding points are conjugate 
with regard to the system of quadrics 


S = 18, mS, uS, 50 rerreccseseccresee re (99), 


where S, is the quadric given above, and S, S; are the cones 


S, = ca! + (d —e) yY? +f? +2byz + 2eze+2axy = it 
S, = ey? + (d—e) 2+ fW + 2eyu + 2bzu+ 2ayz = 0 


The equation (95) is found by multiplying (94) by lp +m+ngq, and 
then forming the equation of the quadric with regard to which the 
points 4, u, are conjugate. The quadries of the system (95) have 
evidently eight points in common, of which four are situated on the 
curve and are determined by the equation 


fut 2by* -- (d+e) p --2ap p c = 0. 


57. It may be observed, that chords satisfying an equation of the 
form (94) are generators of a definite quartic surface of which the 
given curve is a double line; also, that these chords touch a singly in- 
finite system of cones of the dre degree having their vertices on 

F 
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the curve, which readily follows from the theory of plane conics, 
these cones evidently enveloping the quartic surface. 

Again, we can see that these chords intersect a singly infinite 
system of conics meeting the curve in two points; for two chords of 
the system can be drawn through any point of the curve, and the 
plane of these chords must evidently meet the quartic surface again 
in a conic which passes through the extremities of the chords, the 
quartic being thus generated as the locus of a system of conics. 


58. From the theory, then, of the relation (94), we can deduce the 
following result :—If a quadric S of the system (96) satisfy a cer- 
tain invariant condition with the curve, it will be possible to inscribe 
in the curve a singly infinite system of closed polygons of a given 
number of sides, so that each side may be divided harmonically by 
the quadric S. For the case of the triangle, it may be observed that 
the plane of the triangle passes through a fixed line; and, for the case 
of the quadrilateral, that the diagonals are generators of a quadric 
containing the curve. 

_ By reciprocation we can arrive at the following result: that there 
exist a system of quadrics X satisfying two relations with the curve, 
such that, when a third condition is satisfied, it will be possible to 
form a singly infinite number of closed polygons of lines in two planes, 
which polygons have the consecutive planes of adjacent sides conju- 
gate with regard to 3. 


99. I now proceed to mention a case in which chords of the curve 
divided harmonically by a quadric are tangents to another quadric. 
The curve being expressed in the form (89), it is easy to see that 


. V= a (y—zx) +b (yz—au) +c (à —yu) + (lat+my+nz+pu)? = 0 
RETE (OO) 


represents any quadric having triple contact with the curve. Ex- 
pressing, now, that the line joining two points on the curve touches V, 


we get E SEP RE opone (98); 
where P is the condition that the two points should be conjugate with 
regard to V. But V,=L, n= G, 

and 2P = — (m — p)’ {a+b (m+ p) ep is] +21, Ly, 


where L =l+mp+np’ tpp"; 
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hence the equation (98) breaks up into the factors 
2L, D,— (uy —u4)* {a+b (m+ p) 4-621 4, } + 2D, L = 0. 
Hence, rejecting the factor 
| | a+b (pm +H) t epi, = 0, 
we have 4L, L, — (uj — p)? {a+} (u, +m) Topps] = 0.........(99), 


which, it is easy to see, is the condition that the two points should be 
conjugate with regard to the quadric 


a (y! —22) +b (yz—2w) +c (à —4v) +2 (la+my+nz+pu)? = 0...(100), 


which evidently represents a quadric having triple contact with the 
curve at the same points as V has, and having conic contact with V 
along the section by the plane of contact with the curve. 


60. I now proceed to consider the twisted unicursal quartic. In 
this case the condition that two points on the curve should be conju- 
gate with regard to a quadric, is of the fourth degree in the sum and 
product of the parameters; and it is evident that, if three relations 
are satisfied, this condition will break up into two factors of the first 
and third degrees respectively. 

Let oo , 0 be the values of the parameters of the double points of 
the involution, A, B say, determined by the linear factor, and $, V 
two cubics in the parameter, each of which determines three linear 
points on the curve; then the curve may evidently be expressed as 


follows : Az =I, Myz$, Ag 3j, Au m V.........0......(101), 


in which case yz—au = 0 is the quadric containing the curve. Let 
us consider, now, the quadric 


yztau=V=0. 


Expressing, then, that two points on the curve are conjugate with 
regard to this quadric V, we get 


CHER) (pipat papi) = 0e (102). 


Now, a quadric such as V involves four absolute constants implicitly ; 
for it evidently depends upon the position of A, B, and the lines 
corresponding to 9, y, each of which is determined by one condition. 
These constants are separated in the equation (102), for the first 
factor depends only on the position of A, B, and the second only on 
that of the two lines. Considering, then, the second factor, which 
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we can write in the form RA 
$i g 2 es cc ree Reem (103), 


p h 


we can readily infer that there exist a singly infinite system of quadri- 
laterals and hexagons inscribed in the curve, such that each side is 
divided harmonically by a quadric V, which, as it involves but four 
constants, is connected with the curve by five relations. Since, for a 


diagonal, we have $1V5— V, 9, = 0, 


which expresses that the corresponding points are conjugate with 
regard to yz—vu = 0, the quadric containing the curve, these 
diagonals must be generators of that quadric, and, therefore, meet 
the curve again. The quadrilaterals are then such that their diagonals 
meet the curve again, and with this condition two quadrilaterals can 
be assigned arbitrarily, and the corresponding quadries involve still 
two undetermined constants. These results, it is easy to see, may be . 
stated as follows:—Let A,B,C,, A,B,C, be two triads of collinear 
points on the curve, then the nine chords A, A,, A, Ba A, C, B, By, By Cs, 
C,A,, C, B, C,C, are divided harmonically by a trebly infinite system 
of quadrics ; also, if 44D, C,, 4,B,C, are any other pair of triads of 
collinear points, the nine chords A, A, &c., together with the nine 
chords mentioned before, are all divided harmonically by a doubly 
infinite system of quadrics. 


61. We can now easily find the general system of quadrics which 
divide harmonically all the chords of the curve belonging to a system 
in involution, or, which is the same thing, intersecting a fixed chord 
of the curve (see § 20). 

Let X be the plane drawn through the tangent line at A, so as to 
meet the curve again on a chord which is harmonically connected with 
A,B, and let Y be the plane similarly drawn through the tangent line 
at B. Also, let Z be the plane drawn through AB, soas to satisfy the 
same condition; then it is easy to see that we must have 


AX = +a, AY — S3 b, AZ = S (Si-c)......... (104) ; 


from which it readily follows that, if two points on the curve are con- 
jugate with regard to the pairs of planes XZ or YZ, then the corres- 
ponding condition will be divisible by $,+3,. Thus we see that we 
must add to V the terms (mX --n Y) Z, where m, n are constants ; and 
the resulting quadric, namely, 


V+ (mX-FnY) Z —0.......... eee (105), 


evidently contains six arbitrary constants as it ought. 
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If we express, now, that two points on the curveare conjugate with 
regard to the quadric (105), and divide by 9, +93, we obtain a rela- 
tion of the third degree between the sum and product of the para- 
meters, which involves six arbitrary constants. If this relation satisfy 
three further conditions, it may assume the form 


$ (3) —$ ($3) = 0; 


where ọ (9) has the value (86). In this case, then, there appear to 
be a singly infinite number of tetrahedra, self-conjugate with regard 
to a quadric, inscribed in the curve. This quadric involves three arbi- 
trary constants, and, therefore, satisfies six relations with the curve. 
It also appears that one tetrahedron can be assumed arbitrarily, and 
that then the corresponding quadric is completely determined. 


62. We may now mention tlie case in which the condition that two 
- points on the curve should be conjugate with regard to a conic, breaks 
up into two equations of the second degree, in the sum and product 
of the parameters. In order that this should be the case, itis evident 
that the quadric must satisfy four relations with the curve, and, 
therefore, involve five indeterminate constants. It would appear, then, 
that chords satisfying the general equation 


(a, b, c, f, g, h) (p, q, 1)! = 0..................(106) 


are divided harmonically by a definite fixed quadric. All the theorems, 
then, which we have shown to hold with regard to chords touching 
an inscribed quadric, will also be true for chords divided harmonically 
by a certain quadric which satisfies four relations with the curve. 
This quadric evidently passes through the four points on the curve, 
the tangents at which are touched by the corresponding inscribed 
quadric. 

The quadric containing the curve is of the system mentioned above, 
for, if we express that two points on the curve are conjugate with 
regard to that quadric, the corresponding condition breaks up into 
the factors corresponding to the tangents of the curve, and to one 
system of the generators of the quadric, namely, the lines which meet 
the curve three times. 


63. We can verify that the chords of contact of the bitangent planes 
are divided harmonically by a fixed quadric. Writing the curve in 
the canonical form (25), we have 


as = 9 (1+8), 3y23(1—3?), ARw=1-H, 
Au = 14H3*-FE3, 
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where | r = J, 


and the condition that two tangents at 34, 9, should intersect is then 


k (14-9132) —2 (9+ 92449, R) = Orense. (107). 


PHF IEF 
Putting, then 1-i=p, ——1—3 c-g, 
g P] 9 | 4 9: p 3, 3, 


we have Azt = wHo, AMyy-—w—p, 
AZ %, = w*—p) Au y = k kwp-4- ww t4, 
and, from (107), w and p are connected by the relation 
2 (p--4) — kw = 0, 
from which we evidently obtain a relation of the form 
Att, 93 + by Y3 + 02,2, + du Ug = O......... Lees ss (108), 


showing that the two points are conjugate with regard to a quadric. 
This quadric is evidently a covariant, and is of the form 


V 4- ks = 0, 


where V and s are covariant quadrics given in my paper on * Unicursal 
Twisted Quartics " (Proceedings, Vol. xiv., p. 308). 


64. When the quadric in the general case reduces to & cone, its 
vertex will lie on the curve, and the cone then will be determined in 
the same way as the conic in the case of the plane cubic. If two 
points on the curve are conjugate with regard to two planes intersect- 
ing in a chord of the curve, then the corresponding condition, it is 
easy to see, breaks up into factors, as is also the case for two planes 
passing through the intersection of two bitangent planes, and har- 
monically connected with them. We need not, however, enter into 
these cases more particularly, for they do not differ essentially from 
the similar ones for the plane curve. 


65. À theorem concerning closed polygons formed by the tangents 
of the twisted unicursal quartic, which I have given in a paper pub- 
lished in the Proceedings, Vol. xtv., p. 26, can be extended to certain 
twisted unicursal curves of higher orders. Supposing a curve to be 
expressed by means of the equations 


Wry ziu fifa: fg s farcecercenceesssorsereese(LO9), 
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where f, f; f, f, are quantics of the nè degree in a parameter 4, it 
is easy to see that the coordinates a, b, c, f, g, h of the tangent at the 
point J are the six Jacobians of the quantics fi, fs, &c. Hence, express- 
ing that the tangents at the points 34, 9, intersect, by means of the 
condition 


2. af + fal bg + 9b’ -Ech + he’ = 0 sie ssccescoeeeeeee(110), 


we get a relation between J, 94 which is of the degree 2 (n—1) in 
each of the variables. Now, this relation must be divisible by a power 
of 91 — 9,, and by considering the case of the twisted cubic we see that 
this factor is (9 —9,)*. "Thus we find that, in general, 2n —6 tangents 
of the curve intersect a given tangent. This number will be further 
reduced if the curve have a cusp; for, if we suppose zyz to be a cusp, 
f» f», f; must be divisible by a square factor (9—a)?*, say, and then it 
is evident that the six Jacobians have }—a as a common factor. Thus 
we see that, for every cusp the curve has, the coordinates of a tangent 
are divisible by a linear factor; hence the equation (110) becomes of 
the degree 2n—6—k in each of the variables 3j, 3,, where k is the 
nnmber of cusps. Let ussuppose now k = 2 (n —4), then we see that 
the condition that the tangents at the points 3,, 9, should intersect 
involves each of these variables in the second degree, and is, therefore, 
of the same form as in the case of the quartic. To find the limit to 
the degree of the curve, when it possesses the aforesaid number of 
cusps, I observe that the circumscribed developable is of the sixth 
degree (Salmon's Surfaces, Art. 361), and that, therefore, the section 
of this surface by a plane of the system is a curve of the fourth order 
with n—3 cusps; and, since such a curve can at most have 3 cusps, it 
follows that the greatest value of » is 6. Hence, if a unicursal curve 
of the fifth degree with two cusps, or a similar curve of the sixth 
degree with four cusps, satisfy a certain invariant condition, there 
will be an infinite number of closed polygons of a given number of 
sides formed by the tangents. It can be shown that it is just possible 
for the curve to satisfy this condition; for it is easy to see that the 
general unicursal curve of the n™ degree has 4n—15 absolute 
invariants, and two conditions are satisfied for every cusp the curve 
has; hence the curve with 2 (n—4) cusps has 4n—15—4 (n—4) =1 
absolute invariant. This absolute invariant then assumes a numerical 
value corresponding to the number of the sides of the polygon. 


" 66. Let us consider the case of the quintic. It can be seen withou 
much difficulty that the curve can be expressed thus: 


Ag = P, My = Ë, Ag =t—a, =P biu eee (LIL), 
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where 2, u are the osculating planes at the cusps, and 2, y are the 
planes described through one cusp and the tangent line at the other. 
If, then, à plane meet the curve, we easily find, from (111), that the 
parameters of the points of intersection are connected by the relations 


Stab Be Ea zn2ooo.013) 


Hence, if a plane touch the curve at the points t, t» and meet it again 
at the point t, we have 


2 (fitt) +t = b, 
1,1 Fa 
Manet 
whence, eliminating f,, we get 
4a (titti) — 241, (t+ t) —2ab (4+ b) T (b—a) tite = 0. 


If from this relation we seek the condition that three tangents 
should pass through a point, as in the case of the quartic, we find 
a! = 0; but then the curve evidently reduces to a quartic; so that, for 
the curve we are considering, three tangents can never pass through a 
point. If four tangents of the curve can form a quadrilateral, we find 
b — 7a. 


67. It may be observed that, if the osculating plane of this curve at 
the point ¢ meet the curve again in the points 4, ta} we have, from 


(112), 


5 54-91 = b, = + = 
1 


Lm 
t, t 


E 
a! 


whence, eliminating t, we have 
a (4+ 4)! — bl, (4 4- te) —ab (4 + to) + (b—9a) tite = 0. 


From the form of this relation we infer that, if an invariant 
condition be satisfied, it will be possible to inscribe in the curve an 
infinite number of polygons of a given number of sides, such that 
each of these sides lies in an osculating plane, or, which is the same 
thing, touches the developable circumscribed about the curve. The 
relation between a and b which we obtain for the case of the triangle 
is irrelevant, so that there is no curve for which such triangles exist. 
For the case of the quadrilateral we find b+ 7a = 0. 


68. Let us proceed, now, to consider the sextic. The curve in this 
case has four cusps, and, if it be referred to the tetrahedron formed by 
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these points, can be expressed thus :— 
@iyi:a:u= (t—a)?* : (L—8)? : (t—y) ^ : (£—9)^...... (113). 


From this form it is easily seen that the curve is the reciprocal of 
the developable circumscribed about the general unicursal quartic. 
Thus we see that the conditions for the possibility of the circum- 
scription of an infinite number of polygons of a given number of sides 
are the same as in the case of the quartic, and can be expressed in 
terms of the invariants S and T of the biquadratic whose roots are 
a, D, y, 9, viz., the parameters of the cusps. There is a certain 
peculiarity when the invariant © vanishes. In this case I have shown 
that three tangents to the quartic curve pass through every point of 
a certain conic. Hence for the curve we are considering there are an 
infinite number of triple tangent planes which pass through a fixed 
point and touch a cone of the second order. This cone contains the 
sextic, as we see by reciprocating the theorem that the conic con- 
sidered above is touched by the osculating planes of the quartic. 


69. We know that the unicursal quartic lies on a quadric, and I 
have shown that its osculating planes are touched by another quadric 
(Proceedings, Vol. xiv., p. 309). This is also the case for the bi- 
cuspidal quintic; for, from the equations (112), we easily find that 
the curve lies on the quadric 


(y—ax) (y—bz)— uz = 0; 


and, since the reciprocal of the circumscribed developable is a similar 
curve (Salmon’s Surfaces, Art. 385), it follows that the osculating 
planes are touched by aquadric. Again, by reciprocating the quartic, 
we see that the sextic (113) lies on a quadric, and has its osculating 
planes touched by another quadric. Hence these three curves satisfy 
the common conditions of lying on a quadric and being such that 
their osculating planes or tangent lines are touched by another quadric. 
It will follow from this that they are capable of being homographically 
transformed, so as to become geodesics of the quadrics on which they 
lie; for, by Chasles’ theorem, the tangent lines to a geodesic on a 
quadric are touched by a confocal, and, in general, any two quadrics 
can be homographically transformed so as to become confocal. In the 
case of the curves considered above, it is evident that the two quadrics 
are connected by two invariant relations; as the curves have only one 
absolute invariant, and two quadrics in general havethree. I proceed 
to investigate what these relations are for the case of the quartic. In 
the paper referred to above, I have found the equations of the two 


76 Mr. R. A. Roberts on Unicursal Curves. — [Nov. 12, 


quadrics to be 


VSityt+e+e— l+: ER (yz 4 2u) — 2 (1+ +27) (za - yu) 


i 
—2 (1+5 2w) (ey +zu), 7 
s= g +y t? tuw 0-2 -) (aas) — 2 (1- m) (zæ -- yu), 


—2 Bs " (zy +20), 


respectively, the curve being referred to the canonical tetrahedron. 
Now, transforming these equations by putting 
v+ytz+u = xX, £4y—z—u-Y, y+4z—s—u = Z, 


z+x—y—u = U, 
we may write 


V = 4lmn X'+ l (m-n) Y!--m (n—1} P+n (1—my "] ..(114), 
8 = 2lmnX*+8 (lY! --mZ! --nU?) 
where | i SE tmt. 
Hence, if A,, Ay, As, A, are the roots of the discriminant of V 4- As, we have 
Ay i Agi Agi A, = 28 : (m—n)*: (n—D)? : (L—m)t......... (115). 
Thus, remembering that 1+m-+n = 0, we get 
As tA tA = 3M, Vit AAs + SA, = 0............ (116), 


which give the two invariant relations connecting V and s. 


Let us now suppose the quadrics to be confocal, and, being referred 
to their principal axes, to be written 


3 2 
V2" 42 44 2126 | 
a b C 
; ; 2 ° ansa) 
= — + Z .-5 120 


atp btp c+p 


then, if the plane X coincide with the plane at infinity, we have, from 


the invariant relations given above, 


942p (= + +=) =0, 
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(1+2)'+ (1+ Py. (14 £) zo; 


whence, eliminating p and clearing of radicals, we get a relation 
which is equivalent to 


(bc) + (ca)! 4- (ab)! = 0. esee eee (118). 


Now, if the curve is real, the quadric must be a ruled surface, and, 
therefore, one of the quantities a, b, c negative; but this cannot ob- 
tain with the relatiou (118), from which we infer that the curve in 
this case is always imaginary. If one of the planes Y, Z, U, in equa- 
tions (114), coincides with the plane at infinity, the invariant rela- 


tions (116) give 9abc — p (3ab —2ca — 2cb) = 0, 
py pq 
(14 2)'+ (1 £) 120, 


whence, eliminating p, we get 
Bab? —2abc (a pb) —à (a—by = 0 ............(119), 


a relation which it is possible to satisfy with any one of the quantities 
a, b, c, negative, and the other two positive. Hence, if the axes of a 
gauche hyperboloid are connected by the relation represented by 
(119), it would appear that there lies on the surface a real special 
geodesic which is a twisted unicursal curve of the fourth order. 

If the invariant S of the curve vanishes, the quadrics reduce to & 
conic, and the tangential equations of V and s may then be written 


X = a+ ME.G- i8 = 0, 
e = a! 4-903 -- Py = 0, 
where J is a cube root of unity. Hence it appears that, if c be made 


to coincide with the imaginary circle at infinity, or a focal conic of 3, 
the surface will be always imaginary. 


70. If the invariant T vanishes, we know that the quartic lies on a 
series of quadrics, and the question may be then independently in- 
vestigated as follows. 

It is easily seen, in this case, that the curve may be represented by 
the equations i 

Agzzl, y= F, z= F, Auz PHÌ .,........(120), 
from which it is readily found that 


V zz a (22 + 20+ zy—u) +b (à —2y) = 0 ......... (121) 
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is any quadric containing the curve, and 
| g = Sel pay m 0L (192) 


is the quadric touched by the osculating planes. Hence, forming the 
discriminant of V+ As, we get 


(A+a)(A—b) (3X o2 (a—b) A—(a+b)*} = 0, 


from which we see that the roots of this equation are connected by 
the relations 


2 (A tàs) —3 (As +A) = 0, (AAs)? +3A,A, = 0, 
whence we may derive 
4 (A, —A,)?—3 (2A, + 2A, —A,— 3A) (BA, +A,— 2A, —2A,) = 0...(128). 


The latter condition, being applied to the confocal quadrics (117), 
gives either 


4c? (a — b)! —8 (2bc-- 2ca—ab)(38ab—2be—2ca) = 0......(124), 
or 4a! b? —8 (2ab —ca— 3bc) (3ca 4-bc—2ab) = 0 ......... (125), 


the latter of which relations only can be satisfied by a gauche hyper- 
boloid. Hence, if the ruled surface (117) satisfy the relation (125), 
it will contain a geodesic which is a quadri-quadric curve with a 
double point. In this and the preceding cases, I have not investigated 
the conditions satisfied by the axes of the confocal quadric s (114); 
for it is easy to see that there are geodesics lying on a ruled quadric 
whose tangents touch confocal quadrics of all the three kinds. The 
same also holds in all other cases. 


71. In a similar way, we should find a relation connecting the axes 
of the hyperboloid, if there were a geodesic curve of the fifth degree of 
the form given by the equations (111) lying on the surface; but I do 
not think it worth while investigating this relation. For the curve 
of the sixth degree, given by the equations (113), it is easy to see that 
the relations connecting the quadrics are exactly the same as in the 
case of the general unicursal quartic ; for the curve is the reciprocal 
of the developable circumscribed about the quartic, and the quadrics 
containing the curve and touched by the osculating planes are what 
sand V become, respectively, when we substitute tangential coordi-: 
nates A, p, v, p for X, Y, Z, U in (114). Thus we see that, corres- 
ponding to the condition (119) satisfied by the ruled quadric V (117), 
there lie on the surface distinct geodesic curves of the fourth and 
sixth degrees respectively. 
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Again, consider the curve which is the reciprocal of the developable 
circumscribed about the unicursal quadri-quadric ; then, as in the pre- 
ceding case, the quadrics containing the curve, and touched by the 
osculating planes, are evidently connected by the same relations as 
the quadrics (121) and (122). Hence, also, in this case we infer that, 
corresponding to the condition (123), the ruled quadric will have dis- 
tinct geodesics of the fourth and sixth degrees respectively. 


72. In addition to the preceding results, it may be noticed that in 
a certain case a twisted cubic may be a geodesic on a ruled quadric; 
for the osculating planes to such a curve are evidently touched by an 
infinite number of quadrics. Writing the curve as follows: 


Aw=1, Ay=t, w=2, M=Ë, 
the equation V=ue—yzta (y?—20) +b (d—yw) =0 ......... (126) | 
represents any quadric containing the curve, and 

s = wr—9yz = 0 


represents one of the quadrics touched by the osculating planes. 
Forming, then, the discriminant of V+As, we get 


(I+ 10A+1+ab)*—4ab (1+2)? = 0, 


from which we can obtain two relations connecting the roots X, A, 
As, A, If from these relations we form another involving the 
differences only of X,, &c., we find 


16 (A1 — Ag) (Aa — As) (A1 — A4) (A3 — Ay) +9 (AL + M—M,—2,)* = 0. 
Applying, then, this condition to the quadric V in the form (117), we 
get 16a7b*c* (c—a)(c—b) 4-9 (be-- ca—ab)* — 0 ......... (127), 


which can be satisfied by a negative value of b, and positive values of 
a and c. Hence, for the ruled quadric which satisfies the relation 
(127), there is a geodesic on the surface which is a twisted cubic. 

Thus altogether, corresponding to certain conditions satisfied by 
the axes of a ruled quadric, we have found six distinct algebraic 
curves which are geodesics on the surface. It would be interesting 
to verify that these curves, with the corresponding conditions, satisfy 
the differential equation of the geodesics on a quadric (see Salmon’s 
Geometry of Three Dimensions, Art. 427); this would, however, involve 
a good deal of labour. 
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On Clifford’s Theory of Graphs. By A. Bucnuem, M.A. 
[Read Nov. 12th, 1885.] 


In the present paper I attempt to reconstruct Clifford’s theory of 
Graphs, from the lithographed volume of Mathematical Fragments, 
and from the letter to Prof. Sylvester, published in the first volume 
of the American Journal of Mathematics. 

The first published account of a theory of graphs is contained in 
Prof. Sylvester's paper “On an Application of the new Atomic 
Theory to the Graphical Representation of the Invariants and Co- 
variants of Binary Quantics " (American Journal, Vol. 1., p. 64). In 
this paper Prof. Sylvester showed how any concomitant of a binary 
quantic could be graphically represented by a figure entirely analogous 
to the graphic formule used by chemists. In a letter to Prof. 
Sylvester, printed in the same volume of the Journal, Clifford showed 
that Sylvester’s qualitative representation could be made quantitative, 
inasmuch as the graph could be interpreted as a direction to perform 
certain multiplications which would result in the form in question. 
It is this quantitative theory of graphs that I have attempted to ex- 
plain in this paper. As regards the contents of the paper, I remark 
that I have given certain preliminary explanations of the elementary 
processes employed, and have then investigated the theory of the 
cubic and quartic. The parts of Clifford’s Fragments that I have not 
considered are :—(1) The theory of systems of quantics, where the 
necessity of distinguishing between different forms makes the use of 
graphs troublesome, and where very little seems to be gained by using 
them. (2) The theory of the quintic, where Clifford has treated an 
unsymmetric graph as if it were symmetrical, and where the correct 
theory would involve more trouble than it seems worth. (3) A few 
fragmentary notes, some of which I was unable to understand. 

It must be distinctly understood that, excepting a few cor- 
rections and the last section (on form-systems), this paper 
contains nothing that is not explicitly or implicitly contained in 
Clifford’s Fragments,* and that my only object has been to make 
Clifford’s theory more accessible, in the hope that it may be 
taken up by others, so that it may appear whether the method is 
likely to lead to new results. I must own that, owing to its essential 


* An alteration which I have made in Clifford’s method is pointed out and justi- 
fied below. 
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identity with the symbolic methods employed by Cayley and Clebsch, 
it does not seem likely to furnish anything that could not be found 
quite as easily by the older methods; at the same time, there can, I 
think, be very little doubt that the representation of & concomitant 
by a graph throws considerable light on the genesis of a form system, 
and on Gordan's proof of the existence of a finite form system as pre- 
sented by Clebsch. 

I am not quite sure that I have presented the theory from Clifford's 
point of view; it is not quite clear what he conceived to be the func- 
tion of the polar variables in a form, and what relation he supposed 
the polar form to bear to the ultimate form in which all the variables 
are scalars. The only passage bearing on this point (Math. Papers, 
p. 256, 1. 24) is by no means conclusive, but I imagine that Clifford 
did not regard the polar form as a blank form to be filled up by 
multiplication by a polar variable, which is the point of view from 
which the form is considered in this paper. 


I. Fundamental Operations and Notation. 


If we use a well-known symbolic notation, we can write 


041 Ly Yy F 0432, Yq F 035 ZY F 033 Ve Yo = (at + at) (à y + 0333/5) = Ady, 


if we stipulate that a,a, = a4; and then, if we assume that the a’s are 
to obey the commutative law, we have 

Ag = 0,04 = 040, = Ay, 
that is to say, if we get a lineo-linear form by a symbolic multiplica- 
tion of two linear forms, the resulting form must be symmetrical,* if 
the coefficients of the linear forms obey the commutative law. 

In the same way, if we multiply together any number of linear 
forms, we get a form linear in the same number of variables, and it 
is easy to see that, if the coefficients of the linear forms obey the com- 
mutative law, the resulting multiple linear form will be symmetrical ; 
that is to say, that all terms with the same number of l's and the 
same number of 2’s in the subscript indices will have the same co- 
efficient ; thus, for a triply linear form, we get a set of terms 


9$1917e, VY Fi %, 
and, since each of these terms has two 1’s and one 2 in the subscript 
indices, they will all have the same coefficient, a, d,; moreover, we have 
0,0, = 0,0, 


E A, A, = 040,0, = &c. 
* As regards interchanges of x, with y, and z, with y». 
VOL. XVII.—NO. 298. G 
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Now, suppose we multiply two linear forms together without making 
any stipulation as to commutative multiplication, we shall obviously 
get an unsymmetrical lineo-linear form ; for we get 


(042, + ax) (0, Yy + yg Yq) = Oy hy Ly Yy F 04042, Yq + Oy 0,2341 + 05 Oy %y Yo, 
and, if we do not stipulate that 
QA, = Aglis 


this form is obviously unsymmetrical. In the same way, if we 
multiply » linear forms together, we shall get an n-tuply linear form, 
and it is obvious that it will consist of n? terms, no two of which will 
have the same coefficient. 

If we suppose all the pairs of variables to become identical, we get 
a binary quantic of the n™ order, in which the coefficient of ata? will 
be the sum of all the products of a, a, containing a,r times as a 
factor, and a, s times, and we can still write 


a, = (a2 + at)", 


provided we remember that we have made no stipulation as to the 
way the a's combine in multiplication. Most of what precedes is, of 
course, well known, but it was necessary to show how the symbolic 
notation of Clebsch and Aronhold could be applied to unsymmetrical 
forms. We have now to see how a linear form can itself be written 
as a product. I call to mind that, if we use Grassmann's methods, we 
replace a set of variables 2, v, ... «, by a single complex variable 


where e, ... e, are * units" supposed to obey the polar law of multi- 
plication, so that we have 


6,6; = — e 6j, 
e; = 0,* 
and then we have for any sets 
i ey = — yv, 
w? = 0. 


The product of all the units is a scalar, and is assumed to be unity. 


* It should be noticed that the second part of this polar law is not a consequence 
of the first, and that consequently the late Prof. Smith’s objection to Clifford’s system 
(à =—1, e6 =- e;¢;) does not seem to be valid. The same objection would apply 
to quaternions. 
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If we take any unit e, the product of the remaining units is the 
conjugate of e, and is denoted by Ke. We have 


e, Ke, — 1, 

and this is taken as the definition of K, viz., we have 
e; . Ke; = 1, 
e;. Ke; = 0. 


Ke; is obviously the product of the remaining units e, ... ej. 4, Cis} ... €, 
taken in such an order as to satisfy the first of the above equations. 
In this paper I use instead of Ke; another quantity e; defined by the 


equation e;e, = l, 
ce = 0; 
we have, obviously, e; = (—)""' Ke, 
And ` e; (2,0 F 2,65 - ... HEren) = %. 


Now consider the linear form 


Ay 2 + 3424 T ... F Ane, 


Let Y= HC, +... a ep, 
then Bi = Eit, 


and atit atat -Fanta = Q E&L Hatt.. H 0,6, 
= (aet aet... +a,€,) 2, 


and we see that any linear form can be written as the product of two 
factors, one factor containing the variables, and the other containing 
the coefficients. Now a lineo-linear form was written above as the 
product of two linear forms, and we see now that it can be written as 
the product of four factors, two involving the coefficients, and two in- 
volving the variables. It is therefore necessary to see how the factors 
combine in multiplication. 


Let the linear forms be 
a, = (a,€, +a,€,) (v, e +256), 
a, = (aei ase) (yv&i +4262). 
Now, we know that €,6; = — Ez €j; 


and, as regards e,e;, €€% €,€j, €,€, we stipulate that these products 
a 2 


84. Mr. A. Buchheim on [Nov. 12, 


shall follow the commutative law ; so that we have the following con- 
vention: If we have any number of pairs (ey, €,5 €i, €23 ...) the elements 
of each pair combine according to the polar law, but combine with the ele- 
ments of every other pair according to the commutative law.* 


We have found that we can write 
Qs = (01€, + a,€,) a. 


Now, in all that follows, we shall only have to consider the coefficients 
of the forms we have to deal with, and we can therefore confine our 
attention to the first of the two factors giving a,, that is to say, in- 
stead of working with the linear form a,2,+a,2,, we can work with 
the form a,e,+a,€,; or, in other words, we can consider all linear 
forms, and therefore forms of any order, as involving polar variables, 
instead of scalars. 


I shall now change the notation, and shall use any letters to denote 
the two polar variables in a binary linear form; thus, for instance, I 


write as before, Q4, = Ay Uy d- 044 ; 


but it must be remembered that w,, u, are, not scalars, but polars,t 
and that we must multiply a, by another polar, if we are to get a 
linear form involving scalars. 


II. The Fundamental Theorem. 
Now, suppose we take two linear forms 
Au = Oh ty + Oy thy 
b, = b uud o. 
and multiply them together, we get, since 
u = u, = 0, Ut = — uyy = l, 


Oy b, = g,b,—a,b, = (ab). 


* This is not Clifford's convention; he makes the elements of different pairs com- 
bine according to the polar law ; but, if wo do this, we get into endless difficulties 
with the signs, and, as a matter of fact, several of Clifford's signs are wrong; with 
uy di de in the text the signs of all forms can be determined without 

ifficulty. 


t There seems no obvious reason why polar should not be used as a noun, and it | 
would simplify matters considerably. 
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Now, suppose we take two quadric* forms 
Qus = Q Uy Vy F Arg Uy Vg F gy Ug Vy F Ogg Uy Vo, 


bu, = ba wv + bu 0g + aus V Dum. 


If we write Ay = AU F 40, 
we have Aue = Ay los 
bu, = bu bos 


and, therefore, 
Gus Duy = Qu Oy D, by = My by. Arby = (ab)(ab) = (ab), 
where we must remember that 
(4 Dg— a,b)! = 0,5 Dgg— Og gy — ay big + 03504. 
In the same way we should get 
Anew Duos = (ab)*. 
And obviously a,,0,.b,b, = (ab) a,b, 
Q4 0, Ay» b, b, b, = (ab) a.a, . br dy, 
and Oy, Uy Ay . b, b, b, = (ab)? a, b,. 


In working with unsymmetrical forms, we must be careful to keep 
the variables in their right places, since a,a, and a,a, are not 
identical; thus 


Gz My, . b,b, = a,b, (a, b,) = a,b, (ab), 
ds Qu » bb, = a, (ab) bz 
We have found that 
Oy, Uy Uy lw vee Dy by debe ... = (ab)! Ay aus ose boby LLL. 


Now, if the forms a, b are symmetrical, the right-hand side is 
obviously the 2 (n—2)-tuply linear form answering to (ab) a, bn” 
that is to say, if we multiply together two multiply linear forms 
having two pairs (ui, Uz; v, v,) of polars in common, we get the 
second alliance (Ueberschiebung) of the quantics answering to the 
forms. And in the same way we see, generally, that if we multiply 


* I follow Clifford in classifying forms according to the order of the ultimate form 
obtained by introducing scalars, and making the set of variables identical: thus, 
an n-tuply linear form is an -thic form. | 
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together two multiply-lmear forms, having r pairs of polars in common, 
we get the r™ alliance of the quantics answering to the forms.* 


III. Graphs. 


We have now to consider the graphical representation of forms; 
suppose we have an n-tuply linear form, this is represented in the 
same way as an n-valent atom in chemistry; viz., by a small circle 
with » rays or bonds proceeding from it, each ray answering to a pair 
of polars ; if we multiply together two forms having r pairs in com- 
mon, we connect their representative atoms by r bonds; thus, if 
we take two cubics a,a,a,, b,b,b,, we represent their second alliance 
(ab)? a,b, in the way shown in Fig. (1), where one atom is black to 
distinguish it from the other. 

It is clear, without any formal proof, that what precedes can be 
extended to any number of forms, so that, if we take any concomitant 
written in its symbolic form, we can write down the corresponding 
graph. Thus, the discriminant of a cubic is (ab)? (cd)! (ac) (bd) ; it is 
the result of the following multiplication, 


Ay Qy Qs o b, b b, > CuCoCs e d, d, d, 


and we get the graph in Fig. (2), and it is obvious that we could have 
got it by putting down four “atoms” answering to the four forms 
a, b, c, d, and joining two atoms (a, b) by a bond for every time (ab) 
occurs as a factor. In the same way we see that (ab)? (be)! (ca)?, the 
cubic invariant of a quartic, is represented by Fig. (8), and that 
(ab)? (bc) a, cz is represented by Fig. (4). 

It must not be forgotten that, in the first instance, a graph does not 
represent the quantic, but a certain polarised blank form of the 
quantic; thus, in Fig. (5), the graph does not represent the cubic a7, 
but the product 2,a,a,, which gives, in the first instance, a,a,a,, and 
then a? when we make the three pairs of variables identical. 


IV. Links and their Properties. 


The determinant z,y,—2;,y, will be denoted by (wy) and represented 
by the graph Fig. (6); such determinants will be called links. 
If we square (zy), we get 


(229331)! = LYS — LE YY — 9321 YY - 9 I = 22,2, YY = 2. 


* “‘ Quere, whether this beautiful use of the method of polar multiplication is not, 
in its ultimate essence, identical with Professor Cayley’s original method of hyper- 
determinants." —Prof. Sylvester, American Journal, I., 128. 

f In what follows, the original quantic we work with will always be supposed 
symmetrical. 
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We also find 
(ey)(zy) = ($iy4—2391) (494—249) = 42 —2,2, = (22), 
and therefore (yo) (yz) = (e). 


If we multiply a, by (yz), we get 
(2,2, +0525) (y, — 9,2.) = i 89 
or a, (yo) = a,. 
We have a,b, = a,b,0,943- a, 0,2, Ya Hazbi LY, F 04 0,2,),. 
Therefore a,b, (xy) = a,b,—a,b, = (ab) = a,b,, 


and therefore in any product of this kind, when we multiply by (æy), 
we need only change a factor b, into b,.* 


V. Quadrics, Skew and Symmetrical. 
Consider the quadric 
0, y = 04,243, T 0542, 4. Ag 2391 F 032333 
if we multiply this by 7,y,—7,y,, we get 
033— 031; 
and therefore a,a, (zy) 


vanishes if, and only if, a,a, is symmetrical, and, since there is nothing 
to prevent the coefficients aj, from involving polars, we see that any 
form a containing x, y is symmetrical with respect to these two 
variables, if, and only if, a (zy) vanishes. Now, if a form is to be 
symmetrical with respect to all the variables involved, it is obviously 
necessary and sufficient that it should be symmetrical with respect to 
every pair of variables; that is to say, the necessary and sufficient condi- 
tion that a form should be symmetrical is that if we multiply the form by 
all the links formed by pairing its variables, each of the products must 
vanish. 

We have found the condition that a quadric may be symmetrical, 


that is, that we may have 
A, A, = ly az. 


* It would not have been enough to say that a,b, (xy) = az. b, (xy) = azbr = (ab) 
since we stipulated that z, y combined according to the commutative law. 
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We have now to find the condition that it may be skew, that is, that 


we may have 0,0, = —0,0,. 
This gives 
0412, Yy F 04321 Yq t Ant Y F gg Le Yq = — Ay, By J1— 033993 1/1 — Aa Uy Yg — 033955 Yo, 
and therefore Ay, = Ay = 0, 
Qj = — 03, 


and the quadric reduces to 


Qs (2194 — 9331) 5 


that is to say, if a quadric is skew, it is a multiple of the link of its 
variables; and, in the same way as before, we see that, if any form is 
skew as regards any pair of variables, it is a multiple of the link of 
this pair of variables. 

It is always easy to determine the coefficient of the link; for, if we 


have f y) A (ay), 
we get, by multiplying by (æy), 

f (@, æ...) = 2A, 
and therefore f(e, y...) =if (a, @...) (xy). 
Thus 0,0, . by by 


is a skew function, if a, b refer to the same quadric, for, if we inter- 
change 2 and y, we get 
azy . b, bz. 


Now, if we interchange a and b, the original form becomes 


and . bray = Qybzs 
b,a, = —a,b,, 
and therefore — a,a,. b, b, = — b.b,.a,a, = —a,a@,.b,b,. 


Therefore a,a, . b, b, is a skew form, and the coefficient of (zy) is 
i2,a,. b, b, = i (ab). 


In the same way, we see that the form in Fig. (7) is skew, and that 
twice the coefficient of (wy) is the graph in Fig. (8), that is to say, the 
quadric invariant (i) of the quartic. 
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VI. Unsymmetrical Forms. 


Consider the graph Fig. (9). Wesee at once that its symbolical 
form is (ab)*a? b, and that it answers to the Hessian of a quartic; 
but, before we can identify the two, we must see whether the graph is 
symmetrical. Now, if we start with a symmetrical quartic, the graph 
is obviously unchanged if we write æ for y, or u for v; to see whether 
it is unaltered when we interchange z and u, we must multiply 
(ab)? a,a,.b,b, by (xu). Now we know that this comes to the same 
thing as identifying v and u, so that the product is 


(ab)* a,b, , 
and the graph for this is Fig. (7), and we know that this is 


2 (yv), 


and does not vanish; we see, then, that Fig. (9) is not symmetrical 
with respect to æ and u, and in the same way we see that it is not 
symmetrical with respect to y and v, or z and v, or y and u. Now, there 
is an essential and obvious difference between symmetrical and un- 
symmetrical graphs. Suppose we have two symmetrical quartic 
graphs, one having zyzw as its variables, and the other having stw; 
if we form the second alliance of these graphs, it is obviously a matter 
of indifference which pair of letters in the one we identify with a pair 
of letters in the other; if, however, the graphs are not both sym- 
metrical, this is not the case, and we get different results according to 
the way we combine them. Thus, a sextic has an unsymmetrical 
quartic covariant represented by Fig. (10), where the broad bond 
denotes four bonds; if we join this to the sextic by the bonds u, v,* 
we get Fig. (11) ; if we join it by (x, u), we get Fig. (12). Now, these 
two covariants are not identical, for it can be shown that 


(11) = 12) d. f, 


where f is the sextic, and A is the invariant (ab). 


This distinction between symmetrical and unsymmetrical forms is 
of the greatest importance. If we work with unsymmetrical forms, we 
have to be extremely careful not to identify results got by combining 
them in different ways; four pages of Clifford's “ Fragments” relate 


* That is to say, if we multiply it by a«a, ... ; I shall use this abbreviated phrase 
throughout the rest of this paper. 
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to the form xf--Ag, where f is a quintic, and g its covariant 
of degorder (3, 5) ; now, all the results obtained on these pages are 
vitiated by the fact that Clifford has treated unsymmetrical forms as 
if they were symmetrical. We must remember that every form is to 
be supposed unsymmetrical until it is proved to be symmetrical. 

I proceed to show how we can always get a symmetrical form 
answering to a given unsymmetrical form. 


VII. Reduction of Graphs to Symmetrical Forms. 


Suppose we have any unsymmetrical form, and that we wish to 
make it symmetrical; the symmetrical form will obviously be ob- 
tained by taking the arithmetical mean of all the different values of 
the form, Thus, in the case of the quartic, we get an unsymmetrical 
quartic covariant h = (ab)'a,a,.b,b,: itis easy to see that, if ais a 
symmetrical form, we get six different values for h; for h is obviously 
unchanged if we interchange v, y, or u,v; so that the twenty-four 
possible values obtained by permuting zy, uv reduce to six. Let H be 
the symmetrical form of h, then we have 


6H= (ab)*a,a,b,b,+ (ab)! a,a,b.b,+ (ab)? a, a, by by 
+ (ab)! a.a, b, b, t (ab)? a,a,b,6,+ (ab)? a, a,b, b, 
= 6 (ab)! a.a, b, b,-- X í (ab)? a,a, b, b, — (ab)? aa, b, by} : 


where the sign X denotes the sum of the terms obtained by subtract- 
ing the first term of 6H from each of the others. 


Now, (ab)* a,a,b, b, — (ab)! a.a, b, b, = (ab)? a,b, (a,b, —a,b,) 
| = (ab)! a,b, (ux) 
= 4 (ab)? (uz) (a, b, — a.b,), 
if we interchange a, b, and take the semi-sum of the two expressions ; 
and this is $ (ab)* (uz)(yv). | 


In the same way, we get 4 (ab)*(ux)(yv) from the next term, and 
3 (ab)* (av) (uy) from each of the next two; the last difference 


a, Qy Du b, — a, a. b, b, 


vanishes, since the second term reduces to the first if we interchange 
a and b. 
We have, therefore, 


6H = 6 (ab)'a,a, b, b, — (ab)* (xu) (yv) — (ab)* (av) (yu), 
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or H = (ab)? a,a,b,,b,— (aby f (eu) (yv) + (av) ( yu)}.* 


In the same way, the quintic has an unsymmetrical quintic covariant 
g = (ab)* (bc) a,e,c, Cy Cy. 


If c is symmetrical, the different values of g are got by interchanging 
x with t, u,v, w. We therefore have, if G is the symmetrical form of g, 


5G = (ab)* (bc) (a.c. Cu C, Cyt 040,0, 0, C, F 04,040, Cy C, 
F 0,010,040, + 04, Ct Cu CeCe} 
= 5 (ab)* (bc) a.cc,c. c, + X (ab) (Be) $a.6.0,0, Cw — Be Clu le Cve ¢ , 


where, as before, 3 denotes the sum of the four terms obtained by 
subtracting the first term of 5G from each of the others. 


Now, (ab)* (bc) (a.c, Cy Cy Crp — Ae 6,6, Cy Cr) 

= (ab)* (bc) CuCoCw (a,6,— a. c.) 

= (ab)* (bc) (ac) c,c,¢,, (tz). , 
And therefore — 

G = (ab)* (bc) a,c,0,0, 0, — 1 X (ab)* (bc) (ac) e,c,c, (et), 
= g (a, t, u, v, w) —1XJ (u, v, w)(at), 
where j (u, v, w) denotes the covariant (5, 3; 3), 
(ab)* (bc)(ac) e,c.c,. 


As a last example, I take the covariant 9 (2,1; 8, 1; 8) of a cubic 
and quadric. If the cubic is a, and the quadric is a, we have 


S (x, yz) = (aa) a,a,a,. 


Now, here the only changes which can affect the form of $ are the 
interchange, firstly of z and y, and secondly of æ and z; and therefore 
we shall have, if O is the symmetrical form of 3, 


30 = 39 (a, yz) + {3 (y, 22) —9 (2, y2)} + {9 (59) —9 ( ya) }. ` 
Now S (y, 22) —3 (a, yz) 
is a skew function of z, y, and therefore divides by (zy). We have 


(aa) «,a,a,— («a) «,a,a, = A (ay). 


* Clifford, p. iii. 
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Multiplying by (2y), we get 
—2 (aa)! a, = 2A, 
or A = — (aa)! a. 
We therefore have 
O = (aa) «,a,0, — 1X (aa)? a, (£y). 


This result might, of course, have been found in the same way as the 
other two; I have adopted another method, partly for the sake of 
variety, and partly because this last method is generally more con- 
venient when we are working with graphs.* 


VIII. Discriminations. 


It is, in general, easy to see when a graph vanishes, or is skew or 
sy mmetrical with respect to any pair of letters. "Thus, consider the 
graph in Fig. (18); we can see at once that this vanishes, for it 
represents the covariant (5, 3; 1),f 


(ab)? (ac)? (bc)! cz. 


This covariant changes its sign if we interchange a and b, and there- 
fore vanishes. In the same way, if we consider Fig. (14), we see that 
this is symmetrical with respect to (æ, y); for it is 


(ab)? (ac)? (bc)? a,b, c,, 


and the interchange of x and y is identical with the interchange of 
a and b, and therefore leaves the graph unchanged. On the other 
hand, the graph in Fig. (15) is skew in (æ, y); for it is 

(ab)? (ac) (be) az by e, c.6,, 


and the interchange of x and y gives 
(ab)? (ac)(bc) a, b.c, c.c. 


which is what the original covariant becomes when we interchange 
a and b and change the sign. 

Clifford says (p. iii.) that the graph in Fig. (16) is a multiple of 
(vy); but we can see at once that it is not skew, but symmetrical, 


since it is (ab)? (ac) (bc) a,b, Cy cr; 


* The symmetrical forms of g, 8, on Clifford's pp. ix., iii., are not correct. 
t Covariant of quintic of degorder (3, 1). 
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and the interchange of x and y leaves it unaltered. From this Clifford 
infers that it vanishes (which is not the case),* and this leads to 
some other incorrect results. 


For triangular graphs we get the following rules :— 


1. If two saturatedt vertices of a triangle are joined by an odd 
number of bonds, and are joined to the third vertex by any the 
same number of bonds, the graph vanishes. 

2. If two vertices, each having one free bond, are joined by an odd 
number of bonds, and are joined to the third vertex by any the same 
number of bonds, the graph is & multiple of the link of the free bonds 
at the two first mentioned vertices, the coefficient being one-half the 
graph obtained by joining these two vertices by an additional bond. 

9. If two vertices, each having one free bond, are joined by an even 
number of bonds, and are joined to the third vertex by any the same 
number of bonds, the graph is symmetrical with respect to the free 
bonds at the two first mentioned vertices. 


As a particular case of (1), we see that, if two saturated atoms are 
connected by an odd number of bonds, the resulting invariant 
vanishes. 

If two atoms, having one free bond each, are connected by an odd 
number of bonds, the resulting quadric covariant is skew. 

If two atoms, having one free bond each, are connected by an even 
number of bonds, the resulting quadric covariant is symmetrical. 


IX. Elementary Reductions. 


Suppose we have any form f (æu) containing two letters, and as 
many besides as we please; then we have 


f (@, u) =4 if (a, u) +f (u, x) } T4 {f (e, u)—f (u, x) }. 


Now, the first bracket is obviously a symmetrical function of v, u, and 
the second bracket is a skew function, and we see that every form 
containing two letters can be decomposed into two parts, one sym- 
metrical and the other skew with respect to these two letters, and 
this decomposition is unique. 


* If the graph were a multiple of (zy), the coefficient would be 3 (ab)? (ac) (be) euec, 
which vanishes, and therefore the graph would vanish. 

t In Fig. (13), the vertices at the base of the triangle are saturated, and the third 
angle has one free bond ; in Fig. (16), the two vertices at the base have respectively 
the free bonds x, y. 

I Let a be any quantity, E any distributive operator, then a can be decomposed 
uniquely into two parts, a, 8, such that .Ea—Aa, LB=uB, A, u being unequal scalars, 
for we have a = a+ B, Ea = àa + uB, and a, B are determined uniquely. 
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In what follows (A : zu, yv) denotes a function which is unaltered 
when we interchange z, u, and also when we interchange yv; (A : aw) 
means a function which is unaltered when we interchange «e, u*; 
A (au) denotes, as before, a multiple of the link (zu). 


We have seen that we can write 
f (2, y, u, v) = A (eu) + (£ : eu), 
where, of course, A, A’ involve yv; transforming these in the same 
way, we get A = B, (yv) + (B; : yv), 


A'z Bi (yv) + (Bi : yv), 
and therefore 


f (2, y, u, 0) = B, (zu) (yv) + (B, : yo) (ew) + (B, : eu) (yo) + CB, : eu, yv). 


If f contains more than four letters, we can, of course, go on in this 
way, and it is easy to see the form of the general result. The formula 
just given is enough for the purposes of the present paper. 


Now, suppose that f is known to change sign when we interchange 
2, u, and also interchange y, v; we have 


f = B, (zu) (yv) + (B, : ye) (eu) + (B, : ew) (yv) + (B, : eu, yv), 
—f = B, (uz) (vy) + (B, : vy) Qux) + (B, : ue) (vy) + (B, : ua, vy), 


and, remembering the meanings of (B, : yv), &c., and that (zu), (yv) 
are skew, we get 


0 = B, (au) (yo) + (B, : zu, yv), 
and ° f = (B; : yv) (xu) -(B, : vu) (yv) .................. (a). 
If f is unaltered when we interchange 2, u, and also y, v, we shall find 
in the same way 
f = B, (eu) (yv) + (B,: eu, yo)........ nnne (B). 
Multiplying (a) by (yv), we get, if f was f(a, y, u, v), 
f (v, y, w, y) = 2(B, : zu). 
Multiplying it by (wu), we get 
f(z, y, x, v) = 2 (B, : zu). 


——— 


* This is not a good notation, but I have been unable to devise another that 
should look better, and at the same time guard against all risk of confusion. 
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If f is (f: vy, uv), B} B, are obviously the same forms. Thus, con- 
sider the form (ab) aa, bubo. 


The substitution (zu)(yv)* is obviously equivalent to the interchange 
(ab), together.with a change of sign, and we can therefore use (a). 


This gives (ab) a.a, b, b, = B, (zu) + B, (yv). 
To determine B, multiply by (yv), and we get 
(ab)* a, b, = 2B,, 
and in the same way (ab)! a,b, = 2B,; 
and we have therefore 
(ab) a,a, b, b, = 1 (ab)! a,b, (yv) +4 (ab)? a, b, (au). 
This equation is represented graphically in Fig. (17). 


X. Form-Systems. 


We have now all the materials we require for the graphic construc- 
tion of the form-system of a quantic. 

I call to mind that forms are classified according to their degree 
and weight. If we write down the graph corresponding to a given 
form, the degree of the form is the number of atoms in the graph, 
and its weight is the total number of bonds connecting the atoms; 
thus Fig. (16) represents a form of order four, degree three, and 
weight four, appertaining to a quartic.] 

Moreover, if we consider the reductions of graphs already given, 
we see that, if a graph of weight w reduces, as in Fig. (17), to a sum 
of links, the coefficients of the links are at least of weight w+1, and 
that, if we find the symmetric form answering to a given graph, of 
weight w, the two forms differ by a sum of products of links and 
forms of weight w+1, at least. 

Now, the way we construct a form-system is as follows: Suppose 
we start with an n-thic. Joining this to itself by n bonds, we get the 
heaviest{ form of the second degree ; joining the quantic to itself by 
5—1, n—2... bonds, we get all the forms of the second degree 


* T use here the ordinary notation for cyclic substitutions ; the word interchange 
or substitution will always be used when this is the case, to prevent confusion. 

T This rule is easily seen to be correct by considering the symbolic expression 
answering to the graph. 

I It seems natural, and is certainly convenient, to describe a graph (or form) as 
heavier than a form of less weight. 
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arranged according to their weights, in descending order. Some of 
these forms (all the forms of odd weight) will reduce to sums of links, 
and these reductions must be effected, and unsymmetrical graphs must 
be made symmetrical. After finding in this way all the forms of the 
second degree, we get the forms of the third degree by joining the 
n-thic to these forms of the second degree, beginning with the 
heaviest, and in each case we form the combinations in the order of 
their weights, beginning with the heaviest. 

We have now to see what happens when we join the quantic (f) by 
r bonds to a form reducible to a sum of links, or to an unsymmetric 
form. Suppose we have a form $ of any degree, and of weight w, 
and that this contains a term 


y. (wu) ,* 


where w is of weight w+1; then 9 gives a form of weight w+r, and, 
as regards the term just mentioned, three cases may present them. 
selves :— 


l. v, u may both be among the r bonds by which we join f to $; 
then, since f is supposed symmetrical, 


(eu) f (x, u, ...) = 0, 


and the term contributes nothing. 


2. Let one of the two letters, say æ, be among the r bonds; the 
factor (zu) changes xz to u, and we have to join f to yj, by r—1 
bonds, and the weight of the resulting term is 


w+1+r—1 = w+r. 


3. Let neither æ nor u be among the r bonds; then we have to join 
x to V by r bonds, and we get the product of (zu) and a form of 
weight wt+r-+l. 


In the third case, the form of weight w+r+1 will have been ob- 
tained before we got down to the forms of weight w+7, and need not 
be considered. 

In the second case, the form of weight w+r is got by joining f to a 
form of weight w+1, and all the combinations of this form with f 
will have been disposed of before we got down to forms of weight w. 

We see, then, that if we arrange our forms in the order agreed 


* It must be remembercd that, since (Clebsch, p. 8) the coefficients and the 
variables are transformed by inverse substitutions, the weight of a link may be 
taken to be —1. 
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upon, we may neglect all forms reducing to sums of links, since 
everything that such forms could furnish will have been obtained 
before we get to them, and that we can neglect the complementary 
part* of any unsymmetric graph; or, in other words, that we can 
treat any graph as symmetrical, and join f to it in whatever way may 
happen to be most convenient. 

It must be noticed that we are not at liberty to reject a graph be- 
. cause it contains, as part of itself, a graph reducible to a sum of links; 
this is simply because the reducible part is lighter than the graph 
from which the whole graph was derived. If, however, a graph con- 
tains, as part of itself, a graph reducing to a sum of products of links 
and invariants, it may obviously be rejected. 

I proceed to apply these principles to the theory of quadric, cubic, 
and quartic forms. 


Sec. 1. Quadric. 


The forms of the second degree are given in Figs. (18, 19) ; the 
reduction in Fig. (19) is obvious, and we see that there can be no 
irreducible forms of the third degree. 


Sec. 2. Cubic. 


The forms of the second degree are given in Figs. (20—22) ; of these 
(20) vanishes, (21) is symmetrical [for, if we multiply it by (vy), we 
get (20)], (22) reduces by Fig. (17). We need, therefore, only con- 
sider (21), which is the Hessian.f 

The forms of the third degree obtained from (21) are given in 
Figs. (23, 24) ; of these (23) vanishes, as I proceed to show. Written 
symbolically, the graph is 


(ab)? (bc) (ac) cz; 


we get three forms of this by interchange of a, b, c, and, taking one- 
third of the sum of these, we get 


(ab)? (bc) (ac) c, = 3 { (ab)? (be) (ac) c+ (bc)? (ca) (ba) a, 
+ (en)! (ab) 5b) ba} 
TN (otexen) { (ab) c+ (bc) a+ (ca) b} = 0.1 


* The complementary part of an unsymmetric graph is the sum of links that has 
to be added to make it symmetrical. 

t A in Clebsch's notation ; I use Clebsch's notation throughout for all the forms 
considered. 

t I have given the above proof instead of Clifford’s; Clifford proves that (23) 
vanishes, by reasoning of which I am unable to see the force. 
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Now that we have proved that (23) vanishes, we can see that (24) 
is symmetrical, for, if we multiply it by (zu), we get Fig. (23); (24) 
is therefore a symmetrical covariant of degorder (3, 3), and is there- 
fore what Clebsch denotes by Q. The covariants of the fourth degree 
derived from Q are given in Figs. (25—27). Of these (25) is an in- 
variant, the discriminant (E). The reduction in Fig. (26) is obvious; 
(27) is got by joining the Hessian to Fig. (22), and is found at once to 
be reducible, in the way shown in the figure; we see that the only 
irreducible form of the fourth degree is an invariant, and that there 
are, therefore, no irreducible forms of higher degrees, so that the 
form system of the cubic consists of the forms f, A, Q, E. 


Sec. 9. Quartic. 


The forms of the second degree are given in Figs. (28—31). (28) is 
the invariant 1; the reduction in (29) is obvious; (80) is un- 
symmetrical, and its symmetrical form has already been found to be 
(32) ; this symmetrical form is the Hessian (H); (31) reduces in the 
way shown in the figure. I shall go through the calculation here, as 
Fig. (31) does not agree with Clifford’s results. The symbolic form of 


(31) is (ab) a,a,a, b,b,b,. 


This form changes sign if we effect the substitution (#u)(yv) (zw) ; 
and therefore, when we expand it in a series of links, we need only 
keep the skew terms; we have, therefore, 


(ab) a,a,a,b,,b,5, = A (au) (yv) (zw) - (B : yv, zw) (au). 
Multiplying by (aw) (yv) (zw), we get 
| (ab)* = 84. 
Multiplying by (zv), we get 
(ab)? aja, b, b, = 2A (yv) (zw) 4-2 (B : yv, aw), 
and therefore | 
(B : yv, zw) = 4 (ab)! aya, b, b, — A (yv) (zw), 


and we get similar values for the other B’s; substituting and re- 
ducing, we get 


(ab) a,a,a, b, b, b, = 43 (ab)? a a, bb, (au) — i (wu) (yv) (zw).* 


* Clifford only gets the first part of this; but it can easily be verified directly that 
the above result is correct. 
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The forms of the third degree got from H are given in Figs. (83—36). 
Of these (33) is the invariant j ; the reduction in Fig. (84) 1s obvious. 
I shall follow Clifford in showing that (35) is reducible, but I shall 
not use graphs in reducing it, as it is easier to get the signs right if 
we use symbolic methods. We have 


(ab) a.a, a, b, b, b, = 4 (ab)! a.a. b, b, (zu) +} (ab)? a, a. b, b, (yv) 
+4 (ab) aray bub, (ew) — È (au) go) (a). 
Now, multiply this into c,c,c,0,; we get 
(ab) (ac)? (bc) a.b, b, c, = $ (ab)? (ac) (be) a.b, e.c, 
+3 (ab)? (ac)? (bc) buc: (zw) 
= — } (ac)? (ab)(bc) a,b, b,c, 
+} (ab)? (ac)? (bc) b,c, (zw). 
Now (ab)(ac)* (bc) a,b, b, c, — (ab) (ac) (bc) a.b, b.c, 
= (ab) (ac)? (bc) a,b, (b.c, — b.c.) 
= (ab) (ac)? (bc)? a,b, (wt), 
and therefore, if we compare our results, we get 
—3 (ac)? (ab) (bc) a,b, b,c, +4 (ab)? (ac)? (bc) b,c; (zw) 
= (ac)? (ab) (bc) a,b, b.c, + (ac)? (bc)! (ab) a,b, (wt); 
and therefore 
—3 (ab) (ac)! (bc) a.b, b.c, 
= $ (ab)? (ac)! (bc) b,c, (zw) — (ab)(ac)! (bc)? a,b, (wt).* 
But (ab)? (ac)? (bc) b,c, = 3 (ab)? (ac)? (bc)? (vt), 


and therefore = 3) (vt), 
—8 (ab) (ac)? (bc) a,b bie, = i 1 COCOS E. 
= I 1 (vt) (ew) + (vw) (D) Qu) (vt) | 
* Clifford finds 


$ (ab) (ac)? (bc) a4 by btCw = (ab) (ac)? (bc)? a, by (tw) — 3 (ab) (ac)? (be)? bees (zw). 
| H 2 


100 Mr. A. Buchheim on [Nov. 12, 
[since (zv) (wt) + (vw)(zt) + (wz) (vt) = 0] 


= È (n) (ew) (ut) (wo) ], 


or (ab) (ac)? (bc) a,b, b.c, = a { (vt) (wz) + (vw) (t2) } * 
Now, it was found before that the symmetrical form of the Hessian is 


H = (ab)! a,a, 


Multiplying this into c,c,0,c,, we get 


(ab)? (ac) (bc) a, b, c.c, + B Cy C, Ct Cu. 
Multiplying H into c,c,c,c,, we get 


(ab)? (ac)? b, b,c, c, — 3 C, C, C C, 


Now, H and c are symmetrical forms, and therefore, allowing for the 
change of y into v, we get the same result whether we join them by 
v, w or by v, y ; we have, therefore, if f denotes the quartic, 


(ab)? (ac)? b, b, e.c, — i f = (ab)! (ac) (bc) a, beso, + I f 


=— t { (uw) (tv) + (ut) (wv) } + LÁ 


and therefore 


(ab)? (ac)! b, b.c c, = 3. — 2 J § (ww) (to) + (ut) (wv) } + 


Fig. (86) answers to the covariant T of degorder (3, 6) ; it is obviously 
unsymmetrical, since, if we join y, z, we get (35), which does not 
vanish. 

In getting the forms of the fourth degree we need only consider T. 


* As already remarked, Clifford makes (a5)(ac)? (bc) a,byb¢¢ vanish identically ; 
but this is obviously impossible, since (vt) (wz) + (vw)(zt) does not vanish. 


t Clifford, having made (ab)? (ac) (bc) ay boCtCw vanish identically, gets 
(ab)? (ac)! b byerey = — y ; 


but, apart from the mistake in sign, this equation is impossible, since the left-hand 
side is unsymmetrical; if we make (a5)? (ac)? bube cre. symmetrical, the complemen- 
tary part consists of the terms involving j in the equation in the text. 
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The forms are given in Figs. (37—40). Of these (37) vanishes, since 
it contains the vanishing graph (ab)* (ac)(bc) c.c, ; (38) is reducible 
since it contains (29). The reduction in Fig. (39) is obvious, and 
the coefficient of (zy) is got by joining f to the reducible graph (35) ; 
(40) is got by joining (31) to itself, and therefore reduces.* We see 
that there are no irreducible forms of the fourth degree, and there- 
fore none of higher degrees. 

It is obvious that we might use this method in finding the form- 
system of any quantic; but it is also obvious that in the case of higher 
quantics the application of it would be exceedingly tedious, and 
accordingly Clifford has abandoned this method for the quintic (after 
finding the forms of the first, second, and third degrees), and has 
contented himself with taking the irreducible forms from Clebsch's 
Theorie der Bintiren Formen. 


XI. Theory of the Compound Form. 


The cubic has a covariant (Q) of the third order, and the quartic 
has a covariant (H) of the fourth order; if we take two parameters 
x, A, we can find the form-systems of the compound forms, «f+ AQ, 
kf --AH, for the cubic and quartic respectively; the problem is, to 
express each form of the system in terms of «x, A, and the form-system 
of f. Clebsch solves this problem by the introduction of a certain 
differential operator ; Clifford has used a method of direct formation, 
which I proceed to explain; it should be mentioned that Clifford has 
only worked out the results for the cubic and quintic ; but, as already 
explained, the results for the quintic are vitiated by an error. 
As regards the quartic, he has put down certain results of 
Clebsch’s theory, in a way which shows that at the time he had 
either forgotten, or not yet noticed, that the graph for H is un- 
symmetrical. 

In what follows, I denote the r™ alliance of f, 9 by 


(f, 9). 
It must be remembered that 


(9). = (C7 (9 J)e 


I denote the compound form (xf--XAH or xf --AQ) by F. If y is any 
form appertaining to f, the corresponding form for F is denoted by J;. 


* Another form of this, chosen by Clifford, reduces as shown in Fig. (41). 
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SEC. 1. Cubic. 
Consider first the theory of the form 


F = «f+AQ, 
f being a cubic. 


We have first of all to find Ay. We have 


Ar = (if FAQ, fc XQ), = è (f, f), 2x (f, QN (Q, Qs 


(f, f) is, of course, A; (f, Q), is given in (26). We have, if z, y are 
the free bonds, and E is the discriminant, 


(f, Qa = A Gy). 


(Q, Q): is given in (42). Now, it is obvious that, in order to join the 
two graphs in the way shown in the figure, one of them had to be 
turned round end for end ; and it is easy to prove, by considering the 
symbolic form answering to the graph, that this operation multiplies 
a form by (—)", if w.is the number of bonds joining the atoms of the 
graph, t.e., the weight of the form. Therefore the graph in Fig. (42) 
represents [not (QQ), but] —(QQ),; now, this graph is obviously 
got by joining A to (26) by one bond, and therefore itis —1/2.H.A,* 
and therefore we have 


(QQ), — i RA, 


and therefore 


Ape (^4 R) A+«AR (ay) = OA+AR (y). 


Now, the left-hand side is a quadric form; the right-hand side con- 
sists of a symmetric part, OA, and a skew part; and therefore, as we 
have to make all forms symmetrical, we must leave out the skew term 


and write Ary= OAT 
To get Qr, we have to join this to F by one bond. We get 
Qr = 0 fA, x +AQ}, =O fr(A, f) +A (A, Q3] ; 


* The graph is | 
i.A. (zz) Az ôy = —i.R.A,; (zz) Ay ——i.R. Az Ay. 

t Clifford says,—** In any kind of multiplication fQ — — Qf, and therefore we 
have only to find the Hessian of Q." I venture to think that the reason why the 


term involving «A disappears from the result is that stated in the text ; the term does 
not necessarily disappear, but it is rejected when we make Ap symmetrical. 
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(A, f), is Q; (A, Q) is given in (43), and is obviously got by joining 
(26) to f by one bond. We have therefore - 


(A, Q) = -— f, 


which gives | Q-= 9 f «Q— ER vt ; 


R is the discriminant of A, and therefore 


Ry = O'R. 


Suc. 2. Quartic. 
In the theory of the quartic we consider the function 
F = «f+)H. 
We must remember that the graph of the Hessian is unsymmetrical, 
and that we have to use the symmetrical form (32). The Hessian 
of F in its ultimate* form is E 
Hy = (sf AH, of +AH), = e (f, fh +20 (f, H) + (H, H),. 

The coefficient of x? is, of course, H. 


To find the coefficient of 2x, we take Fig. (32), and join it to f by 
u, v, and we get at once Fig. (44) ; but it was proved before that 


(ab)? (ac)! b, b, ce, = i — P f (aw) (ty) + (at) (wy) } Sade (a), 
and therefore, if we take the ultimate forms, we get, for Fig. (44), 
if od d 
9 3. 6' 


To find the coefficient of \? we have to join H to itself by two bonds, 
so that we have to multiply | | 


(ab)? a.a, b,b,— 2 { (au) (yv) + (ev) yu) ] 


by (cd)! c, c, d,d,— E { (au) (Bv) + (av) (Bu) ] 


NENNEN 111i 


* The ultimate form of a quantic is what we get when we introduce scalars, and 
make all the sets identical; it is, in fact, the ordinary form of the quantic, 
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We get (ab)? (bc)! (cd)? a.a, d, d, 


Oe 2i i 
+ 18 { (wa) (yB) + («8) (ya) } ey (ad)! a.a, d, d,. 
If we take equation (a) above, and multiply it by d,d,d,d,, we get 
(ab)! (ac) (cd! 5,5, d, d, = 3 (cd)? d, d,c,e, + i d,d,d,d, 


and therefore, if we take the ultimate forms, the coefficient of A? is 
tH if gi sH 
Fg gg y 

And therefore we get 


He PHA M pM (4 — 


«Es 
T 


3 
da dó 
-4 rm) 
f 4 
=P Ne L 3; 
if Q = z“ ah 


To find Tr, we have to join this to F by one bond; we get 
dQ dQ 
37, = 7? fe (f, H) +A (E, Hy) — 5 («5,83 (E, f)}. 


Now, if we take the ultimate forms, the first alliance of a quantic 
with itself vanishes, and we have also 


(fH), =- (A, f), 


3T, = (f, B), G a +n.) = amo, 


and therefore 


and therefore TD. T. 
To find îr, we have to find 


(«f +AH, xf XH), = 0° (f, f), -2x& (f, H) +X (H, H), 


D 
s= 


23. 


92. 5—d 


26. —o-—o-—o-o— 


Ji 


| 


1 
EE 


€—À 
— 


O 


O=0=0= 


-— 


We hay 


and 
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Cf, f), i8 i; (H, f), is j, by definition; (H, H), is 
(ab)? (b0)? (ed (ad)!— = 


but we easily find, by using equation (a) above, or by considering the 
graph, that 


(ab)? (bo (cd)? (ady = =, 
and we therefere get a 
4 


dp = K+ 2kMj +r? 6 
We have 3jr = (a-s, +H), 
dQ 
= 2 {e (H, f X (BE) - 2 le Det GD} 


„dQ M dà dO yI 
de ^ 6 dk dX Jg! 


|J (,d9 AdQ0Y $ (M dQ — dO’ 
and JF Lm = eae (s dk m) 
= jè ar E AHAS ANS 
TS +EH (t 38)" 


XII. Form-Systems. 


In this section I show how parts of Gordan's researches on form- 
systems, as given in Clebsch's Bindre Formen, can be simplified by 
the introduction of graphs. 


L; 


It will be remembered that the fundamental theorem in the theory 
of systems of quantics (if two quantics have a finite form-system, then 
their joint system is derived from a finite form-system) follows 
immediately from a lemma which can be expressed as follows :—If a 
power of a quantic is to be joined to any other quantic, the index of 
the power must not be greater than the order of the second quantic.* 
This is quite obvious if we consider the graphs of the two quantics. 
If the order of the second quantic $ is ^, and the index of the power 
of the first f is p, then, since the order of the alliance u cannot be 
greater than À, we are certain to satisfy all the conditions if we join 


* This is not Clebsch’s enunciation, but is equivalent to it. 
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p f'8 to $ by one bond each, and then we are certain to have some f's 
left over; so that we get the product of a covariant and a power of f. 


2. 

In the theory of form-systems Clebsch speaks of parts of an 
alliance, and of the substitution of parts of an alliance for the alliance 
itself. This is a very simple matter if we consider graphs, for, if a 
graph is not symmetrical we have to make it symmetrical by adding 
links, and then, if we join two forms, we get, in the first instance, the 
graph got by joining their graphs, and then a series of terms obtained 
from the links. Moreover, if we join two graphs by a given number r 
of bonds, we can do so in various ways, since we can join any r bonds 
of the one to any r bonds of the other; the resulting graphs can only 
differ by terms derived from the complementary terms ; and then it 
is obvious, from section (X.), that if we classify forms according to 
degree (in ascending order), and according to weight (in descending 
order), the graphs resulting from the union of two graphs by any 
given number of bonds can only differ by terms involving earlier 
forms, and that, therefore, in constructing a form-system, we can join 
two usd in any way we pos Paes we classify our forms in 
the way just described. 

3. 

The fundamental theorem (Clebsch's Zerlegungssatz) in the theory 
of form-systems seems much more obvious and-natural if we regard 
it as a consequence of the following lemma :—Hvery graph can be re- 
duced to a sum of simple polygons, where a simple polygon means an 
open or closed graph in which no atom is joined to more than two 
atoms. 

For, assuming the truth of the lemma, it is obvious that in a simple 
polygon one of two things must happen; either all the vertices have 
free bonds proceeding from them, or some of the vertices are 
saturated; moreover, if a vertex containing an n-valent atom is 
saturated, it must be joined to one of the adjacent vertices by n / 2 bonds 
atleast; and, if the polygon was derived from an n-thic and has no 
saturated vertex, wecan, by taking off one free bond from each vertex, 
get a graph derived from an (n—1)-thic, and we have the theorem : 
Every graph derived from an n-thic can be expressed as a sum of 
graphs, some of them derived from an (n—1)-thic, and the rest 
having one side at least containing at least 5/2 bonds. This is the 
Zerlegungssatz. 

As regards the proof of the lemma, we have only to start with the 


formula (ab) (ac) (b,c, + b,c.) = (ab)*c,cy+ (ac) b, b, — (bc)* a, ay, 
and then the lemma can be proved without any difficulty. 
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On the Application of Olifford's Graphs to Ordinary Binary 
Quantics. By A. B. Kemps, F.R.S. 


[Read Nov, 12th, 1885.] - 


` The theory of graphs, as it fell from the hands of Professor Clifford 
on his death, was deficient in one important particular ; he had failed 
to show that it was directly applicable to the case of ordinary quantics. 
The MSS. which he left on the subject are confined to thecase of binary 
quantics, with which alone I shall accordingly deal. By the liberality 
of the late Mr. Spottiswoode, who wrote an excellent account of 
the theory in our Proceedings, Vol. X., p. 204, these MSS. were re- 
produced in facsimile, under the title, “ Mathematical Fragments, being 
Facsimiles of his Unfinished Papers relating to the Theory of Graphs, 
by the late W. K. Clifford" (London: Macmillan & Co. 1881), and 
copies were presented to many mathematicians in the hope that 
the gap might be filled up. As far as I am aware, no one has 
hitherto made even an attempt to do so. When presenting me with. 
& copy of the * Fragments," Mr. Spottiswoode, knowing that the sub- 
ject of the graphical representation of mathematical form was occupy- 
ing my attention, expressed a wish that I should at some time do 
what I could in the matter. I have been too much engaged with 
other researches to be able to look into the question until quite re- 
cently, but have at length had the necessary opportunity. 

A passage in Professor Sylvester's paper on graphs, in the 
American Journal of Mathematics, V ol. 1., p. 66, line 14, at once afforded 
a clue to the difficulty. Clifford had overlooked the fact there pointed 
out, that any covariant f (vy) may be regarded as an invariant of 
the two quantics f(XY) and Xy-— Ye, so that covariants become 
merged in invariants, and the variables e, y lose their distinctive 
character, becoming mere coefficients. 

Bearing this in mind, it is at once seen that, in the notation of the 
method of graphs, the proper representation of an ordinary binary 
quantic is, taking the cubic as an example, not to be found in the 


symbol aX but in the symbol P1 , where the linear form O-w is 


algebraically zu, —yu, In fact, recollecting that w,w, — — 1, and that 
the same equation holds in the case of the other sets of polar quanti-.. 
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lies, we have by actual multiplication 
(u) (v) (w) (wow) 
= (au, --91,) (vv, —v,) (ew, — yw,) (au Uy V Wy F a5 Uy v, Wy F aig U,V, 00, 
ty gg VW F Gai SUO, F gg GU W + Gag UVW, F 43944804) 
= Aag + (dan T gig + 0433) Y + (am + an tan) zy’ n y ; 
an ordinary binary cubic. 


In order to assimilate the coefficients of the cubic in this form with 
those of the standard form 


Aa! --3B2*y --302y? + Dy’, 
we may write 


(ga =A, dy = an = hy = B, am = Ain = Oy = 0, au = D, 
when (uvw) becomes 
Duyvw, + C (u,v, + u vw, + uw) 
+ B (uvqw, + Uv Wy + UVW) HAUNN W, 


a form which merely changes sign when two of the bonds u, v, w are 
interchanged. 

This modification of the general form, which can also be made in 
the case of forms of any order, is more in accordance with the 
graphical notation than the original general form of Clifford is; for 


he makes the symmetrical symbol VN represent the unsymmetrical 


form (uvw), which changes not only its sign but also its value with 
interchanges of u, v, w, with the result that some of his graphs are 
ambiguous in meaning. 

It is important to note that the adoption of the symmetrical polar 
form causes certain graphs to vanish which do not do so when the 
more general form is employed. Thus every graph vanishes in which 
both ends of a bond proceed from the same nucleus. For example, 
the form (— vanishes, as might be expected when it is seen that if it 


did not we should have the linear covariant (D—O of the ordinary 


cubic i 
o "o 
I restate in the following sections the theory of graphs as applied to 
the case of ordinary binary quantics, with such additions, modifications, 
and definitions as may render it readily available for future use. 
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(I) 
Algebraical Representation of Forms. 
l. Let U, U'; V, V'; W, W'; &c., be polar quantities,* and let 
[www ...] = UVW... +U VW... +... 


where (1) in each term the letters U, V, W, ... are, ignoring the 
accents, in the same order as the smaller ones in [wow ...]", (2) there 
are r accented letters in each term and r only, and (3) every such 
term which can be formed is included in the summation. 


2. We have [uw ...]' [wow ...] z 0 if r+s Z n 


and [ww ...] [www ...]"" z (—1)' ues [wow .. d [wvw ...]" 


krer 
zm(-—ly; s. UVW... UVW... 
3. Let c e= 
(wow ...)q = a, [uvw ... Fa, [wow ...]! - ... - a [wvw ... ] -... 
das [wow ...]", 
sls n is the number of letters in the brackets ( ).. 


4. We have, if (u). = au taw = au—a'w,e,ifa,—a,a = —a, 


(u), (v). (Qv) ...... t 
(uw). (ve (w), ...... 
o b iu * (w), o d 


e y " ~~ [wow ...]' [aBy ...]'. 
a, |» 


If, then, (—1) [a8y ...] = NS [n—r 


the determinant is equal to | (uvw ...)a. 


* It will be observed that I do not adopt the equations 
— UW = VY' = WW! =...=1, 
as s they lead to anomalies such as 1 = UU'x UU' = — U?U^? = 0, and would, in 
Sec. 31, necessitate the unnecessary restriction Au' —A’p = 1. 
t Observethat, if in this determinant rows and columns are interchanged, it will 
vanish identically unless it be of the first or second order. 
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5. We may speak of the suffixes a, f, y ... in the preceding section 
as roots of the expression (wow ...), We have - 


(wu), (wu), = (aP — pa) UU’, 


where the expression (af? —(9a") is the same as we are familiar with 
in the theory of binary quantics under the form (2,4,— y, £e), in which 
the pair of coordinates z., y, take the place of the root a of the quantic 
a (x, 1)". (See Sec. 37.) 


6. The symbol (uvw ...), will be said to denote the simple form a; 
the suffix a being called the mark of the form. The letters w, v, w, 
&c., will be said to denote bonds, and the letters U, U’; V, V; W,W:...; 
may be said to denote the coordinates of those bonds. No two simple 
forms can, of course, have the same marks unless they have the same 
number of bonds. | ] 


7. We have | (...u... v... )a zm — (V. Weeds 


and therefore "(owl aJa =E O. 


8. The product of two or more simple forms will be termed a com- 
pound form. 


9. The interchange of two simple forms, factors of & compound 
form, will not affect the value of the compound form, unless each of 
the simple forms contains an odd number of bonds, in which case the 
interchange alters the sign of the compound form. We have 


accordingly (uvw ...)a (UVW ...), = 0 


if the form a contains an odd number of bonds. 


10. Let the two simple forms (AB), (AC), where the capital 
letters each stand for several bonds, have the m bonds A in common, 
and those only. Let the number of bonds in (AB), be p, and in (AQ), 
be q, where p+q =n. Then we have 

(AB), x (AO), = 332, Xj: a,b, [AB] . [AC]',* 
and the coefficient a,b, appears in the expansion, unless 


[4B] [40] — 0. 


d d d 
* If D, = a, — +a, — diues 
a 1 da, 2 da, S da," , we have 


(4B), = (LAY - LA] Da + LAT Da? + ...] {a [B] +a [B] +a [B]? * ...]. 
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Now, [AB] = X: [4] [B], 


so that [AB] [ACT = 3... € [A] [B] [Al [C] 


which vanishes only if [A]"-*[A]*-* vanishes for all the possible 
values of k from 0 to r, and of h from 0 to s; t.e., only if 


r—k+s—h 5 m 
for all of those values ; i.e., only if 
Ts « m. 


11. Hence, in the expansion of the product of the simple forms a and 
b, which have m bonds in common and n bonds in all, the coefficient 
a,b, appears unless r-+s is <m and >n. 


| 12. Thus, if the least value of r--s in the expansion of the product 
of the two forms is ¢, the number of bonds common to the two forms 
is also t. 


13. If f (uvw) be any compound form containing the bonds u, v, w 
alone or with others, and if the u, v, w in the symbol f(wvw) refer 
respectively to one particular u, v, w of those occurring in the form, 
and not to all the w's, v's, w's, then we have the following funda- 
mental identity, | 


f (wow) +f (uwv) +f (vuw) +f (vww) +f (wuv) +f (wou) =O ...(A), 


whence also f (uur) +f (wow) +f (vuu) =Q ............ (B), 
f (uuvv) = f (voun) ............. neuere (D). 


14. It follows, from the identities 
(00 Were Were )a =O, f (uuu) = 0, 


that no bond can enter into a non-vanishing simple form more than 
once, or into a non-vanishing compound form more than twice. 


15. Any compound form in which each factor simple form has a 
different mark will be termed a primary compound form. 


16. Every compound form in which some factor simple forms have 
the same marks may be derived from a primary compound form of 
the same number of factors by making certain of the different marks 
the same. Such a form may be termed a degraded primary compound 
form. 
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17. Every compound form which contains each bond twice will be 
the product of an ordinary quantity and the coordinates of the 
bonds. Such a form will be said to be pure. The ordinary quantity 
will be called the coefficient of the pure form. 


18. There are some slight modifications of the foregoing method of 
representing simple forms which may be adopted with advantage in 
certain cases. Thus, where a compound form involves only one sort 
of mark a, we may suppress the suffix a in the symbol (wow ...),, and 
write it simply (ww ...). 


19. We may similarly suppress the suffixes in cases in which several 
marks are involved, provided that no two of the simple forms having 
different marks contain the same number of bonds. Thus, we may 


write (p), (g), (puv), (quv), in the simpler form (p)(q)( puv) (quv) 
without any ambiguity arising. | 


20. Again, in cases in which we have forms having different marks 
but the same number of bonds, we may, in lieu of using different 
suffixes, use different sorts of brackets; e.g., we may write (puv), (quv), 


thus (puv) {quv}. 
| (II.) 
Graphical Representation of Forms. 


21. Where a compound form is considered alone, and we are not 
concerned with syzygetical relations, the sign of the form is 
immaterial, and we need not therefore trouble ourselves about the 
order of the bonds in the various factor simple forms, nor with the 
order of those simple forms in the compound form. Bearing in mind, 
therefore, that no bond appears more than twice, we see that the com- 
pound form is completely represented graphically by a number of 
small circular nuclei, which stand for the several factor simple forms, 
each nucleus containing the letter which is the mark of the corres- 
ponding form, lines being drawn from nucleus to nucleus repre- 
senting the bonds which the corresponding forms have in common. 
Thus, the form (p). (q)a (puv), (quv), is fully represented by the 


graphical symbol Omm OOO 


29. In cases in which we can suppress the suffixes in the alge- 
braical representation of a form, we can also suppress them in the 
graphical representation. Thus, in lieu of the last figure we may have 


the simpler symbol O—O--0—O 


23. Again, just as in the algebraical representation we can in lieu 


ee UCM i: LES yu ee ta a aR ee eee V --H 


m 


ids — ON 
WO EDO y z—nem on” i ee ee m e P 


peu y 


URDU EEEEEL e n rds. ance 


Nn er EPA ao rp, Qe yet e us Ns, Sy A mmn 
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of suffixes use different sorts of brackets, so we can in the graphical 
representation use different sorts of nuclei in the place of like nuclei 
with different internal letters. Thus, we may represent the form 


(uv), (uv), by the symbol o—e 


24. Compound forms which are not pure will have free bonds pro- 
ceeding each from one nucleus only, with the other ends unattached 
to any nuclei; thus (pwv)(uv) will be represented by 


—O==0 


25. If both ends of a bond proceed from the same nucleus, thus 


€), the simple form represented vanishes (Sec. 7) ; and therefore 
the compound form of which it is a factor. 


26. The number of bonds of a simple form may be called its valence. 


27. It will be convenient to employ a thick bond to denote an 


aggregation of an indefinite number of ordinary bonds, thus ‘om ; 


Where the number is known, it may be written at the side of the 
thick bond, thus “o=. 


28. By Sec. 9, the form vanishes, and this will also be the 
case where the forms a, a are compound forms having corresponding 


bonds in common. Thus, the form z: vanishes. 


29. In the application of the graphical mode of representation to 
cases in which the signs of the forms must be defined, it is to be 
noticed that it is not necessary to assign an absolute positive or 
negative sign to each compound form, but only to determine the sign 
of each relatively to the others. Thus, the factor simple forms of a 
compound form may be taken in any order, as long as the same order 
is observed in each other compound form involving the same factor 
simple forms with the same or a different distribution of bonds. The 
same remark applies to the order in which the bonds are to be taken in 
determining the sign of the simple forms. It is only necessary, there- 
fore, in a graphical representation of a compound form, to give the 
nuclei, and points of egress from the nuclei of the bonds, such posi- 
tions on the paper that each can be separately identified ; and where 
there are different representations of compound forms, each involving 
the same simple forms with the same or a different distribution of 
bonds, to give the corresponding nuclei and points of egress the same 
relative positions in each representation. As the points of egress of 
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each nucleus are arranged in a cycle round the nucleus, it may be as 
well to notice that a cyclical change of these points in the case of 
nuclei of odd valence does not affect the sign. 


30. We have, by formula (A) of Sec. 13, 


LIL Xt Rt KT IK 


where in each term (1) the six nuclei represented may have like or 
unlike marks, (2) there may be any other nuclei, and (3) any other 
bonds, besides those represented; provided that there are no differ- 
ences between the figures representing the six terms other than those 


due to the rearrangement of the three bonds as shown in the formula. 


And, by formula (B) of the same section, 


Les 


where the same remark applies as in the preceding case. 


(III.) 
: Invariance. 
31. We have, if f (uww ...) be any compound form, 
f (uuow ...) = fi (ow...) UT’; 
so that, if we substitute p for u where - 
P-AU rU, 
P=NU+p'T,, 
A, p, N, w being ordinary quantities,—say, if we transform w,—we have 


f Cppvw ...) = Qu Np) f Quuvw ...), 


so that f (www...) is an invariant as regards transformations of those 
bonds which occur twice. 
32. Let f (uv...) = UVA UV f +U Vf +U Vf; 
then we have f (wu...) = WUf,+ WUR+W UR +W Uf, 
Now, if V= AU-cLU, 
V= XU+pU, 
W= pU-—pU, 
W'z-—XU-rAU!, 
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we have (uv...) — f (wu ...) = UU {pfit ifa ——XfÀ] ; 
i.e., the transformation of one of the u’s in f (ww...) is equivalent to 
the inverse transformation of the other. 


33. Let (u), = mU +e, U z2U' —yU; 
then (w), (v), (w), ... = z” [uvw ...]"—2a"-!y [uvw ... ]"71 4- ... 


c (-1)' ay’ [uvw ...]"7" +... + (—1)" y" [wow ...]*; 
and therefore, by Sec. 2, 


(wu), (9), Qv), ... (wow ...), = THU s] [wow e]? 


x D n a ag +... LEE aa!" y bay" f 
| HD RM iieri 
= [ww ...]" [ww ...]a(ay)^ ' 
= U'V'W’... UVW... a(zy)"; 
i.e., the coefficient of the pure compound form 


(wu), (v). (w)z... (UVW ...), 


is the ordinary binary quantic a (zy)". 


34. Now a linear transformation of g, y in (u), is equivalent to the 
inverse transformation of u. "That is, a linear transformation of z, y 
in (u), ... (wow ...), 18 equivalent to the inverse transformation of the 
first u, t.e., by Sec. 32, to the original transformation of the last u. 
So that a linear transformation of z, y in a (zy)”, i.e., in 


(Qu). (v), (0), ... (wow... Ja; 


is equivalent to the same transformation of each of the bonds in 
(uvw ...),. 


35. Hence the coefficient of every pure compound form of which the 
simple forms a, b, c, ... are factors, either vanishes or is an invariant 
of the system of quantics a (zy)", b (zy)", etc. 


36. If we have two quantics a (zy)", b (zxy)" of the same degree, the 
d +b d d 


operator LE a’ ea T... 


can readily be shown to be an invariant of the two quantics; thus, if 
I, is an invariant of a (ay)", 
d d d 
A ar b TEN m I, 
(^ dm ae tai 
I à 
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is an invariant of the two quantics, one degree lower in the coefficients 
of a (zy)" than I, is. By successive applications of such operators 
any invariant of a system of quantics can be reduced to an invariant 
of a larger number of quantics, linear in the coefficients of each ; each 
quantic in the original system, the coefficients of which are raised to 
the r“ degree in the invariant, being replaced by r similar quanties, 
the coefficients of which are linear in the new invariant. The in- 
variant thus derived will be reducible, being the sum of a number of 
irreducible invariants derived from each other by interchanges among 
themselves of the quantics of the various sets which take the place of 
the single quantics of the original system. Each of these irreducible 
invariants I shall term a primary invariant. By regarding the 
various quantics of a set as one and the same quantic, we may return 
to the original invariant. 


37. If we write (—1)" [ay ...]" for Nc ; (see RED 4), we get 


Ir. [m= 
a (zy)" = [af ...]" &^—[aQy ...]" a" 
FCD) [ay .. erat ry +. (7 1)" [ay ...] y" 
= (a'e—ay)(B'e—y)(y' «— yy) ... to n factors. 


Thus, since (aj —a’B) UU’ = (wu), (v), (see Sec. 5), we see, from the 
ordinary mode of expressing invariants of quantics in terms of ex- 
pressions such as (a(9 —a'8), that any primary invariant of a system 
of quantics a (zy)", b (zy)", ... &c. will be the quantity coefficient of 


the expression I= Z| (u). (v), (w),...], 


where in each term every bond occurs twice, every root occurs once, 
and once only, and the various terms summed are derived from each 
other by independent interchanges among themselves of the roots a, 
B, Y, ... &c. of each form a, b, ..., &c., every term so derivable being 
summed. But, since the roots of each form are subject to every 
possible interchange among themselves independently of the inter- 
changes of the roots of the other forms, we may clearly express I as 
the product of a number of expressions such as 


I, = X[(u). (v)s (wv), ...], 


where only roots of one form occur and the terms are derived from 
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each other by every possible interchange of those roots, i.e., where 


I = | (u), (v). (w)..... =|n (uvw ...)as 
(u)e (9e (Qu), ...... 


(by Sec. 4). So that is an ordinary pure primary form multiplied 
by a numerical factor. 


38. Thus every primary invariant, and therefore every irreducible 
invariant,may be expressed as the coefficient of & pure compound 
form; 4.e., may be expressed by a graph. 


39. Every covariant of a system of quantics a (ay)", b (vy)", &c., 
may be regarded as an invariant of the system of quantics Xy— Yz, 
a(XY)", b (XY)", ..., &c.; so that every invariant and covariant of 
a system of quantics may be represented as the coefficient of a linear 
function of one or more pure compound forms. 


40. Itis clear, from Sec. 12, how the graph for any primary invariant 
may be drawn. For, representing each factor simple form by a 
separate nucleus, the rule of that section shows how many bonds each 
pair has in common, and thus the graph is given. 


(IV.) 
Some Forms. 


4l. Forms with univalent factors only. The invariant of two uni- 
valent forms is O-6, which vanishes if the forms are the same. An 
invariant of any even number of univalent forms which contains each 
form only once will be the product of a number of invariants such 
as O-@. We may, of course, have invariants of an odd number of 
forms, if some of the forms occur more than once. The various in- 
variants which can be composed with a number of univalent forms 
are connected syzygetically by equations such as those in Sec. 30. 


42. In the subsequent sections the form o- will always be supposed 
to have the mark 2, so that the coefficients of forms involving it are 
all covariants. Further, when quadrics, cubics, &c., and their in- 
variants and covariants are spoken of, it is to be understood that 
reference is made to forms the coefficients of which are ordinary 
quadrics, cubics, &c., and their invariants and covariants respectively. 
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43. Forms with bivalent factors only. The invariant of two bivalent 
forms each of which occurs once only is o=@. The two forms may 
be alike, in which case we get the discriminant o=o of the quadric 


O—0-—-O 


44. We have ZS — x = — Pa so that Vas = 0, and 
therefore also s exp. 


40. We may, in à similar way, show that a circuit containing any 
odd number of factors having the same marks vanishes. 


46. We have, by Sec. 30, 


1X " g — o 
és a * 
O-—O 
i.e., we have | | ——i , whence | = =—10=0'. 
0—- 0o—6 


47. And generally, a circuit containing an even number 2n of bi- 
valent forms of the same sort 


= (-—3)"" o=0". 
48. Forms with bivalent and univalent factors only, each of one sort. 


The form o—o—o is the quadric. Any form with two univalent 
factors and an even number of bivalent factors vanishes ; thus 


O—O-3-0—0O 


vanishes (see Sec. 28). We have 


tod t NP =D, 
bs et 


And, generally, any chain with two univalent terminals and an odd 
number 2n +1 of intermediate bivalent factors 
On e. 
-$"l 0 
o o 


ll 
728 


49. Forms with trivalent factors of one sort only, ie., invariants of 
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O O —— 
the cubic b4 . We have c=o=0. The form r1 is the dis- 


criminant. Every other form is either a power of this multiplied 
by a numerical coefficient, or else vanishes. For example, we have 


[3] + PY] + =e 


Now, if the figure which is the middle term of the left hand member 
be turned clockwise through a right angle, we get a new figure of the 
same value and sign as the original one; and, if in the new figure the 
two nuclei at the left-hand top corner be transposed, we return to the 
original figure, but the transformation changes the sign; thus the 
middle term vanishes, and we have 


Ex 
But 2i|*2X x cO 
i Cg Sa 


hence TED De - 


50. Forms with trivalent and univalent factors only, each of one sort, 


O O 
4.6., covariants of the cubic Y . The hessian is o—o=o—o. The 


0 
cubic covariant is ‘o—o=0—0. By successive applications of the 


O 
second formula of Sec. 30, the relation J?— DU?-- 4H? — 0 can be 
shown without any difficulty. 


51. Forms with trivalent and bivalent factors only, each of one sort, 
i.e., invariants of a quadric and cubic. (See, with reference to this 
and the next three Sections, Salmon’s Modern Higher Algebra, 4th 
Edition, pages 187 ff). 


ASIN 
b Yan r=, M = o—o—o-o——o—o-o. 


52. Forms with trivalent, bivalent, and univalent factors only, each of 
one sort, 1.e., covariants of a quadric and cubic, 
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L, = o=0—0, = o=0—0o—o, L, = o==0—o=0—0, 
L, = Cc=0—0=0—0—0. 


We have also the form 0—0—0o—o-0—o, but 
"d b + Y + "wi = 0» 
oS Em o= 
and similarly in other cases. 
98. Forms involving quadrivalent factors of one sort only, i.e., in- 


O 0 
variants of the quartic ` 


B eoo qu A 


94. Forms involving quadrivalent and univalent factors only, each of 


Oo 0O 
one sort, t.e., covariants of the quartic bd 
O O 
O O O O 
N N / 
H= oo , J= =n 
S P ZA 3 
O LO 
O 
oN ; 


/ 
The form AN vanishes. 


99. Forms involving quinquevalent factors of one sort only, i.e., in- 
variants of the quintic ., . The numbers attached to the forms in 
O O 


this and the following Section are those of page 237 of Salmon’s 
Modern Higher Algebra. 


(7) v=] |- T] (17) K= 


(21) L= 23) I= 
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96. Forms involving univalent and quinquevalent factors only, each of 
O 
N 
one sort, t.e., covariants of the quintic do 
O 


VP o 9 
(1) U= oo (2) 82-0—ozmc—o (3)H- op 


EHE ek 
(10) db 


(6) (8) 


(14) 


: 
(11) o (12) (13) 


1 
[1 

^ -1-d 
Ld 


(22) 
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Thursday, December 10th, 1885. 
J. W. L. GLAISHER, Esq., F.R.S., President, in the Chair. 


Mr, A. E. Haynes, M.Ph., Hillsdale College, Michigan, was elected 
a member. 

The Auditor (Mr. Basset) made his report; & vote of thanks was 
unanimously accorded to him for his services. The Treasurer's 
report was then adopted. 


The following communications were made :— 
On the Numerical Solution of Cubic Equations: G. Heppel, M.A. 
On a Theorem in Kinematics: J. J. Walker, F.R.S. 
Note on the Induction of Electric Currents in an Infinite Plane 
Current Sheet, which is rotating in a Field of Magnetic 
Force: A. B. Basset, M.A. 


The following presents were received :— 


*'The Nautical Almanac " for 1889. 

* Educational Times," for December. 

‘í Proceedings of the Cambridge Philosophical Society," Vol. v., Part rv.; 
Camb. 1885. 

** Proceedings of the Royal Irish Academy,’’—‘‘Science,”’ Ser. rr., Vol. 1v., Nos. 3 
and 4; “ Polite Literature and Antiquities,” Ser. 11., Vol. 11., No. 6. 

** Transactions of the Royal Irish Academy,’’—‘‘ Science," Vol. xxvi., Nos. 17, 
18, 19, and 20. | 

* Royal Irish Academy,’’—‘‘ Todd Lecture Series," Vol. 1r., Part 1.; ‘Irish 
Lexicography," an Introductory Lecture, by R. Atkinson, M.A., LL.D; 8vo, 
Dublin, 1855. 

‘¢ Johns Hopkins University Circulars,” Vol. v., No. 43. 

* Smithsonian Report," for 1883; Washington, 1885. 

** Bulletin des Sciences Mathématiques,’’ 2e Ser., T. 1x., Dec. 1885. 

** Beiblatter zu den Annalen der Physik und Chemie," B. 1x., St. 11. 

** Atti della R. Accademia dei Lincei," Vol. 1., Fasc. 24 and 25. 

** Archives Néerlandaises des Sciences Exactes et Naturelles,” T. xx., L. 3. 

‘¢ Jahrbuch über die Fortschritte der Mathematik," xv. 1, Jahrgang 1883. 

** Cours de Mécanique," par M. Despeyrous, avec des Notes par M. G. Darboux. 
Tome Second ; 8vo, Paris, 1886. 

* Bibliographie Néerlandaise Historique-Scientifique des Ouvrages Importants 
dont les Auteurs sont nés aux 16°, 17°, et 18? siécles, sur les Sciences Mathématiques 
et Physiques avec leurs applications," par le Dr. D. Bierens de Haan; 4to, 
Rome, 1883. “ Nouvelles Additions," 4to: from Dr. Bierens de Haan. (‘‘ Extrait 
du Bullettino di Bibliografia e di Storia delle Scienze Matematiche e Fisiche,’’ 
Tomo xiv., 1882; xv., 1882; xvr., 1883.) 

«c Nieuw Archief voor Wiskunde,” D. xir, St. 1; Amsterdam, 1885: from 
Dr. Bierens de Haan. 

* Derde Rapport van de Huygens-Commissie," 8vo; Amsterdam, 1885: from 
Dr. Bierens de Haan. 
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* Bibliografia Achille Sannia — Lezioni di Geometria Projettiva dettate nella 
Università di Napoli." (Presented with the **Giornale di Matematica," July, 
August, 1885.) 

** United States Coast and Geodetic Survey," J. E. Hilgard, Superintendent,— 
* Methods and Results," Appendix No. 15, Report for 1884, '*Gravity Research, 
use of the Noddy for measuring the Swaying of a Pendulum support ;" Appendix 
No. 16, Report for 1884, ** Gravity Research, effect of the Flexure of a Pendulum 
upon its period of Oscillation ;’? Washington, 1885. 


On a Theorem in Kinematics. By Mr. J. J. WALKER. 
[ead Dec. 10th, 1885.] 


The principle on which the composition of rotations, of any magni- 
tudes, about axes in space, is founded, is Hamilton’s Theorem (Proc. 
R. I. A., 1834), obtained and demonstrated* by the then new 
Quaternion method—that two successive rotations through angles 20, 
20' about two intersecting axes OA, OB, regarded as radii of a sphere, 
are equivalent to a single rotation, through an angle 29, about a third 
radius OC, determined by making the angles BAC, ABC of the 
spherical triangle ABC equal to 0, 0' respectively; 9 being equal to 
the supplement of the third angle ACB of the triangle. 

I have recently noticed the following connected theorem, which 
seems of interest in itself, and the geometrical proof of which con- 
tains a demonstration of Hamilton’s theorem ; viz., In the successive 
rotations, of any magnitude, of a rigid body about two intersecting 
axes, any line in the body whose direction passes through their in- 
tersection describes portions of two right cones: these meet again in a 
side which is common also to the cone of the equivalent single rotation. 

Let a, B, p be the unit vectors OA, OB, OE, the last rotating about 
the first two through angles 20, 20' respectively, so as to coincide with 
Py Pa (OR, OR,) successively ; also, let y be OC, the axis of the 
single equivalent rotation 29, which shall at once make p coincide 
with p, If the cones on which p moves in its rotations, and of which | 
p, i8 one common side, meet again in a (OS), and the angle 


R,AS = 2y, then 
c — p--2 sin (04- y) Í Vap cos (8+4) -- aVap sin (0-- V) |] t ...(1), 


* Since verified by conceiving a pyramid to roll round another fixed equal 
pyramid, which is the reflexion or image of the first relative to their common face. 

t This form of o expresses that it is the resultant of p and a vector equal and 
parallel to the chord of the arc described by the term of p in rotating. 


124 Mr. J. J. Walker on [Dec. 10, 
and, as the condition that this vector shall lie on the right cone about | 
y as axis and containing p as a side, itis necessary that 

Syo = Syp, 
i.e. (1), Sy ( Vap cos (0+4) c aVapsin (0+4)} = 0 ......... (2). 
Now, ysing = a sin0 cos 0 4- sin 0' cos 0+ Va sin 0 sin 9", 


and, since the substitution of a, multiplied by any scalar, plainly 
satisfies (2), it is to be shown that 


(S . BYap cos 04- S . VGaVap sin 0) cos (0 -- a) 
-- (S . BaVap cos 9 — S . 8Vap sin 0) sin (0+4) = 0...(8). 
Let r, c be the angles which p, 8 make with a; then, since 
S.BaVap = S. VBaVap = — S . Vaß Vap = sinc sin r cos (20 +4), 


20+y being the angle BAR between the planes of ap, aß, the ex- 
pression (3) reduces to 
cos (20+ 4) (S. BVap+sin c sinr sin (20--J)], 
which vanishes, Vap being the vector (ò) to the pole (D) of AR 
multiplied by sin r, and Spò being equal to 
—cos BD = — sin AB cos BAD = — sin AB sin BAR 
= — sin c sin (20+ y4). 


It may be convenient, to avoid reference, to verify here that y has 
the vector value assigned in the above proof. It is the vector which 
remains unchanged by the two rotations round a, ; i.e., 


y= Ba" ya "B F, 

Ce. xo’ 

or yB" a" =B" a" y, 
"9 4 

or V.yVB" a" =0, 

E ue 
whence yVB* a" =a scalar, 

ve 

4.8., VB" a” = y (to a scalar factor), 


or ky = ß sin 0 cos 0 +a sin 0 cos & + VBa sin ô sin 0', 


and the particular value of k, which may be easily verified to be sin $, 
does not concern the application just made. 
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Having thus verified the theorem of the cointersection of the three 
cones by the Quaternion method, I proceed to show how it, and the 
original theorem, may be derived from the elementary geometry of 
the sphere. 

Let a radius OF of a sphere rotate about another OA into the posi- 
tion OR,, from which it is carried by a second rotation about another 
radius OB into the position OR, Let the small circles, arcs of which 
RE, R,R, are described in the above rotations, meet again in $,; and 
finally, let any third small circle, about C as pole, be described 
through E, R, cutting the first pair again in S, S, Joining the 


points on the sphere by arcs of great circles, as in the figure, the 
angles referred to being dihedral angles contained by planes of great 


circles, £ EAS —22CAS, £z R,A8, = 24 BAS, 
therefore 4 RAR, + 2 SAS, = 242 CAS —2 Z BAS, 

= 24 BAC +2 2 SAS, 
b.e., 4 RAR, — 4 SAS, = 24 BAC. 


Similarly, 4 RBR,— 28,B8,=22 ABC. 
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Also 4 RCS =2 4 ACS, LR,CS, =22BCS,, 
therefore 2r — 4 ROS — Z R,0S,, 

or 4 ROR, + Z 808, = 2 (r — 2 ACB + 4 KOS), 
$.e., Z ROR, — 4 KOK, = 2 (v — 4 ACD). 


If the point S, fell outside the circle through RR, of which C is 
pole, the signs connecting the pairs of angles in the foregoing results 
would change; viz., they would be 


ZRAR,--ZSAS, 22 BAC, < R BR,+ Z S,BS, = 2ABC, 
Z RCE, + Z 8,08, = 2 (r — 4 BCA). 


But, if the circle through RR, about O as. pole passed through S, 
viz., if SS,S, coincided in S, then 


Z BAC = 2 RAR, 2ABC- Z RJBR, and Z R,OR,=2 (r — 2 BOA), 


so that in this case, and this only, would the axis OC and Z R,CR, 
be the same for all radii whatever; t.e., would the whole body, and 
not merely a given vector or line in it, perform a rotation about 
OC equivalent to the two of magnitudes 20, 26° about OA, OB 
successively ; and that rotation would be through an angle equal to 
2 (t — Z ACD). | 

The axis (OC) of the resultant rotation, in this treatment of 
Hamilton's theorem, is thus fixed in à manner wholly free from any 
ambiguity ; viz., itis the connector of the poles of the small circle 
determined, on any sphere about the. fixed point O as centre, by the 
initial (OR) and final (OR,) positions of a radius, and the reflexion 
(OS) of its intermediate position (OR,) relatively to the plane of the 
axes (OA, OB) of the component rotations. 


Thursday, January 14th, 1886. 
J. W. L. GLAISHER, Esq., F.R.S., President, in the Chair. 
Mr. J. B. Colgrove, M.A., Loughborough Grammar School, was 


elected a member; and Mr. S. O. Roberts was admitted into the 
Society. 
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The President (Mr. Walker, Vice-President, in the Chair) com- 
municated a question, proposed by Mr. H. M. Taylor, as to the novelty 
of an elementary result in Plane Conics, and the extension of the 
property to other curves; several members made suggestions as to 
possible sources of information. The President having resumed the 
chair, Mrs. Bryant read a paper on “ Logarithms in General Logic”; a 
long discussion ensued, in which Mr. Kempe, Prof. Sylvester, the 
President, Mr. S. Roberts, and Mrs. Bryant, took part. 

Mr. J. Hammond (Prof. Sylvester, Vice-President, in the Chair) 
read a paper “On a Class of Integrable Reciprocants." Captain 
Macmahon made a short communication on a Certain Property of 
Seminvariants, 


The following presents were received :— 


** Proceedings of the Royal Society," Vol. xxxix., No. 289. 

** Educational Times," for January. 

‘ Mathematical Papers, chiefly connected with the 4-Series in Elliptic Func- 
tions," 1883—1885, 8vo; by J. W. L. Glaisher, F.R.S. ; Cambridge, 1885. 

* Manchester Literary and Philosophical Society—Memoirs,’’ Vol. vur., Third 
Series, 8vo, London, 1884; ‘‘ Proceedings," Vols. xxii. and xxiv., 8vo, Man- 
chester, 1884 and 1886. 

** On the Discovery of the Periodic Law, and on Relations among the Atomic 
Weights," by J. A. R. Newlands; 8vo, London, 1884. 

* Johns Hopkins University Circulars," Vol. v., No. 45. 

* Report of the National Academy of Sciences," for the years 1883 and 1884 ; 
8vo, Washington, 1884 and 1885. 

‘¢ Proceedings of the National Academy of Sciences," Vol. r., Part rr., 8vo; 
Washington, 1884. , 

** Memoirs of the National Academy of Sciences," Vol. rir., Part 1., 4to, 1884; 
Washington, 1885. 

** Beiblátter zu den Annalen der Physik und Chemie," B. 1x., St. 12. 

‘ Jornal de Sciencias Mathematicas e Astronomicas," publicado pelo Dr. F. 
Gomes Teixeira, Vol. vi., No. 4; Coimbra, 1885. 

** Atti della R. Accademia dei Lincei—Rendiconti," Vol. r., F. 26 and 27. 

** Journal für Mathematik," Bd. xcrx., Heft 3. 

** Les Fonctions d'une Seule Variable à un Nombre quelconque de Périodes,” 
par F. Casorati. 
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On a Class of Integrable Reciprocants. By Mr. J. Hammonp. 
[Read January 14th, 1886. ] 


1. The notation, and nomenclature, of the present paper is that of 
Prof. Sylvester’s Inaugural Lecture (Nature, Jan. 7th, 1886); in 
which 4Y is denoted by the single letter ¢, and 74, ZY, SY. by 
a, b, c, ... respectively, and a Reciprocant is a function of f, a, b, c, ... 
which, to a factor prés, remains unaltered when the variables v and y 
are interchanged. 


. da dz d'a 
Or, if dj EL dy =a, dj =p, SE ET 

and 9 (7, a, B, Y, ...) = $ (t, a, b, c, ...) to a factor près, - 
the function $ is a reciprocant. 


The class of reciprocants referred to in the title is characterised by 
having an integral of the form 


qi d Dy oeste oisi vao OR EE: (1), 
i.e., this is an integral of the differential equation 
Gia S E T T x25, 


obtained by equating the reciprocant $ to zero. 


The integration of (1) may be performed by well-known and simple 
methods which show that, in the case considered, the complete primi- 
tive of (2) is the equation of a curve whose Cartesian coordinates are 


(8), 


or whose intrinsic equation is 
x Í sec? y; dọ 
F (tan y) 


2. The first reciprocant of this class that came under the author's 
notice was Prof. Sylvester's orthogonal reciprocant, which is the 


-F const. 
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left-hand member of the equation," 
(14-28) c—10abt -- 15a? = 0........ eee (o). 
This may be solved by assuming its first integral to be of the form 
Pa! Qb = const. used sevcssu eee (0); 


where P and Q are unknown functions of ¢ in which neither a, b, c, ... 
nor the variables x, y enter. 


Then, since £ = að + bà, -- có,  ..., 
the differentiation of (5) gives 


4 (pa Qo) = e TP cat (2P+ 2) eQ = 0. 


Comparing this with (4), we see that 


dQ .dP 2. T 
Q:2PE TY iS 1 8:—105:15 sene (6), 


whence P and Q may be determined. 
But it will shorten the work to assume 


d'u 


= 


(2), 


2 


when one of the — (6) is — and the other becomes 
1 — —— — 
(1+é y= is 4 19: d F 8072 0, 


which, written in the form 


z {(1+2) u} =0, 


* Captain MacMahon has transformed (4) into 


Sten (H) =o 


which is the differential nn of the curve whose intrinsic equation is 


sin 3 = 5 sn ( 3m 2s +): 


VOL. XVII.—NO. 261. K 
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A+ Bt 
PETI 


It follows, from (7), that we may take 
 .d( 1 
P= ap (ora) 
1 
2 
a= dar (13 
d* i 
p ts ~ : (s +a) 
t 
— t 
Q = i500 5 (113) 
and thus obtain two first integrals of the form (5), 
P,?+Q5=C 


P,a + Qab = 0;, 


from which, by the elimination of b, a is found expressed as a fanc- 
tion of f£, thus 


gives u = ——, + OTDEE? 4 Fe. 


C, Q,— 0,Q, _ 
im NECE PRBS SP ccm (9), 


and the complete primitive is of the same form as (3), containing 
four arbitrary constants; two of which are the C, and C, which 
appear in the function of ¢ just found, the remaining two being the 
constants of integration in (3). 
3. Writing í — tan 0, 

and performing the differentiations indicated in (8), we find, without 
difficulty, P, = 24 cos’ 0 cos 50, 

Q, = — 8 cost 0 sin 60, 

P, = 24 cos’ 0 sin 56, 

Q, = 8 cos‘ 0 cos 60, 
whence P,Q,— P,Q, = 192 cos'? 0, 


and these values, substituted in (9), will give 


a = Bec? OV x cos 60 +A gin 60......... Leere s (10), 
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in which x and À are mere numerical multiples of the former arbitrary 
constants C, and C}. 

Now (10) is the second differential equation of the curve repre- 
sented by the complete primitive of (4), and may be written in the 


form p! cos 6 (0—4) = B........ eese (11), 


sec*0 . 


where p — is the radius of curvature of this curve at any point, 


and 0 is the inclination of the tangent at that point to the axis of z. 
Thus, if we refer the curve to new axes, making an angle A with 

the old ones, and take for our unit of linear measurement the length 

of the radius of curvature which is parallel to the new axis of y, we 


may write p! cos 66 = 1, 
whence we obtain 
B8 f dð | do 
/ cos 60 v 1—2 sin? 30' 
leading to the intrinsic equation to the curve 


ETE ale 
sin 30 =H sn (3/25, ^3 
Comparing (Q0) with (11), we see that 


— COS 64 Xs sin 6.4 
B B! 


80 that the corresponding simplification of (10) is effected by writing 
x= land A -0. The Cartesian coordinates of the curve are easily 


seen to be z = | 9222 = | 222 

/ cos 60 v cos 60° 
and the Cartesian equation of the curve is found by eliminating 6 
between these two in the following manner :—By means of the first 
cot? 0 is expressible as an elliptic function of z, and by means of the 
second tan’ @ is expressible as an elliptic function of y; the product 
of these two elliptic functions equated to unity is the Cartesian equa- 
tion of the curve. 


In fact, if we write 


" 
tan! 0 = sin? ¢+ A cos? 9, 


where k=sin15° and k = sin 75°, 
K 2 
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after some easy reductions we shall find 


/1—k? sin?’ 
where m? = 84/8, , 
"9 
so that tan! 0 = sn? (my, k’) + = cn? (my, K^), 


and similarly cot?@ = sn? (ma, k)+ P sent (ma, k). 
Thus the curve is similar to the one whose equation is 
— 2 p 2 2 ? k? 2 e 
1=4sn (s, k) + 4 en (e, k) sn (y, F) + sy en (y, E) t, 


which reduces to k^ tn? (æ, k) = k tn? (y, k’). 


The complete primitive of (4), with its full number of arbitrary con- 
stants, may be obtained from this equation by the orthogonal substi- 


tution of le+my+n, for 2, 
and mz—ly+n, for y; 


as may be verified by differentiating it four times in succession, 
after the substitution has been made, and eliminating the four 
arbitrary constants l, m, Ni, na 

For the results given in the present article I am indebted to Prof. 
Greenhill, who first pointed out the advantage of using tan 0 instead 
of t. The restoration of ¢ in (10) will give 


a? = x (1—158 +15 — t) +A (64-208 +68) ......... (12), 


leading to the form of the complete primitive of (4), originally 
given in Nature, viz., 


dt 
% = ee 
| JE SB 1SS—B)XX(—R2BTG8) , 


tdt j 
= „e + 
y | ~K (1— 152 + 15¢*— 15) +A (6t— 208 + 62°) É 


where the integrals which occur are reducible to elliptic, instead of 
being, as was stated without due consideration, hyper-elliptic integrals. 


4. The form of (12) clearly indicates that it is an integral of a 
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reciprocant; for, on interchanging the dependent and independent 
variables, or, what is the same thing, writing 
1 


a=- 4 and i2 — 
* 


T ) 


a? = x (1—182-rF15/1—15) +A (6¢—208 + 62°) 
becomes a! = «'(1— 1572? -15r*— 75) +X (6r — 207 4-675),* 


and obviously the differential equation obtained by differentiating the 
latter twice with respect to y, and eliminating « and X’, will be pre- 
cisely similar to that found by differentiating the former twice with 
respect to v, and eliminating A and u; t.e. it will be precisely similar 
to the original equation (4). 

More generally, if, when the variables are interchanged, 


F (t, a, A, B, €, ..) = 6 cel (13) 
becomes F (r, a, A, BY, C, ...) 20, 


the form of the function remaining unaltered, and only the values 
of the arbitrary constants A, B, O,... suffering change; the same 
reasoning as before will show that (13) is an integral of a re- 
ciprocant. 

And if the same permanence of form accompanies any linear sub- 
stitution of the variables, say 


x =X +mY+n ) 

y= UX+m'Y+n'$’ 
(13) will be an integral of what, after Prof. Sylvester, we call a Pure 
Reciprocant. In this case r and a are defined by 


ay _&Y 


max TTE’ 
and, since de = (l+mr)dX and dy = (l--m7) dX, 


we have mL qeeseeeeeesiso eos (14). 


Now, writing qmm uc. 


* In the case considered, «’=—« and A'— A; but the form of the relation be- 
tween a and ¢ is also permanent when subjected to any orthogonal transformation, 
in which case the relations between x, A and x’, A’ will differ from those given. 
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: | = Weta 
we obtain, from (14), a= "rer 
and obviously 

(A, B, O, .. d ty = —— 


(1 4- m7)* 


so that the relation a= (A, B, €, ... $1, ty ... 


[Jan. 14, 


"o AY 


(4, B, C, ... U1 7) 


sessi (16) 


possesses this permanence of form, and is consequently an integral of 


some pure reciprocant. 


9. From (16), by making « = 1, 2, 8 ... in succession, we derive, 
by a process of alternate differentiation with respect to æ and division 
by a, a series of pure reciprocants, from which, as Protomorphs, all 
other pure reciprocants may be algebraically deduced. "The degree of 
these is however, in general, greater than that of Prof. Sylvester's 


series of Protomorphs. 
Thus, when x = 1, we have | 


a! = A+ Bt, 
whence, by differentiation with respect to c, 


la^ !b = Ba; 


dividing by a and differentiating again with respect to x, we have 


= (a$ b) = a™tc—5a™ b = O, 


or, 3ac— 9b? = 0, 


where the expression on the left is Prof. Sylvester’s Parabolic 


Protomorph. 
In exactly the same way, the Mongian 


9a°d — 45abc + 408° 
is obtained from a= (A, B, C 6 1, t). 


But, when x — 3, 
a= (A, B, C, D1, +t) 


gives the form a®e—7a*bd—4a’c?+25ab’c—150'. 


Multiplying this by 5, and adding on 3 times the square of the 


Parabolic Protomorph, we have 


a (9a/e —35abd + Zac’ + 350*c), 
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where the expression in brackets is Prof. Sylvester’s Protomorph 
of weight 4. 

6. The case of x = 6 deserves special attention. 
In it aè = (4, B, C, D, E, F, G Ñ 1, t), 


when treated by the process of the preceding article, yields the pure 
reciprocant 


a5h — 15a*bg — 21a*cf — 21a'de -- 105a ^f + 23latbce + 105a°bd? +1050%d 
— 490asbe — 1050a39*cd — 980a!bc* + 945b d + 1960a05c! — 945D5c, ` 


which, since the complete primitive of the differential equation 
(obtained by equating this to zero) is given by (3) in the form 


v = [e + const 
V (A, B, ... G3 1, t)* 


_ tdt , 
y = ar a + const. 


may be called the Hyper-Elliptic Pure Reciprocant. 


When the sextic function of ¢ has two equal roots; t.e., when 
d (4, B, C, D, FYI, t) 
(rr^ 4 , ; D, 3 1, 9, 
the reasoning of Art. 4 shows that the form of this relation is per- 
manent when we substitute for ¢ and a their values in terms of r.and 
a, given by equations (14) and (15). Hence, if we eliminate the 


constants A, D, C, D, E, F, we shall arrive at the Pure Reciprocant 
whose complete primitive is 


Í dt 
g = | - const. 
(t+ F) V(A,B, CO, D E 1, t) 


y= [——À ML + const | 
(t+F)~ (4, B, CO, D, Ej 1, t)* 


where the second integral may be replaced by 


dt 
+ Fz = (i + const. 
á / (A, B, 0, D,E %1, t)* 
All the constants except F may be eliminated by the process of the 


; : : _ dt l d, dY., 
preceding article ; which (since a= y 80 that um a is 
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equivalent to continued differentiation with respect to t, and gives 


d^ a? 
dë Tesni E 
After performing the differentiation and multiplying by (t+ F)’, to 
clear the equation of. fractions, we shall obtain the following quintic 
in ¢+F, 


f (t+ Py. —10 (RP) T 5 +60 GHEE » 


-240 (+F) 5 T +600 (t+ F) 2 —720} s0 


A final differentiation will give another quintic in t+ F, and the 
resultant of these two quintics will be the Pure Reciprocant in 
question. Its value, expressed in terms of a, b, c, ..., appears to be too 
complicated to be of any use, and for this reason has not been 
calculated. 

When the sextic in ¢ has five equal roots, we may write 


a! = A (t+ B)! (t C), 
whence, by logarithmic differentiation, 


2b 1 
d . = eto 


Differentiating again with respect to v, and dividing by a, 


2ac—4b _ — 9 1 "X _ (53 1219 ) 
a (+B) (t+C)? (+B) Vo tB 
which reduces to c(¢t+B)’—10ab (¢+ B) -15a3 = 0 ............. (17). 


(The close resemblance of this to (4) may be noticed en passant.) 
A final differentiation gives 
d (t+ B)! —2 (4ac 4- 50?) (t+B) +354% = 0, 


and the pure reciprocant we are in search of is obtained by elimina- 
ting B between this and (17) ; or, what is the same thing, it is the 
resultant of the two binary quadrics 


(c, 5ab, 15a X, Y), 
(d, 4ac+ 5b’, 35a*b Y X, YY. 
The discriminant of the first of these is 5a? (3ac—5b’), 
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that of the second 35a*bd —16a%c? — 40ab*c — 25b*, 


and their connective is 5a (3a'd — abc — 10b?). 
Hence, rejecting the factor 5a? from their resultant, we obtain 
5 (8a*d — abe — 1005)! —4 (3ac— 5b?) (35a?bd — 16a? c? — 40ab!c — 25b*), 
which divides again by a, and gives 
45a°d? — 450a?bcd 4-192036 + 400ab"d + 165ab*c? — 400b'c, 


or the “ Quasi-Discriminant" whose evanescence serves to mark 
points of closest contact of a cubical parabola with any curve. 

. Equation (17) is the first integral of the differential equation to the 

general cubical parabola whose coordinates are 


| dt 
a =E 4———————————— + const. 
V A (t4- By (t+C) 
: t dt 

= | — n + const. 
á Iz (f+ By (T0) 


If, now, we differentiate (17) with respect to B, and eliminate B from 
it by means of the resulting equation; we see that the discriminant 
of (17) regarded as a quadric in B, or 3ac—50! = 0, is a singular 
first integral of the differential equation to the cubical parabola. The 
geometrical property indicated is, that at some points at least on any 
curve where the Quasi-Discriminant vanishes it is possible to draw 
a common parabola through six consecutive points of the curve. 


7. The present seems to be a fitting opportunity for pointing out the 
form of algebraic relation that must subsist between a and ¢ in order 
that the differential equation, freed from arbitrary constants, of the 
curve implied by this relation may be expressed by the evanescence 
of a reciprocant. 

The reasoning employed in Art. 4 will show that the most general 
algebraic relation of this kind is 


a" (1, H” +a”? (1, £t)? +a"? (1, HEH 0. m 0...... (18), 
and that the final differential equation obtained from it will be 
of the form Pure Reciprocant = 0; 


provided only that the coefficients of all the quantics in ¢t, which 
multiply the different powers of a, are either general or else connected 
by some invariantive condition ; e.g., (1, t)” may have two or more equal 
roots, and then its coefficients will be connected by an invariantive 
relation. 
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The second differential equation of any algebraic curve may, of 
course, be exhibited as an algebraic relation between a and t by 
eliminating z and y between the equation to the curve and the two 
other equations found by differentiating it twice with respect to x. 

But (18) includes transcendental as well as algebraic curves. 

As an easy example, the second differential equation of the conic 


Az’ + 2Hay + By! +2Ge+2Fy+C — 0, 
expressed in this form, is œA = (A--2Ht-- BP), 


where A is the discriminant. 


When the curve is unicursal, let u, v, w denote rational integral 


functions of 0, then 
uw— uw i8 


u 
z = —, and de = ; —.d9, 
w w 


whence = SOC SOHR SEK EEE Coe eB 0062502099 (19), 
U —uw 
2 
and c= L = ai 


de uw—uw ade’ 


or, after some easy reductions, 


w 


u w 
a= ——— |w v w 
(ww—uw')® | 4 


7 os ^» 


Uu v W 


Seres (20), 


and the elimination of 0 between (19) and (20) gives the second 
differential equation of the curve in the form of an algebraic relation 
connecting a and t. 


Thursday, February 11th, 1880. 
J. W. L. GLAISHER, Esq., F.R.S., President, in the Chair. 


Prof. P. H. Schoute, Ph.D., Professor of Mathematics at the 
Government University of Groningen, Netherlands, was elected a 
Member. 

The following communications were made :— 

On Perpetuant Reciprocants: Captain MacMahon, R.A. 
Note on the Functions Z (u), O (v), IL (u, a): the President. 


-a 
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Note on a Z (u) Function: J. Griffiths, M.A. 
On Polygons Circumscribed about a Conic and Inscribed in a 
Cubic: R. A. Roberts, M.A. 

The following presents were received :— 

Carte-de- Visite likeness of Mr. J. D. H. Dickson. 

** Educational Times," for February. 

«Journal of the Institute of Actuaries,” Vol. xxv., Part ir, cxxxvii., 
April, 1886. 

* Proceedings of the Physical Society of London," Vol. vir, Part mm., 
January, 1886. 

** Bulletin des Sciences Mathématiques," for January and February, 1886. 

** Annales de l'Ecole Polytechnique de Delft,” Tome I., L. 3and 4; Leide, 1886. 

** Acta Mathematica,” vir., 3; Stockholm, 1885. 

** Atti della R. Accademia dei Lincei," Rendiconti, Vol. 1., F. 28, 1885 ; Vol. rr. 
F.1; Roma, 1886, 

** Beiblatter zu den Annalen der Physik und Chemie," B. x., St. 1; Leipzig, 1886. 

** Sur le mouvement d'un corps pesant de révolution fixé par un point de son axe,” 
par M. G. Darboux (from Journal de Mathématiques pures et appliquées). 

‘< Appendix to Mathematical Questions and Solutions from Educational Times," 
Vol. x1111.—‘‘ Solutions of some Old Questions," by Asütosh Mukhopadhyay, M.A., 
from the Author. 


Perpetuant Heciprocants. By Captain MacManon. 
[Read February 11th, 1886.) 


Reference is made to Prof. Sylvester’s account of his discovery of 
Reciprocants, in Nature for January 7th, 1886 ; to several short articles 
on the same in recent numbers of the Comptes Rendus, and of the 
Messenger of Mathematics. 

What is done, in this paper, is merely to present the numerical 
enumeration of the perpetuant reciprocants of the first six degrees, 
which is carried out on the same plan as that initiated by the author 
of their being for the allied Theory of Invariants, in Vol. v. of the 
American Journal of Mathematics. 

The Theory of Invariants is, for the algebraist, concerned with the 
solutions of the lineo-linear partial differential equation 


Aad, + 03, -- vc44- ... = 0; 


these are now termed binariants ; and, were we to calculate any such 
general form, we would find that the coefficient of every term was 
partly numerical and partly composed of the letters A, u, v, ..., and 
that, on putting À = p = v = ... = l, the binariant would become a 
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non-unitary symmetric function (7.e., one involving no root to unit 
power) of the general equation of the n™ degree affected simply with 
literal coefficients. Any binariant which cannot be expressed as a 
function of other binariants of lower degree and weight, the number 
of letters which we are allowed to employ being infinite, may in a 
certain sense be termed a perpetuant; but, fixing upon certain of such 
forms of a given degree and weight, 16 will often happen that the re- 
maining forms are expressible in terms of them and of others of lower 
degree and weight, and these, as not being linearly independent of 
the forms chosen, are not enumerated; the forms which are counted, 
not being linearly connected with lower forms, are termed by writers, 
both here and on the Continent, * asyzygetic "; where such a linear 
relation does exist, it is termed a *syzygy." Some confusion of terms 
has lately arisen as to the meaning of the word “ syzygant." When 
the term was first employed, it was used to denote the left-hand side 
ofa syzygy; thus, suppose V — 0 was the syzygy, then V was the 
syzygant; but latterly another meaning has crept in, as it was found 
an extremely convenient word for expressing another idea, whereas 
in its former signification it was slightly redundant. An irreducible - 
form of degree x which becomes reducible when multiplied by o^ is 
said to be a (x +A) syzygant. 


Thus (a!d —3abc + 25)? +4 (ac— 03)» —a?4 = 0 


is a syzygy, A denoting the discriminant of the cubic; A is called a 
sextic syzygant. 

The perpetuant theory of invariants, that is, the enumeration of 
the ground forms of the quantic of infinite order, is complete (vide 
Vol. vI., Amer. Jour. of Math.) ; this resulted from the employment of 
the partition symbols for symmetric functions, an idea due to Hirsch 
at the beginning of this century. No symbolical method of treating 
reciprocants has yet been found, and accordingly the discussion here 
is only carried on as far as forms which involve products of six 
differential coefficients. 

Representing as usual the 2nd, 3rd, 4th, &c.... differential co- 
efficients of y with respect to æ (v and y being Cartesian coordinates) 
by the letters a, b, c, ... respectively, a reciprocant satisfies the partial 
differential equation 


9a?8, + 10ab6,+ (15ac 4-100?) 94-4 ... = 0, 


and, considering the letters a, b, c, ... to be of weights 0, 1, 2, ..., the 
number of asyzygetic solutions of a given degree-weight (0, w) in 
the letters is equal to the excess of the number of partitions of w into 
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0 parts or fewer over the number of partitions of w—1 into 0+1 
parts or fewer; that is, 


09 .w oe ee EET 
ae eda per m 
: | 
S dc ———————— 
Co 1 97 3 ss) e) aa) ..- 
or it is C LAE 


ud (1—2)(1—2?) (1—2) ... (1—2a**!y 


This generating function is thus seen to depend upon an observation 
of the partitions of the numbers w and w —1, as was the case in the 
theory of invariants; this follows naturally directly we agree to con- 
sider a, b, c, ... of the weights 0, 1, 2, ..., and, for so doing, there is 
solid reason in the theory of invariants, as may be seen at once from 
the connexion of the letters with the roots of the quantic under dis- 
cussion; in the theory of reciprocants, however, there do not appear 
to be grounds for absolutely fixing the weights of the letters in the 
same manner, and for any particular purpose we may suppose their 
weights to be n, n+1, n+2, ... Mutatis mutandis, correct theorems 
will naturally be obtained on this hypothesis. Suppose for a moment 
we consider n=l, or the letters a, b, c, ... to be of weights 1,2,8, ... ; 
an inspection of the quadro-linear reciprocant annihilator shows that, 
when the latter operates upon any product of letters, there is no 
diminution in the weight of the resultant terms, an observation which 
points to the conclusion that an examination of the partitions of a 
single weight is alone necessary for the determination of the num- 
ber of asyzygetic reciprocants of degree-weight (0, w), where the 
number w 4-0 is fixed ; w being here employed in its ordinary sense. 
For, suppose a term of degree 0, 


a*b*c* ; 
when n = 0, its weight will be 
B+2y, 
whilst, when n = 1, what I will call its hyper-weight is 
a 4 20 -- 3», 
or hyper-weight — weight — 0. 


It follows that, for a given hyper-weight, the number of recipro- 
cants (0, w) is the excess of the number of partitions of the hyper- 
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weight (= w+) into exactly 0 parts, over the number of its 
partitions into exactly 6+1 parts. 

Analytically, this is 


l 
QUÉ PULL eee C. ee LL 
(Co. 2° Co. z'*'z 155 ee 1l—za* ... 


0-2) 


8 81078 i» ce E S EE 
l—za e l—2z2? e l — zz e l — zg! eee 


— wto et 1 2 mS 
E UNE i 1—2.1-23?..1—23*'! T l—w. l-z... 1— zr’ 
-aa 
1—2.1—23*...1—2a*! 
= Co, a Lem | 
me, La? Let? 


the same expression before obtained. 


Ez. gr., write down the partitions of the number 7, according to 
number of parts, as follows :— 


Co. = 1 2 8 4 5 6 7 
7 6 5P 4 37) X2 Y 
52 421 321°? 271° 
43 371 2 
32? 
N.= 13 4 3 2 11 
whence, for a hyper-weight = 7, we have asyzygetic forms (0, w), 
(3, 4), 
(4, 3), 
(3, 2), 
(7, 0), 
viz., these are 50?e — 35abd + 7ac? + 35b’c, 
a (9a*d — 45abc + 400°), 
aè (3ac— 5b?), 


a’. 
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It may here be remarked that we in reality need only to consider 
the non-unitary partitions of the hyper-weight, for the partitions of 
a number into exactly 6+1 parts may be derived from those contain- 
ing exactly 0 parts as follows :— 


(1) Transform each partition, whose highest part is not repeated, 
by diminishing the highest part by unity and adding a part unity. 
(2) Add the non-unitary partitions containing exactly 0 4-1 parts. 


Thus clearly the number of asyzygetic reciprocants will be the 
number of partitions into exactly 0 parts, in which the first part is 
repeated, diminished by the number of non-unitary partitions com- 
posed. of exactly 0+1 parts; or, what is the same thing, the number 
of non-unitary partitions, containing 0 as a highest part, diminished 
by the number of non-unitary partitions containing exactly 04-1 
parts. 


Ev. gr., for degree-weight (4, 12), we have 


4^ 49* 
4293 3798 
43°2 
494 
No. = 4 2 


whence 4—2 = 2, asyzygetic reciprocants; these are, in fact, the 
forms whose leading terms are aX, and a’cg. 

This method, based on the consideration of the hyper-weight w 4-0, 
as only necessitating the tabulation of the partitions of a single 
weight, is not without considerable practical advantage, in which it 
is needless to say the theory of invariants does not participate. 


(2) Recalling that the number of asyzygetic reciprocants of degree- 
weight (0, w) is the coefficient of x” in 


l—-z-—2z?*! 
l—2z . 1—2? eee l =z 


we say that the generating function (G. F.) for such is 


l—g— g’? 
(1)(2) ... (0+1)? 


wherein as usual (p) denotes 1—2^ for brevity. 


144 Captain MacMahon on Perpetuant Reciprocants. [Feb. 11, 
For degree 0, G. F. is 


1—22 or l-2 
l-z l—g’ 


indicating the numerical constant unity of degree-weight (0, 0). 


1—2—2! 
For degree 1, G. F. is OR 


8 
which is = EL 
(1)(2) 
showing that there is a form degree-weight (1, 0), viz., 


a. 
For degree 2, 


— l-r- Zip MEN AE 
4 P= 003 t OG 7 ME’ 


so that G. F.=1+4+2’, 
from which, subtracting the square of the form of degree-weight (1, 0), 
there remains a, 
as the G. F. for quadric perpetuants; this is 
(2, 2) = 3ac—5b. 


_  1—ez-—a* 
For degree 3, G. F. — DAD 
ee TU ie ae, 
= tate 770939) G0 HOO’ 
so that G. F. = 1+2?+2°4+2'4+ 2°. 


This includes those of degree 2, each multiplied by a, so that, sub- 
tracting the total G. F. of forms of degree 2, there remains 


a+ oi +25, 
as the G. F. for cubic perpetuants. 
These are 
(8.3) = 9a°d—45abc + 400%, 
(8.4) = 5ale—35abd + 7a + 85 bc, 
(8.6) = ag — 12abf —450ace + 588ad? + 7920e — 27 72bcd + 19250, 
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forms already calculated by Prof. Sylvester. 
For degree 4, Gom ee 
(1)(2)(3) (4)(9) 
to expand which we have 


Ind. æ | 1 + (1)(2)(3)(4)(5) 


O ONO Oo Lf WSN FH O 
+ +ttett 


IT ERE 
t2 f oO 


l 
0 
1 
1 
2 
1 
2 
1 
2 
0 
0 
3 
3 
8 


T ER jami 
ox AB w 

S 06. 
e e 
o © 


from which there is no practical doubt that the highest power of z 
with a positive coefficient is 8; that such is actually the case is proved 
by the identity :— 


§ i: ee os 
DODO = l +e t a? + Dat +o 4+ Qa? + 27 + 228 
gil (1 + g + xt) 2y! go 95413 + ga 


E L | ë € €À———— OE mma tmm CHER. 


(1)(4) (1)2)3)4  Q)(9()  (1)(8)(4)(5) © 
We therefore have 


| G. F. = 1-4 a? + 0° + Qat t+ t 20° -- 27 4 22%, 
VOL. XVII.—NO. 262. ' L 
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and, subtracting from it 
1l+2?4+2°5+2'+2° 
due to the forms of degree 3, and 2* 
due to the square of the quadric perpetuant, we find that 
G. F. for quartic perpetuants is 2°+2°+27 4-22. 
These are, as far as weight 8, 
(4.5) = 15a*f — 140a?be — 68a%ed + 455ab%d + 140abe?—455b%, 
(4.6) = 240a?ce — 400ab*e — 31 507d? + 1470 abcd —1008ac—35b'c’, 
(4.7) = à —15a?bg —4620°cf + 726a7de + 840ab?f + 612abce 
—5124abd? + 3003ac!d —3960b%e + 13860b%cd — 962 5bc*, 
(4.8), = 309i —55a°bh —1752a%cg + 4950a7df— 2046076" + 8250 ab*9 
—4056abcf — 18018abde + 25935a7c%e — 11466acd* 
—132600*f+ 27846D!ce + 37198b'd? — 5105 Lbe*d, 
(4.8), = 630'cg — 698a7df+ 704a’? —105ab’g + 2709bcf —3388abde 
—6790a?ce + 7938acd* — 18200*f + 9366b%ce + 50960'a? 


—26411bcd-4-13475c*. — 
1—z—2a* 
For degree 5, G. F. = ——————TA 
a 0229 399 9 (6) 


and the following identity may be verified, viz., 
l—g— g’ = 1 He +e ++ 92*-rF 935 4- 3a? 
(1) (2) (8) (4) (5) (6) 
+ 22 +4 4- 82? + 42? + Qa! -- 83 


a8 4 a gi 4 918 9 C 4 a) 


LJ oe a À 


M@Q3) DNH (02(2)(9)(4) 


Os apa) pa B | E 
(1)(4)(5)(6 = (1)(2)(3)(4(6)  (1)(2)(4)(9)(6) 
3 (z? +2") "Ai 


~ (1)(8)(4)5) (6) ~~ (00(2)(9 (9) (6) 
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For as hefore 


Ind. «| 1 + (1) (2)(8) (4) (5) (6) | —a# | —a* 


0 1 

1 1 1 

2 2 1 

3 3 2 

4 o 3 

5 7 5 

6 11 7 1 

7 14 11 1 

8 20 14 2 

9 26 20 3 
10 35 26 9 
ll 44. 30 7 


bm 
bo 


So that 
G. F. = 1427+ 2° + 2a6 4-225 + 829 + Qu? + Ao? + 92? + 4a! + 2a" 4 83, 
subtracting from which the total G. F. for degree 4, viz., 
La? +25 4 Qa' +05 + 22? + a? + 22%, 


and further that for the product of the quadric perpetuant with each 
of the cubic perpetuants, corresponding to the non-unitary partition 
(32) of the degree 5, viz., 


w (2° -- a* 4- 2°) = 5 + «9 + 28, 
80 that the total subtrahend is 
l-ra?--2*--22* + 225 + 92? + a" +325, 
2 L 
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there remains the G. F. for quintic perpetuants, viz., 


a + a? + 82° + 431? + 22 -- 32": 
of which 


(5.7) = 120a*ef—200a*b?f — 195a%de— 145a7bce + 1000ab%e + 136507ba? 
—777æ dd —3710abicd + 2485abc 8 + 1050*c*, 

(9.8) = 8757a!df —1077 la’? — 43785a?bcf + 69062a*bde + 1003102? ce 
— 128331a?cd! + 38920aD*f — 177030ab*ce — 109564ab'q* 
+ 478975abcd — 22907 5ac* — 840b*e + 2940b'cd. 

Passing to degree 6, we have, for the expansion of 
1—2z—2 
(1)(2) (3) (4) 9) (6) C?) ' 


| 


Ind. æ 1+ (1)(2)(8) (4)(5)(6)(7)| —e | -a |GR= 

0 1 +1 
1 1 = d 0 
9 2 si +1 
3 3 — 2 +1 
4 5 — 8 + 2 
5 7 — 5 +2 
6 11 as ie + 4 
7 15 ai 1) ee 
8 21 235 Lomo ue 
9 28 -2| -2 | +5 
10 38 RE E 
11 49 sg Ss p 
12 65 — 49| =7 | +9 
13 82 565. || sexbE T ag 
14 105 — 82 | —15 | +8 
15 = 131l —105 | —21 | +5 
16 164 —131 | —28 | +5 
17 201 —164 | —38 | — 1 
18 248 —201 | ~49 | — 2 

3 


| 
"o 


19 300 — 248 — 65 
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and from previous experience we may assume that there exist no 
more positive terms, so that 


G. F. = 1-ra?4- à? + Qe*4 20° + 40° + 3a? + 528 + 53? -- 733? -- 491 
+ 92? + 6275 + Bat + 535 -- 538, 
Subtracting from this the total G. F. for degree 5, we get 
w+ a? + a* + 2a? + 3a? - 22! + 62? + 62 + Bal + 5254 52", 
Due to the partition (42), there is a further subtrahend 
a C T a9 a? + 22%), 
and a subtrahend due to (33), viz., 
+o" J- a? -- a? +e%+ 2, 
while that due to (222) is obviously 
a, 
making a total subtrahend due to the non-u nitary partitions of 6 of 
929 + Qa? + 9a? + 22? -- 8219 -- a” ; 
subtracting this, therefore, we find 
G. F. = — af$— g — a5 + Qa + 52? + 625 + Br"! + 535 + 5215, 


wherein the negative terms indicate that the compound reciprocants 
we have subtracted are not all linearly independent, but that certain 
syzygies exist between them, which must be discovered, and their 
G. F. added to the above expression, according to Prof. Sylvester's 
theory as corrected by Hammond, which establishes that, if 


A = No. of asyzygetic forms of weight w, 
C= , compound » " 
= , syzygies - j 
P= , perpetuants 5 » 
then P= A—C+S. 


That portion of a reciprocant not containing a, or its residue (cf. 
Sylvester, Amer. Jour. of Math., Vol. v.), satisfies the partial differential 
equation arrived at by putting a = 0 in the reciprocant annihilator ; 
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that is, the equation 
10676, + 85bc0, + (56bd + 85c?) ð+... = 0, 
an examination of which shows— 
(1) That a residue may consist wholly of the letters b and c. 
(2) That if it contains any higher letters it must contain at least 


two such. 


The reciprocant and residue annihilators are not transformable one 
into the other, indicating that the residue is not, in general, itself a 
reciprocant; the theory thus presents an important difference from 
that of binariants, in that the binariant operator 


Aad, + pbò. + yCÓ, T ee 
is at once convertible to the residue operator 
pbà, + ¥COat mr 


showing, what is well known, that a binariant residue is itself a 
binariant of another system of elements; this principle, which has led 
to so great an advancement of the theory of invariants, is conse- 
quently inapplicable here. 

To every identity between reciprocant residues obviously corres- 
ponds a reciprocant syzygy, and, failing any other method, these 
must be determined by simple observation. 

Noting that the G. F. for sextic compounds, arising from the non- 
unitary partitions of 6, is 


229 + Qa? + 22? 4- 22? + 921? -- 233, 
it is remarked that the possible syzygies are five in number, viz., one 
each of the weights 6, 7, 8, 9, 10; 


there cannot be more than one syzygy of weight 10, since there is no 
syzygy of lower degree of weight 8. 


Representing the residue of a form (0, w) by E (0, w), we find 
64R (2, 2--5R (3, 3)? 20, . 
whence a syzygy of weight 6, (G. F. = 25) ; also 
13k (3, 3) E (3, 4) — 8E (2, 2) R (4, 5) = 0, 


or a syzygy of weight 7, (G. F. = 2’). 
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Again, 7R (2, 2) R (4, 6)— R (3, 4)! = 0, 
5R (3, 3) R (8, 6) -8R (2, 2) R (4, 7) — 0, 
indicating syzygies of weights 8 and 9, (G. F. = 2?--2?). 


To show the syzygy of weight 10, observe that from the quartic 
perpetuants of weight 8, we have 


7 E (4, 8), C51R (4, 8), = — 357 (7920 ce — 27 72bc'd 4- 1925c*), 
and R (8, 4) R (8, 6) = 35b%c (792b%e — 2772bcd + 192567), 
whence 
ölk (3, 4) R (3, 6)—7R (2, 2) R (4, 8) -91R (2, 2) E (4, 8), = 0, 
(G. F. = 29); | 
there can be no more, and the complete G. F. for sextic syzygies is 
HEHEHEHE", 


adding which to the foregoing G. F., it is found that G. F. for sextic 
perpetuants is 


Hey 2g" + 5x! + 6a + 82M + 5415 + 52". 


Until more forms have been calculated, or a new principle discovered, 
it is not practicable to proceed to another degree. 


So far, the G. F. for perpetuants (0, w) is the coefficient of z's in 
lteter (+e pa) +2! (HaHa + 22°) 
+25 (a? ++ 92? HAr! + 2e + 32?) 
+ 28 (a9 + a? -- 92! + 5a? + 628 + ga + 5a + 5219) +..., 


of which I have given the values up to weight 8 inclusive. 
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Note on the Functions Z (u), O (u), II (u, a). 
By J. W. L. Grarsgzg, M.A., F.R.S. 
[Read Feb. 11th, 1886.] 


§ 1. The present note relates to the three fandamental formulæ 
(i) Z (u)+Z (v)—Z (u+v) = kẹ snu sn v sn (u +v), 
(ii.) © (uta) 0 (u—a) Of (0) any ee: 


©’ (u) e' (a) 


(iii.) II (u, a) = aZ (u) +2 log Stara : 

The first of these formule is in effect Legendre’s addition-equation 
for the second elliptic integral. The second and third were 
given in the Fundamenta Nova, the second being deduced from the 
third in § 53, and the third being established in §§ 51, 52, by means 
of q-series. In § 53, Jacobi deduces the first formula from the third, 
but he had previously given, in § 49, an independent proof of the first 
formula by Elliptic Functions, the notation employed being however 
Legendrian, in order no doubt that the result might be obtained in 
Legendre's form. 


The object of this note is to show how extremely simply the three 
formule may be established independently of each other by elemen- 
tary Elliptic Functions, and to point out the close connexion existing 
between (i.) and (11.). 


§ 2. The definitions of the functions Z (u), O (u), II (v, a) are taken 


to be Z (u) = [as udu— = u, 


0 


fz (u) du 
O (u) = e”? ; 


Duaje “k sn’ usnacna dna du , 
es R l—k sn usna  ' 


1886. ] the Functions Z (u), O (u), II (u, a). 153 
and I ike as starting point the fundamental formula 
k? sn? (u —a) — E? sn? (u +a) 
= k cn! (u+a)—k cn? (u — a) 
= dn? (u+a)—dn' (w—a) 


_ _ 4k’snucnudnusnacnadna (A) 

engage on fn o 

which is derivable at sight from the ordinary addition formule, 

giving the sn, cn or dn of u+a in terms of the sn’s, cn's, and dn's of 
u and a. l 


§ 3. Integrating (A) with respect to a, we find 


Z (u+a) +Z (u—a) = 0— ] 2snucnudnu (Aj), 


sn!u 1—kisn?usn?a "' 


where O is the constant of integration, and is therefore independent 
of a. 


1°. Putting a = vin (Aj), we have 


1 2snucnudnu 
In) = (— i1. *8n"ucnuüanu 
di d sn "gi l—ksntu ’ 
whence, by subtraction, 
Z (u+a) +Z (w—ua) —Z (2u) 


EN 2 sn u cn u dn u M 
sn? u 1—k’* sn‘ u 1 — k? sn? u sn’? a 


k? (sn? u — sn? a) 


= sn 2u 
l1—F sn? u sn’ a 


= k? sn (u+ a) sn (W—@) sn 2u ........... eene (a). 


2°, Putting a = 0 in (A,), we have 


2Z (u) = C— 2 sn u cn u dn v, 


sn? u 
whence, by subtraction, 


2 2 
Z (u+a) +Z (u—a)—2Z (u) = — d dna ena "—- (6). 


The equation (a) is equivalent to the addition-equation (i.), for, on re- 
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placing u+a and u—a by u and v, it becomes 
Z (wu) -Z (v) -Z (u+v) = P sn u sn v sn (uv). 


By integrating the equation (6) with repent to u between the 
limits u and 0, we find 


MD due |z (u—a) du—2 IE (u) du = log (1— M sn! u sn! a). 
0 0 0 

i fe m O (uta) 
Now f Z (u+a) du = log ETAT (a)? 


f Z (u—a) du = log Say 


The equation just obtained may therefore be written 


og 9 uta) 
ION 


Ə (u—a) 
O(a) 


O (u+a) O (u—a) @ (0) 
6? (u) ©’ (a) 


o OO x 


—2 log B05) = log (1—i’ sn? u sn? a), 


that is, = 1—#' sn? u sn’a............(8,), 


which is the formula (1ii.). 


. By integrating (B) with respect to a, instead of with respect to u, 
we find 


IE (u+a) da | z (u — a) da — 2a Z (u) 
0 0 
EE f k? sn u cn u dn u 8n? a da 
o  l—k snusn’a j 


O (atu) 


that is, log TYPEN 


—2aZ (u) = — 21I (a, u), 
or, on MERE u and a, 


1lo 08 Spay taZ (u) = TI (u, d )vessiseni metido 


which is the formula (iii.). 


Thus, starting with the identical equation (A), and integrating it 
with respect to a, we obtain the two forms (a) and (() of the addition- 
equation; of these (a) is the same as (i.), and (8) gives rise to (ii.) 
by integration with respect to u, and to (iii) by integration with 
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respect to a. The three formule (i.), (ii.), (iii.) have therefore been 
derived independently from the elementary identity (A). 


§ 4. In the preceding investigation, the results (a) and (/3) were 
obtained by integrating (A) with respect to a, and determining the 
constant of integration by putting a= w to obtain (a), and by 
putting a = 0 to obtain (8). We may however, if we please, derive 
(a) from (B), instead of deducing it independently from (A) by a 
separate determination of the constant; for, putting u = a in (B), we 


2I? sn? u cn u dn u 
have Z (2u) — 22 (u) = p C E ; 
whence, by subtraction, 
2I? sn*ucnudnu 2h sn u cn u dnu sn?a 

—a)-Z See ee 

COMO Esa) . (2u) l— k snt u l— k’ sn? usn’ a 
= ksn (u +a) sn (u—a) sn 2u. 
If, therefore, starting with (A), we integrate it with respect to a, be- 
tween the limits a and 0, thus obtaining (6), we may deduce therefrom 
all three formule (1.), (11.), (131.) ; viz., (1.) by putting u = a and sub- 
tracting, (ii.) by integrating (6) with respect to u, and (iii.) by in- 
tegrating (P) with respect to a. 
§ 5. To deduce (ii.) from (i.), we may proceed as follows :— 
Substituting u+a and u—a for u and v, (i.) becomes 
Z (u+a)+Z(u—a)—Z (2u) = k’ sn (u4- a) sn (ua) sn 2v ; 
whence, putting a = 0, 
2Z (u) —Z (2u) = E? sn? u sn 2u, 
and therefore, by subtraction, 
Z (u+a) +Z (u—a)—2Z (u) = k? sn 2u {sn (w+a) sn (u—a)—sn’ u} 
— _ 2k? snucnu dn u sn'a 
7 l— k’ sn’ u sn’ a 


from which (ii.) follows at once by integration with respect to a, 
as in $3. | 

But, by the following process we may derive (ii.) even more directly 
from (i.) by integrating (i.) while it still remains in the form of an 
addition-equation. Writing (i.) in the form 


Z (wta)+Z (u—a) —Z (2u) = ksn (u-- a) sn (u—a) sn 2u, 
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we notice that the right-hand member of this equation 


= i? sn (u+a) sn (u—a) sn {(u+a)+(u—a)} 
' sgn'(u--a)sn (u—a) cn (u —a) dn (u —a) 
—-gp +sn’(u—a) sn (u4- à) cn (u+a) dn (u+a) 
1— E sn’ (u4- a) sn” (u — a) 
— - bi log (1— E sn? (u+a) sn? (u.—a)]. 


Integrating therefore the equation, as it stands, with respect to u be- 
tween the limits « and 0, we find 


0'(u4-a)O0'(u—a)0(0) . 1—# sn‘ a 
O* (a) O (2u) — 1— E sn? (u+a) sn? (u—a)’ 


Putting a = 0, this equation becomes 


e'(w)e(0 . . 1 
0t (0) 9 (2u) 1—E'sgn*w«' 


whence, by division, 


©? (u+a) O? (u—a) O (0) _ (1—k? snt u)(1— k? snt a) 
O‘ (u) O* (a) ~ 1—k sn? (u +a) sn? (u—a) 


= (1— k sn? u sn’ a)’, 
which is equivalent to the formula (ii.). 


§ 6. So far as I know, the close connexion between the “ addition- 
equation ” (1i.) for the function O, and the addition-equation for the 
second elliptic integral, has not been specially remarked. In my 
lectures on Elliptic Functions, I have been in the habit of following 
Jacobi in proving (ii.) by means of the third elliptic integral. While 
working at formule connected with the Zeta Function, I recently 
noticed that (ii.) was derivable immediately from (i.) by integration, 
so that, in order to prove (ii), it was unnecessary either to have 
recourse to the third elliptic integral or to use q. series for the O's; 
and this led me to remark how simply (i.), (ii.), and (1ii.) may all be 
deduced from the identity (A), and how closely they are related. It 
will be observed that the method of proving (i.) in $3 is practically 
the same as the method given by Jacobi, in Legendrian notation, in 
§ 49 of the Fundamenta Nova. 


§ 7. The quantity k’sn u sn v sn (u +v), which forms the right-hand 
member of the addition-equation 


Z (u) -Z (v)  Z (uv) = k sn usnv sn (u+v), 
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does not, when so expressed, appear to possess any interesting or 
remarkable property. If, however, we transform the arguments by 
replacing u and v by u+a and w+b (so that the letter u occurs in each 
argument), we see that it is an expression which possesses the remark- 
able property of being an exact differential coefficient with respect to u . 


viz., it = ksn (u+a) sn (u+ b) sn (2u-- a b) 
EE LU (81 C dy + 820, dy) 


d 
= — iz log (1— ks, s3), 


where 81, Cy) dj, 8) Cz, d; denote the sn, cn, dn of u+a and u—a 
respectively. 


$8. The arguments u+a and u+b are not more general than u+a 
and u—a, but it may be worth while perhaps to notice the result ob- 
tained by integrating the addition-equation in the form 
Z (u+a)+Z (u+b)—Z (2u+at+b) 
= k sn (u+a) sn (w+b) 8n (2u+a+b) 
with respect to w. 
The limits being u and 0, we thus find 


O'(u-ra) © (u--b) O (a+b) _ 1— E sn'asn?b 
©? (a) O*(b) O(2u-Fa--b) 1—k sn* (uv a) sn* (u4- b)' 


from which (ii.) follows at once by putting u = —a or u = — b. 


Replacing u+a and u+ b by z and y, and finally writing —a instead 
of u, this equation becomes 


.9 (2) © (y) O(@t+y+2a) _ 1— E? sm (exa) sn? (ya) 
O’ (z-F a) O(y+a) O(x4 y) 1— ^ sn’ g sn? y 


which, making a slighb further change of notation, may be written 
also in the form 


O'(z-Fa) O'(y +a) O(@+ty—2a) _ 1—k? sn? (x —a) sn? (y—a) 
O'(r—a) O'(y—a) O (x+y+2a) l—k sn? (z-Fa) sn? (y-a)' 


These two formule are therefore deducible by direct integration from 
the addition-equation for the second elliptic integral, subject only to 
changes in the letters by which the arguments are expressed. 
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On Polygons Oircumscribed about a Conic and Inscribed in a Cubic. 
By Mr. R. A. Ropers, M.A. 


[Read Feb. 11th, 1886.] 


I propose to consider in this paper the general problem of finding 
. conics and cubics related to each other in such a manner that it may 
be possible to circumscribe about the conic an infinite number of 
polygons which are inscribed in the cubic. The idea of the greater 
part of this paper consists in deriving from a given conic three 
different cubics, which may be called the C, D, E cubics, respectively, 
and then showing that these cubies are related to the conie in the 
manner referred to. In the remaining.part of the paper, I generate 
& nodal cubic from a given conic, and then show that the relation is 
satisfied for polygons of 2n sides, provided a condition depending on 
the number 2n 1s satisfied. 

I present the first part in a form which has been suggested to me 
by Professor Cayley ; and, in fact, I have incorporated herewith most 
of his report on this paper. "Taking, for simplicity, the equation of 
the conic to be zz— 3? = 0, the coordinates of a point thereof are as 
1:a: a’, and the equation of the tangent at this point is 


a^a —2ay +z = 0; 
we may write then, in general, t = a°s—2ay +z, that is, 
t, = a1£—2a,y +z, &c., 
so that ż = 0 is the tangent at the point a,, and similarly t, £4, &c. 
First, considering any four tangents t, t; ts, t, the C cubic is 
O = Ntt ty HAt tati AS fg tA,t tat = 0, 


istis. Apc 
1 2 8 


P E RN UU 
^ 
where A,, A " À, are arbitrary coefficients. 
Secondly, considering any six tangents t, t» ts, ta ts tẹ the D cubic 
is Date Ni he e.c) 
where À is an arbitrary coefficient. 


Thirdly, consider any eight tangents t, f}, ts ta ts, fo tp ts, Such 
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that the pairs t, ts; ta» ts; fs ty; tı t meet in four points lying in a 
line. Let 9,% be arbitrary coefficients; and, writing for shortness 
9, = $—a, &c., we may establish between a, az... a, the relations 


3,9, = 9,9, = 39,9, = 3,5, = k, 
and, this being so, the equation of the line in question will be 
| (39 —k) «—293y - z = 0. 
We have then, identically, 
9, 9,9,9,0 tatty — 9,9,9,9,05 1,455, = ((9? —k) &—23y 4-2] R ...(3), 


viz., the quartic function on the left hand will contain the linear 
factor (3? —k) y—2.9y +z, and the remaining factor will of course be 
a cubic function R. 

The proof of this, given by Professor Cayley, is :—The quartic curve 


9,9,9,9,1,1,1,0,—9,9,9,9,1,1,1,4 = 0 


passes through the four points (ti, ts), (ta te), (ts, t), (ts ts), which lie 
on the line (9! — k) e—29y+z = 0; whence, if it passes through a fifth 
point of this line, the quartic will break up into this line and a cubic. 
But a point of the line in question is c, y, z = 0, 1, 29, and for this 
point we have 


t =a,e—2Qa,y+z = 2(9—a,) = 29, &o., 
values which satisfy the equation of the quartic curve. 


The general property is, that, given the conic and the cubic (C, D, 
or R, as the case may be), the system of tangents is not determinate, 
but possesses one degree of freedom, or, what is the same thing, may 
be considered as depending upon one arbitrary parameter. We can 
easily give a direct verification of this in each of the three cases. Let 
Hy, Ka be the roots of the equation a's —2uy +z = 0, then 


t = (a — p) (a — H), &c. 


Putting these values of 4, &c. in (1), and multiplying by p,—p,, 
we get a result which may be written 


$ (4) —9 (i) = 0. 
This is satisfied by 


¢(m)—k=0, $(u)—k = 0, 
that is, by two roots of the biquadratic 


$ (H)—k = 0; 
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from which it easily follows that the four tangents determined by the 
biquadratic form a quadrilateral having its six intersections of sides 
on the cubic. The conic is now easily seen to be, in reference to the 
cubic, one of those arrived at by Professor Cayley in an article in 
Liouville's Journal de Mathématiques, t. x., 1845, p. 102. This result 
evidently gives a solution for the case of triangles and quadrilaterals, 
and, in fact, as I have shown already (see § 12 of a paper entitled 
* On certain Results obtained by means of the Arguments of Points 
on a Plane Curve," Proceedings, Vol. xv., 1883, p. 4), constitutes the 
only solution of the problem of finding fixed conics touching the sides 
of an infinite number of triangles inscribed in a cubic. 

Again, with respect to the second conic, we see that a similar 
transformation will bring it to the form 


$ (Hy) $ (ka) —^ = 0, 


which may also be written 
V (m) V (m) 7^ = 0, 


where : v (u) = eene) 


We thus perceive the possibility of writing the same cubic in the 
form (4) in a singly infinite number of ways. This result was given 
by Darboux, in his work, “ Sur une classe remarquable de Courbes et 
de Surfaces Algébriques" (Paris, 1873), and evidently gives a 
solution for the case of quadrilaterals and hexagons; for the nine 
points of intersection of the tangents t, t t with the tangents t,, ts, te 
lie on the cubic, and may evidently be considered as forming nine 
quadrilaterals or six hexagons. 

The third cubic, which I have arrived at myself, being transformed 
to u, u coordinates, takes the same form as Darboux’s, and, therefore, 
the result follows in the same way. This cubic solves the problem 
for the case of quadrilaterals, hexagons, and octagons; for, omitting 
the four points (4, é,), &c., from the intersection of ¢,t,t,t,=0 with 
lf i; ia = 0, the remaining twelve points can be arranged so as to 
form six quadrilaterals, sixteen hexagons, or three octagons inscribed 
in the cubic. Four of the hexagons, it may be observed, will, by 
Pascal’s theorem, have their vertices on a conic, namely, those in- 
cluded in the intersection of t, tt = 0, with ttet, = 0, &c. 

We may now proceed to consider the relations between the conic 
and the cubics more particularly, and then, by means of some of the 
results obtained, determine the conics corresponding to a given cubic 
C, D,or E. First,since the given conic is one of a system of conics 
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such that the C cubic is the locus of the vertex of a pencil in involu- 
tion circumscribed about three of the system (see Professor Cayley’s 
paper which I have referred to above), it is easy to see that the result 
of substituting differential symbols in the equation of the conic, and 
operating on a cubic of which C is the Hessian, vanishes; that is, if 


= a +y°+2+6mayz = 0 


is one of the cubics of which C is the Hessian, then the conic must 
be of the form | 


a (mA — uv) - 8 (mp? — X) +y (mi? —44) = 0. 


We see thus that if the cubic be given, the conic belongs to à system 
having & common tangential Jacobian, and that there are three dis- 
tinct systems corresponding to the three cubics of which the given 
cubic is the Hessian. 

We may now proceed to consider some properties of Darboux's 
conic and cubic. If k+ọ (u) has a square factor, it is evident that 
there will be four corresponding values of u which are determined by 
the Jacobian of the two binary cubics of which $ (p) is the ratio. In 
this case two of the lines such as ¢,, tą coincide, and the curve may be 


written L5 lk lm cope nette o), 


showing that the lines ¢,, 4, t are tangents whose points of contact 
lie on 4. Hence we infer that the points of contact of the twelve 
tangents to the cubic which are touched by one of the conics lie by 
threes on four tangents of the conic. 


. Again, the equation (4) can be transformed into 
Vu) + (Hs) m Osee eene (8), 


h 2 $ (9) x A 
and the reduction to this form is obviously unique. Writing, then, 
— (4—a)u—b)(u—ec) . P (7 
Y (e) (u—a)(y—-t)(yu—c) Q ea: 


it is evident, from (6), that the vertices of the two triangles abc, a'b/c 

lie on the cubic, as well as the points of contact. Hence we infer the 

theorem, that, if two triangles be circumscribed about a conic, their 

six vertices and six points of contact lie on a cubic. We can now 

find the locus of the vertices of the triangles such as 4, tats, t,tsf, in (2) ; 
VOL. XVII.—NO. 263. M 
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for the cubic locus of the vertices of the quadrilateral formed by the 
tangents H, Ha Ms, H, Will, from (6), be given by the equations 


y (we) TV (pa) =0, y (ua) Ty (rs) =0, bus) +h (m) = 0, 
V (p4) ty (m) = 0, 


from which we see that the intersections of opposite sides will be 


given by V (p) —Y (us) — 0, V (n4) —V (m) = 0. 


Now y (n) —vV (p4), being divided by p, — p, and equated to zero, will 
give the equation of a conie, which is, consequently, the locus of the 
intersection of the opposite sides of the quadrilaterals formed out of 
the intersections of the lines ¢,, t» t with the lines f£, £j, tę; but these 
points evidently are the vertices of the triangles ttt, t,tste If we 
call this latter conic ©, and if S is the conic touching tit, &c., it is 
easy to see that @ intersects © in the four points of contact of the 
lines passing through the points of contact of the twelve tangents of 
the cubie which touch S. Also, it may be observed, that the satellites 
of the four lines just alluded to are the common tangents of S and 6. 

Since all the triangles such as tt ts tatstę are circumscribed about 
the conic S and inscribed in the conic 9, it readily follows that they 
must be also self-conjugate with regard to another fixed conic. Now, 
if we substitute differential symbols in the tangential equation of a 
conic and operate on the product of the equations of the sides of a 
self-conjugate triangle, the result will vanish, from which, by means 
of (1), we see that, if we operate similarly with the conic found above 
on the equation of the cubic, the result must vanish. But this, as I 
have remarked already, is a property of Professor Cayley’s system of 
conics. We see thus that all the triangles such as titt are self- 
conjugate with regard to one of Cayley's conics of involution. 

If the vertices of the triangle t tt, be joined to the points of contact 
of the opposite sides with S, we know that the joining lines pass 
through a point, which we may call the pole of the triangle ; and, when 
the triangles vary, we can show that the locus of these poles is a 
conic. It can easily be proved that the parameters of the tangents 
which pass through the pole of the triangle are the roots of the 
Hessian of the cubic which gives the parameters of the sides. Now, 
from (7), the cubic giving the parameters of the sides of the triangle 
t; t,t involves an indeterminate linearly, and therefore its Hessian in- 
volves the same quantity in the second degree. In fact, from (7), 
t, t,t, is determined by P+AQ = 0, and £,4,4, by P—AQ = 0. 

It thus appears that the poles of the two triangles lie on the same 
conic, and, since the parameters (the A's) of these points are equal 
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with opposite signs, we can easily see that the line joining them 
passes through a fixed point. 

When the conics S and © are given, it is easily seen that the cubic 
still involves two arbitrary constants; and these two constants wil - 
evidently be determined by assigning the coordinates of a fixed point 
through which passes the line joining the poles of two triangles, such 
as titats t,t5¢, We thus arrive at a general mode of generating a 
cubic. Let S and © be two conics connected by an invariant relation 
such that an infinite number of triangles can be circumscribed about 
S and inscribed in O; then, taking two triangles of the system so that 
the line joining their poles with regard to S passes through a fixed 
point, the locus of the intersection of the sides of one triangle with 
those of the other is a cubic. 

We may now proceed to express some of the preceding results in 
an analytical form. Let the cubic referred to a canonical triangle be 
written as follows, 


U =e8+y>+2°+6mayz = 0, 
then Cayley's conics of involution are 
Z= a (md —pr) +B (mif — rd) +y (m3 —Mu) = 0. (8), 


in tangential coordinates, as I have shown already. It may be ob- 
served that X is the polar conic of the line a, 8, y with regard to the 


curve m (X uH) —BAMY = 0 Lue eee (9), 


which is easily found to be a contravariant of U of the ninth degree 
in the coefficients, namely, 


3TP—48Q = 0, 


where S, T are the invariants, and P, Q are Cayley's contravariants 
of the third and fifth degrees, respectively, in the coefficients. 

Now, we have seen that S touches the sides of an infinite number 
of triangles which are self-conjugate with regard to a conic of the 
system 2; and hence, by the mode of generation, that the points of 
contact on X of the common tangents S and X lie on their respective 
satellites. But, if Ae-Fuy d- vz = 0 is a line, and Xz-F uy 4-y'z = 0 is 
its satellite, it can be shown that 


NX = M —24 (yi 5?) —6my*? 
p = pt—2p (3 -M)—6myM p ..eueeeeesos (10). 


v = vt —2» (M + pè) — 6mXy? 
2M 
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Expressing, then, that & line L touches Z, and that L and its satellite 
are conjugate with regard to 2, we get 


a (mM —uv) +8 (mp? — vd) +y (m? —ÀXp) = 0 ......... (11), 
a (2nÀX — uy — uv) +B (2mpu y! — vA —»'A) + y (2mv»' =p — Xu) = 0 
RSTS (12), 


the latter of which equations becomes, after substituting for X, p, v', 
from (10), 


a (AX — Bpr) +8 (Ap! — Br) +y (A4 — Bu) = 0 ...... (13), 
where A = 2m (8+ pi T») +Arpr, 
B= Ng ++ Amar. 


Hence, from (11) and (13), since A—mB cannot vanish in general, 
we must have 


aX 4- Op! py = 0, apyt+Bvr+yrAp = 0, 
from which we see that 
a+ p? 4- y»? +k (apr 4- QvyX -- yip) = 0 


represents a conic touching four tangents of X at their intersection 
with their satellites, and will therefore coincide with S if k be 
properly determined. This is done at once by expressing the in- 
variant condition that S is inscribed in triangles self-conjugate with 
regard to Z. We thus find that the tangential equation of S is 


(2m (a! +B +7) + 3apy } (aX c Bu yv’) 
+ (a+ 85 -- y — 19m" aby) Caur 4- y tyu) = 0...(14), _ 

which may be transformed into 
3P (488'P -- TQ) +Q (BTP —48Q’) = 0 ............(15), 


where P, Q are the results of substituting the coordinates of a fixed 
line in P, Q, and P', Q' are the polar conics of the same line with 
regard to P, Q, respectively. This, then, is the general equation of 
the system of conics inscribed in pairs of triangles such as t tts, t,lsla, 
whose nine intersections of sides lie on the cubic. We can now find 
the equation of the conic which we have called ©. From the fact 
that © circumscribes all triangles which are simultaneously self- 
conjugate with regard to 2 and circumscribed about S, we readily 
find that © is the harmonic covariant of S and Z, that is, the locus 
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of points whence the tangents to S and X form a harmonic pencil. 
We thus obtain 


Oz fat B+ y—12m'aBy} 
x {4mByr + 4nvyay? + 4mapz? + 2a*yz + 93 zz + 2y%ny } 
+ {2m (a! + B+ 5) + 3aBy} 
X (aa? + By? + 52 —2 (ma? + By) yz—2 (m+ ya) zz 
—2 (my*+a/3) xy} = 0...(16). 


It may be observed that, when the conic (15) breaks up into factors, 
the two points so represented are corresponding points on the Hessian, 
and we can show, otherwise, that we can draw through twosuch points 
triads of lines intersecting in nine points on the curve. Writing a 


cubic in the form 
U = a4 y? t y? + òw? = 0, 


where v+y+tz+u= 0, 


the points æy, zu are corresponding points on the Hessian. The curve 
is then evidently the locus of the intersection of the system of lines 


aa? + By’ +A (a y)! = 0, 
passing through zy, with the system 


yz +u tA (z4- u)? — 0, 
passing through gu. 


We may now proceed to consider the case in which the equation (1) 
represents a cubic with a double point. This will evidently occur if 
the curve is capable of being transformed so as to become of the form 


EEN t= C vioaesueecveasv ettet C); 


for then the point 4, t, is à node. Now, these tangents t, tł, are de- 
termined by the Jacobian J of the cubics P, Q (7), from which we see 
that the node must be one of the six intersections of sides of the 
quadrilateral formed by the four tangents corresponding to the roots 
of J, which four lines, as we have seen already, are the common tan- 
gents of Sand Z. This result may be also stated in the following 
manner :—If two triangles are both circumscribed about a conic $, 
their six critic centres are at the intersections of the sides of the 
quadrilateral formed by the common tangents of S and the conic with 
regard to which the triangles are self-conjugate. 

It may be observed that, when the cubic is given in the form (6) 
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and (7), the condition for a double point is found by expressing that 
the biquadratic in A determined by the discriminant of P+AQ has 
two roots equal with opposite signs. 

We see now, from (17), that if a cubic have a node O, and A, B 
are the points of contact of the tangents drawn from a point C on the 
curve, then any conic touching the lines OA, OB, CA, CB is of the 
kind which we have been discussing. 

If in (17) 5, coincides with ¢,, the curve becomes 


t—dt, iy = 0, 


and is, therefore, cuspidal. Hence in this case all the conics are in- 
scribed in the triangle formed by the cuspidal tangent, the inflexional 
tangent, and the connector of the points of contact of these lines. If 
the curve be written y’—2*z = 0, and the conic S be expressed in the 


form Vle + SJ my +A nt = Osses noun TIS). 
the corresponding conic O will be 
(la —nz)! —nnyz = 0. 


I now proceed to consider the third cubic E more particularly. 
Taking z as the line on which the tangents 4, ¢,, &c. intersect, and 
writing the conic z’—4ay = 0, it is evident that each of these pairs 
of tangents will have equal parameters with opposite signs. It is 
easy to see, then, that the equation (3) can be transformed into 


P Gn) EV (n) 0 ss oec en irae C19), 
4 241b 
here ss ae 
in which case the tangents t,/,¢,¢, are determined by 
pt path dt ky (ge) =O uuu (20), 


and t,t,t,t, by the same equation with the sign of k changed, k being 
a variable parameter. It follows, hence, that when two of the lines 
in the first quartet coincide, so also will two in the second, the curve 
then being written 


Luth, tls = 0 oer tun xus ( 8), 


and, since the discriminant of (20) is a cubic for k’, there are three 
forms of (21), which give the twelve common tangents of the conic 
and cubic, tt, tts, &c. Now, the point zy, namely, the pole of z with 
regard to the conic, lies on the cubic, and lines passing through this 
point are evidently divided harmonically by z and the cubic, from 
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which it follows that zy is a point of inflexion, and z its corresponding 
harmonic polar. But, from (21), ¢,, 4, is a node of the complex curve, 
that is, one of the points where the cubic is intersected by the line z. 
We see thus, from (21), that six chords of contact of the tangents of 
the cubic which are touched by the conic intersect by pairs at the 
three points where the cubic is met by the harmonic polar of a point 
of inflexion. : 
Hence, from what we have proved, there are nine distinct systems 
of conies of the kind we have been investigating corresponding to the 
nine points of inflexion, and, being given a point of inflexion, we can 
find one of the conics as follows:—Let O be one of the points where 
the corresponding harmonic polar L meets the curve, then, drawing 
two lines through O harmonically connected with L and the tangent 
at O to meet the curve again in A, B, C, D, the conic touching these 
lines and the tangents to the cubic at A, B, C, D, is the conic required. 
We see thus that, when the cubic is given, the conic involves one 
arbitrary parameter. | 
To find the locus of intersections of the opposite sides of the quadri- 
laterals and of the alternate sides of the hexagons, &c., in this case, 
we observe that these points are the six intersections of sides of each 
of the two quadrilaterals 544,4, tstetytę Hence, from (19), we find 


for this locus V (m)— wv (ua) = 0, 


which, being divided by u,—,, represents a cubic with regard to 
which the line z is the harmonic polar of the point of inflexion zy. 
In fact, if we put 
| Mth Hip: l= z:y: g, 
in (20), the equation of the given curve is 
(bx + cy) (2 — Soy) + y? + bay’ + acx’y + bea? = 0, 
and that of the cubic which we have just determined is 


(ey — be) (2 — xy) - y! — bay’? + aca^y — bea? = 0. 


If the invariants S and T'of the biquadratic (20) both vanish, that 
expression has a cube factor, and (21) becomes reducible to the form 


E ue mS PS 


which, being divided by z, represents a nodal cubic of which t, tẹ are 
inflexional tangents, and ¢,, t the lines joining their points of con- 
tact to the node. Hence, in the case of a cubic with a node O, if I, I’ 
are two points of inflexion, then every conic of the system touches 
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the tangents at I, I’ and the lines OJ, OI. There are thus, as we 
see, in this case three distinct systems of conics corresponding to the 
three pairs of points of inflexion. 

It may be remarked that there are no conics of this system in the 
case of cubics with a cusp. 

In the preceding cases I have considered conics which constitute 
solutions of the problem when the number n of the sides of the 
polygon takes the values 3, 4, 6,8, successively ; and, in the case of the 
general cubic, I have not been able to come upon any other conics 
which constitute solutions for these or greater values of n. For the 
nodal cubic, however, as I have remarked at the commencement of 
this paper, I have found a system of conics involving a single para- 
meter, which give solutions for even values of n, certain determinate 
values of the parameter corresponding to each value of n. 

I now proceed to investigate this system. It is known that the 


— du __ 
{(u—a)(H—B)(u—y)}! 
is an elliptic integral of the first kind with a numerical modulus, and 


in fact it is & particular case of Abel’s theorem that the differential 
equation 


integral | 


(mA [aaa 29 


admits of an algebraic integral which may be written in the form 
(8— y) V {(a—p)la—p)(a—k)} + (y) V {(6—u)(B- n) (B—5) } 
7 + (a—-B)V { (yp) (7H) (Y—4)} = 0... (2M), 
where k is a constant introduced by integration. 
Considering now the conic which is the envelope of the line 
pra—Que+ry = 0, 


if X, Y, Z are the tangents corresponding to the values a, B y of the 
parameter u, we may write 


X = (8—y) (a—p)(a—p), Y = (v—-ay (8—5)(8—p4;); 
Z = (a—-B) (y— i) - m). 
The conic itself, it is easy to see, may then be written 


Xi-LYi-Zizm, 
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and the equation (23) becomes 


(LX) - (MY)E+ (nZ 20 ..................;.. (25), 
where 
l= (a—k)(B—y), m= (B-K)(y—a), n = (y—k)(a—B)... (26), 
and, therefore, l+m+n= 0. 


Putting, now, z, y, z for LX, mY, nZ, respectively, this result may 
be stated as follows :—T wo tangents to the conic 


(S EC) EY) eoe (H0); 


| m n 
d a Vidas aosentevetodund 2B): 
whose parameters u, u, are connected by the equation (23), intersect 
on the cubic qiue um 0 LA umi ve roii). 


Since, from (29), the lines c, y, z are theinflexional tangents of the 
cubic, we see that the conic touches these three lines ; also, taking the 
envelope of (27) subject to the condition (28), we get the cubic (29), 
showing that the conic touches the cubic at the point ?, m?, &), or the 
point of contact of the tangent whose parameter is the constant k 
in (24). 


Putti TE EEEE.. — 
R hou 


we have, from (22), by integration, 
WT Us, = c, 


where ø is a constant, which may be multiplied by a cube root of 
unity. Hence, for a polygon with an even number of sides n, we have 


W tH Ug = e,0, UgtUs = E0, ...... , Untu = Ene en, (30), 


where €,, €, &c. are values of the cube root of unity. We see thus 
that there will be an infinite number of such polygons, provided we 


have e (e—e4-...—6,) HW .eueeeeeerreneIeO QOL), 
where w is a complete value of the integral v. 


In the case of the quadrilateral, the only relevant value of ø is found 
to be determined by the equation 3e = w. Hence, from (23), we have 


elt emen c0 or Pmr = 0, 


from which we see that the values of k are given by the Hessian of 
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the cubic whose roots are a, [3, y. It is easy to see that both these 
conics are touched by the line x+y+2= 0, namely, the line of con- 
tact of the inflexional tangents. If the curve then be written in the 


form ABC — D? = 0, 


the two conics touch the lines A, B, C, D, and, therefore, belong to 
Darboux's system, so that we have obtained no new conics in this 
case. In the case of the hexagon, the relevant forms of (31) come 
under the two equations 


(Ae; 63) 0 SE €... eese (92), 
(Se, —36) 0 = 9... E (93). 


The first of these equations (32) may be considered as resulting from 
the elimination of o between 


2o +e =w, e€,0--2o' = w. 


If, then, k, k are the values of » corresponding to the values ø, o of 
u, we have, from (24), 


X(8—y)((a—k) (a— KB) } = 0.................(84), 
X(8—y) Y ((a—k) (a—kE)!] = 0... s (95). 


But (34) being considered as a cubic for k’, two of the roots coincide 
with k, and for the other we easily find 


Ui m:n’ = 1(m—n)* : m (n=l) : n(l—m)’, 


where l, m, n, V, m, n are the functions of k, k respectively given at 
(26). Substituting, then, these values in (35), we get 


e,l(m—n)*? +e,m (n=l) +e,n (L— m)? = 0............ (36). 


If we take e, = e, = e,, the result obtained from this equation is 
irrelevant, namely, Imn = 0. Taking e, = ej we obtain twelve rele- 
vant solutions, after omitting the irrelevant factors l, m,n; and taking 
€; € € all different, we get six solutions, amongst which are included 
the two conics just found for the case of the quadrilateral. We thus 
obtain, from (32), sixteen conics which constitute solutions in the case 
of the hexagon, and do not belong to any of the systems previously 
obtained. l 

For the octagon the relevant solutions are found from the equations 


(4e, 4e) 0E 9 eessen (87), 
(Se; — 2e) 0 = Ww ......... eere (38), 
E E G 
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From the last of these equations (39), we should find 
(1 — m) (m —2)(n—1) = 0 


that is, the parameters corresponding to k are determined by the co- 
variant G of the cubic whose roots are a, 3, y. Now, each of these 
conics, so determined, touches the lines drawn from the node to two 
points of inflexion, and, therefore, belongs to one of the systems 
already investigated, see (22). The other two equations, (37) and 
(38), will evidently determine several conics which do not belong to 
the system just referred to; and, of course, for polygons with a 
greater number of sides, none of the conics Opiainga belong to any of 
the previously determined systems. 


. Thursday, March 11th, 1886. 
J. W. L. GLAISHER, Esq., F.R.S., President, in the Chair. 


Mr. L. J. Rogers was admitted into the Society. 
The following communications were made :— 


On an Instantaneous Proof of the Expression for the Number of 
Linearly Independent Invariants or Seminvariants of a given 
Type, and also of the Corresponding Expression for Recipro- 
cants: Prof. J. J. Sylvester, F.R.S. 
On Ternary and n-ary Reciprocants: E. B. Elliott, M.A. 
Homographic, Circular, and Projective Reciprocants: L. J. 
Rogers, B.A. 
A Proof of Cayley’s Fundamental Theorem of Invariants : 
Captain MacMahon, R.A. 
.Note on the Invariantisers of a Binary Quantic: J. Griffiths, M.A. 
The following presents were received :— 
** Proceedings of the Royal Society," Vol. xxxrx., No. 240. 
** Educational Times," for March. 
‘¢ Bulletin des Sciences Mathématiques, — Tables des Matières et noms d'auteurs," 
T. 1x., 1885. 
** Atti della R. Accademia dei Lincei—Rendiconti," Vol. 11., Fasc. 2 and 3. 
** Beiblätter zu den Annalen der Physik und Chemie,” B. x., St. 2. 
sı Sitzungsberichte der k. Preussischen Akad. der Wissenschaften zu Berlin,” 
XL. to LII. 
** Jornal de Sciencias Mathematicas e Astronomicas,’’ Vol. vr., No. 6. 
** Sitzungsberichte der Physikalisch -medicinischen Societàt zu Erlangen,” 17 Heft, 
1 Oct. 1884 bis 1 Oct. 1886. 
* Berichte über die Verhandlungen der Koóniglich-Sáchsischen Gesellschaft der 
Wissenschaften zu Leipzig," Mathematisch-physische Classe, 1885, rrr. ; Leipzig, 1886. 
** American Journal of Mathematics," Vol viir., No. 2. 
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On Ternary and n-ary Reciprocants. By E. B. Extiorr. 
[Read March 11th, 1886.] 


A. Ternary Reciprocants. 

l. It is supposed that there are three variables, z, v, y, connected 
by a single relation. 

An absolute ternary reciprocant is a function of the partial differential 

2 

coefficients T T T iiy ao .. Of z with regard to æ and y, 
which is equal to the altered function when z, v, y are interchanged 
cyclically, t.e., to the same function of ie =, ae E ..., but for 
a factor which is constant and a cube root of unity. A wider defini- 
tion, sometimes convenient, allows also the explicit introduction of 
the variables z, v, y themselves, these having to be interchanged 
cyclically in producing the altered function as well as the dependent 
and independent variables in the differential coefficients. Whenever, 
in what follows, such explicit introduction is contemplated, the fact 
will be specially stated. 

Denote by A any such function, by A’ the function with 2 as 
dependent variable obtained by a cyclical interchange of z, x, y, and 


by A” the function with y as independent variable derived by a second | 


cyclical interchange. Our definition supposes that either 


or A=w A' zz wA", 


where w = i(—1--4/—3). There are then three distinct classes of 
absolute ternary reciprocants, distinguished by the power of w, which 
multiplying A’ produces A. Let us speak of these three classes as of 
characters 0, 1, 2 respectively. 
T and d p,q to denote 5 and =, 
the partial differential coefficients obtained by one cyclical inter- 
dy dy | 
dz’ de’ 

It is convenient to give the name of ternary reciprocants not only to 
unctions defined as absolute ternary reciprocants above, but, as in 


2. Let us use p, q to denote 


change, and p”, q” to denote 


—= wm 
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Professor Sylvester’s theory of binary reciprocants, to functions which 
upon multiplication by a simple function of the derivatives become 
absolute reciprocants. This factor function is, in fact, always a posi- 
tive or negative power of pg. Thus, a function E of the derivatives 
with z as dependent variable is defined as a ternary reciprocant if a 
constant 0 can be found, such that 


R K R' 
(pp* — " (yg rz; m dT (pg)? 


the number of accents indicating which variable is taken as the 
dependent one, as before. The propriety of the fractional form 
given to the index of pq will be apparent later. 


3. The convention of cyclical interchange which has here been, and 
will continue to be, adopted for clearness of statement, is not alto- 
gether necessary. It will be clear, in fact, that any reciprocant 
(the word ternary is often omitted where no confusion can arise), 
whether absolute or not, will have the property of reciprocance also 
for non-cyclical interchanges, if only, in addition to the fundamental 
property as above, it has the further one of involving z- and y-deriva- 
tives of z quite symmetrically. Such reciprocants have a special 
claim to the name, and may be designated symmetrical or reversible 
reciprocants, other reciprocants being irreversible. A reversible 
ternary reciprocant of character zero, made absolute by a power of 
pq, will then have six equivalent forms, which, however, are the 
same in pairs, viz., 


z MEER ro t Y V 
As SS A,, = 4, — Ay = A,, = A;,. 


4. As first examples, it may be well to mention three linear func- 
tions of the variables themselves without derivatives which possess 
the property of reciprocance. Whether themselves entitled to the 
designation of reciprocants or not, they are at any rate very valuable, 
just as true reciprocants are, as sources of other reciprocants. The 
three are 


BHORY = HAY AS = ytz...) 
z+wg+ wy = w (x+ wy wz) = w? (y Hort w3)......... (2), 
Z +w gH wy =o? (a+ wy + w2) = w (y Hoz tH wz)......... (3), 


whose characters are 0, 1, 2, respectively. Regarded as reciprocants 
they are absolute. 
The last two of these three are not reversible. They enable us, 


kc o 0 o€ s 


however, to illustrate the. ‘way in which irreversible reciprocants may 
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be made to produce, by their combination, other reciprocants that are 
reversible. We notice the facts, that the sum of two absolute re- 
ciprocants of like character is an absolute reciprocant of that same 
character, and that the product of any number of reciprocants is a 
reciprocant whose character is the residue (mod. 3) of the sum of 
their characters ; and, taking the product of the second and third of 
the above reciprocants, and the sum of the cubes of all three, we 


obtain gi y! t 2—z—z2—2y, 
and 9? HY or 23 4- zyz, 


as absolute, and from their symmetrical forms reversible, reciprocants 
of character zero. These, by means of (1), may be replaced by the 


simpler pair yz t+ zz d- vy, 
and zyz. 


It is, in fact, clear à priori, that all symmetric functions of z, y, and 
z have just the same right as v+y+z to be regarded as reciprocan- 
tive. The linearity of the system (1), (2), (3) makes of those, even 
though two of them are irreversible, the most useful condensation of 
the aggregate of these quasi-reciprocants. | 


" 


5. The equations connecting p, q with p, g, and with p^, g^, may be 
found by identification of the relations 


dz = p dz +q dy, 
da = p' dy +g dz, 
dy = p dz 4-q dz, 


which are equivalent expressions of the one connection between 
simultaneous infinitesimal increments of x, y, and z From the first 


two we obtain 
us. uu oq PY 
Bee = (22) ete renee € 


and from the second and third, and third and first, we get similar 
equalities, which can be written down at once by cyclical interchange 
of unaccented, singly accented, and doubly accented letters. 


Now, from equations (4), we at once derive that 
(2) = sP- Ll a ptose c Pto u 
pq! p+g—l  e(p-ej—w) o(p +og—w) 


- (s 222] EE 
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where S, (...) denotes any homogeneous symmetric function of degree 
r of its three arguments. 

We see, then, that there are three reciprocants linear in p, q, —1 
which involve p aud q only, and that they are of characters 0, 1, 2 
respectively, the equalities expressive of their reciprocance being 


| Eagle b.p E E t 
(pg) (pq) (pq) 
prep o, E IU = Ter UU pnus (7) 
(pq (p'd Pr ' 
Dreg w  qupreq cU gp eg E LK 
(pg)! (pq) (pq) 


This system of three linear reciprocants embodies the whole of the 
class suggested by the last member of (5), v.e, the class where 
reciprocance is expressed by 


(pg) S(p; —1) = (rq) * S. (p, t, EL 7) "S. (pq D. 


but one of these is of sufficient geometrical importance, in connection 
with those ternary reciprocants which, following an analogy with 
certain binary reciprocants, may be called orthogonal, to receive 
special mention, viz., 


(pg)! (p - d! 1) = (p'g) 3 (p? +9741) = (pi) (p? o 97 4-1) 


——Á— (10). 
From equations (4), other immediate consequences are that 
€25) -- ETUE wp + w* qy— wpe + wqy—z . 
Pq Pytgdz—9 w(wp'y+o a w? (w*p'y + wq'z—2) 
— $ S (pz, gy, =) } " 11 
| S, (py, q2, —2) d (11) 


Hence we have also three reciprocants (if we take the definition 
allowing the variables to enter explicitly) linear in pz, qy, and z, 


(pq) 5 (pe  qy—2) = (pq) ! (py t d2—2) 
= (p'q') (pat a—y) vv (12), 
(pg) 5 (wpa + w*qy—z) = w (p'q’)* (op’y +w*g’z—2) 
= w (p^q^)-! (vpz + wq z—y) ...(13), 
(pq) `? (wpe + way —2) = a’ (p'q) 5 (py + eq2—2) 
o (pq) ! (wipe t eq 2—y)...(14); 
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which between them are the equivalent of au entire system 
(pg) * S, (pz, gy, —2) = (pq) S, (py, dz, —«) 

= (pq) S, (p, ge, —y) ...(15). 


In (13) to (16) we may write, instead of z, y, z, where they occur 
explicitly, f(z, y, 2), f (y, z, x), f (z, æ, y) respectively, where f may 
be any function whatever. 

A simple remark bearing upon the theory of envelopes may be 
made here. The singular solution, or aggregate of singular solutions, 
of the differential equation obtained by equating to zero any function 
of x, y, 7, p, q which satisfies the law of reciprocance and is reversible, 
must involve x, y,z symmetrically. In particular, for example, the 


envelope of z = cz-cy-4 S, (c, c, —1), 


where S, (...) is symmetrical, homogeneous, and of the first degree, 
but otherwise general, is à surface whose equation is symmetrical in 
2, y, and z. 


6. A pair of absolute ternary reciprocants, involving p and q ny 
in logarithmic form, may be found as follows. From 


1 p 
— A5 == — Serer errr er eee eee ee 059 16 
p q q q ( J 
we deduce pg —(—lypuq = (Dpi, 
whence pg (— 1) z—p"q" 


or, taking logarithms, 
log p+w log q+? log (—1) = w {log p' +w log g +w’ log (—1)] 
= v! flog p" +w log q" +w* log (—1)] ............... (17). 
Also, in exactly the same manner, 
log p+w* log g +w log (—1) = « {log p’ +w’ log ¢ +wlog (-Dj 
= w flog p" +w log g’ +wlog (—1)] ............... (18). 


The usefulness of logt, in Professor Sylvester's theory of binary 
reciprocants, would lead us to expect these two absolute ternary re- 
ciprocants to be of great importance. The indeterminate imaginary 
constant log (—1) occurring in each will give little trouble, as it will 
disappear upon any differentiation. The expressions of reciprocance 
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(17) and (18) may however, if preferred, be written in real shape as 
follows :— ; 
log ( p°) + log (g*) = v {log (p°) +w log (g?)j 
= v! {log (p) + log (q)}, 
log (p°) +w? log (q") = e! {log (p?) +u log (g?)j 
= v flog ( p?) +? log (27) j. 
The characters of these two reciprocants are l and 2 respectively. 
From them can at once be produced two absolute reciprocants of 


character zero, by multiplication and by cubing and addition re- 
spectively, viz., 


{log (9) ** {log (g) j*—1og (p°) log (q*)............(19) 
and 2 {log (p?) }*+2 {log (9) }*—3 log (p?) log (q*) {log (p°) -log (95) ] 
OPE (20), 


of which the last may also be written 


{log (p°) +log (q*)} (21og (p!) —log (q*) } {log (p°) —2 log (9j. 
The complexity of these makes them, however, less serviceable than 
their equivalents (17) and (18). 


7. Before passing from the subject of reciprocants involving p and 
q only, we may see that, if u and v be two such absolute reciprocants, 
the Jacobian of u and v with regard to p and q is a reciprocant made 
absolute upon multiplication by the positive first power pq. 

Using the values (16) for p and q in terms of p' and q’, we see that 


"rm q” g pq LA 
4d pg 
q' q 


Hence, if a, be the characters of the two absolute reciprocants u, v, 


d(u,v) _ pete E(u, VY v) .d(p,q). ote PL. dw, v) v). 
d(p,q) d(p,q) @(p, 9) py d(p,q)' 


1.€., a8 was to be shown, 


d(w v) jy ,d (w, v) — vicem H FIC? d (w^, v”) —-— 9). 
P1 3 (y, q) d (p, g) : d(p', d) Es 


The character of the deduced reciprocant is the residue (mod. 3) of 
the sum of the characters of u and v. 

Analogy with binary reciprocants would lead us to expect that this 
is only a simple case of a much more general theorem. 

VOL. XVII.—NO. 264. N 
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8. Another Jacobian whose value will be most useful is that of 2, y 
considered as functions of y, z. Now, remembering that 


dæ = p'dy 4- q'dz, 


d (æ, y) p 4 , o (pqWX 
h t = om ? -æ — e 
we see tha iG l0 q= s) 


As a first application, we notice that | | (pq)! de dy has the property 


of an absolute reciprocant; that, in fact, between corresponding limits 
V [oo*asd = | (Cea) dy de = ["[" (pg) de de .. 9. 


It seems not unlikely that this double integral may be a valuable 
reciprocant to use in generating others, as it is the direct analogue 
of the even binary reciprocant 


| vide = |’ vT dy, 


which, with the odd one log t =—logr, by means of the theorem 
that, ¢ and i being two absolute binary reciprocants, = + + is 


another, produces Professor Sylvester's series of fundamental educta. 
For the analogous purpose, however, as will be seen below, we need 
to consider the double integral above as the sum of the products of 
the elements of two absolute reciprocants whose Jacobian is (pq)? 
rather than as an irresoluble reciprocant; and the resolution in ques- 
tion I have been unable to effect. 

A consequence of (23) may be added. If R be any absolute re- 
ciprocant of character «, then 


[| cog? Bday = er || ar E dy da = ot [| arr R" dade (24) 


is another. Of this an important particular case is that of the 
“ orthogonal ” reciprocant 


(| (1--p! +9")! de dy = f (14- p^ +q”) dy dz = {| (Lp +g”) dz da 


... (29), 
as to which more will be said later. 


9. Before considering the existence of reciprocants involving 
second and higher derivatives, it is necessary to introduce some 
additional notation. 
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P. de d 
da? dedy dy” 
dz dz dz dz 
dæ?’ da*dy' dædy? dy" 


Let a,, bj, c, denote 


G5, bg, Cz, dg denote 


&c. &c., 

while a; bi, ci, an b; c; d; ... represent the cyclically derived 
differential coefficients of » with regard to y and z, and double accents 
refer in like manner to partial differentiation of y with regard to z 
and z. Each suffix is the weight of the element to which it is 
attached, t.e., is its dimensions in magnitudes of the kind g`}, y7}, 27". 


Now, when a function 9 expressed with v and y as independent 
variables becomes V/ upon expression with y and z as independent, 


dp _ a de _ dV 
da dz Cm de’ 


do — d/ dy dz dj , dy 
d — zz Sato ee aa ——. 
- dy dy = dz dy dy ü dz 


Hence, applying these facts repeatedly to the equalities of transfor- 


mation, p= l 
* ———Á (16), 
"S 
: q 
‘ ee P E TS 
we obtain t= z 0 = pa 
; eeeecetoos Gee eoeveces (26) P] 


b=- p (bi+ gei) 
c, = — p (ait 2gbi  q'ei) 
and hence, remembering that 
d L4 4 d [4 , 
dy "(P^ q) and 7 F(p,q) 
involve aj, bi, c; linearly, and have no terms free from those second 
derivatives, a, = — p'd44- 
b, = — p° (ci gd) + 
c, = — p’ (b; + 29e; - qd) + 
d,=—p CMT alas Ceca E) + 
N 


nenne (27), 
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where the additional terms in each are of the second order in a, b, ci, 


A, = — přes + 
bs = — p* (d+ ges) + 
c, = — p’ (+ 29d, - q'e3) + Sosa (28), 


d, = — p’ (b3+39e3 3g d; q*e5) + 

e, = — p (a, + 4qb; + 6970; + Aq? d; + qe) + 
the additional terms in each involving products of two or more 
suffixed elements: and so on continually. 


Inspection of (16) and (26) enables us readily to discover fwo re- 
ciprocant expressions, and to write, remembering that 


-= (2). 


(+g) a4—2pgb, - (1 +p") L (197) ai —2pq'bi- +p") ci 


PY Pq 
_ (1+q”) a —2 : “by + Apa o (29), 
pa 
aud c aaah ib ae oe (30). 


(pq)? — (pq) (pq) 


The forms of the higher derivatives are, however, too complicated 
to allow mere inspection to conduct us any further. 

The two absolute reciprocants here obtained are, as is known, of 
great geometrical importance. Multiplied, in fact, by the third and 
fourth powers respectively of the absolute reciprocant 


(pq) + Cp qd 1) 


they become the expressions for the sum and product of the principal 
curvatures at any point of a surface. 


10. The ternary reciprocant a,c, — b; just found is pure, i.e., it con- 
tains explicitly neither the variables nor the first derivatives p, q. 
One proposition as to pure reciprocants in general can here be given. 

In the equalities (26), (27), (28), it will be seen that each un- 
accented suffixed element is given as a sum of linear and higher 
functions of the accented suffixed elements. Every homogeneous 
function of degree m of the unaccented ones is then equal to a func- 
tion of the accented of which the lowest terms are of the m™ degree, 
and are exactly obtained by forming the same homogeneous function 
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of the linear parts of the values in terms of them of the unaccented. 
If the homogeneous function be areciprocant, two things are therefore 
necessary. The terms of the (m+1)" and higher degrees must vanish 
identically ; and the function of the linear members must be the same 
function of the accented suffixed coefficients themselves, but for a 
factor involving only p and g, and for a mark of character. The first 
of these necessities would doubtless upon investigation lead us to 
annihilators of pure ternary reciprocants. It is the second and simpler 
one which we proceed to interpret. 


The values in (26) for — l times a,, b,, and c, are respectively the 

coefficients of a’, 2a, (9? in 
ai’ + 2b B (pa-- 9B) -- i (pa + 9B)? ; 
the linear terms in the values for — sb times a, bz Co, d, are the co- 
efficients of a, 3u2G, 3a, B3, respectively, in 
a; + 3b; P (pa+ qB) - 3; (pa +98)’ + di (pa +96)"; 

those in the values of — RS times a5, bs, Cs, ds, e, are the coefficients of 
a‘, 4a°B, 6a*9?, 4a(9, Bt in 
a; J* + 4b; * (pa -- qB) + 6c; 9 (pa + 9B)" + 4d; (pa + q9)* es (pat 9D) ; 
and so on continually. 


Our supposed homogeneous pure reciprocant would, then, equally be 
one if, as is not the case after the first stage, the identities of 
transformation were 


i : (an by, c) (a, B) = (ai, bi, e) (5, BY’, 
E nc b, Co. dz) (a, py = (a5, bz, C2, d;) (a, py, 
i - (as, bg, Cy, ds, es) (a, py = (as, bs, C3, dg, e5) (a, p», 
&c., | &c., 
where a = 3, and B = pa4- qp, 


à 
of which linear transformation the modulus is — p, ?.e. ( n) . The 


same substitution should be made for —p in the multiplier of the 
left-hand quantics above. l 
The conclusion which we have to draw is, that any homogeneous 
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pure ternary reciprocant of character zero is an invariant of the 
System of emanants 


d d \* d d \* 
(ezti) Zy REED, By esee ; 
regarded as binary quantics in a and $. 


The converse, that every such invariant be a reciprocant, is very 
far indeed from being established, or indeed true. 


The presence of — = 1.6. [E as a factor of the left-hand quan. 


PY AA 
tics above, makes the index of the power of the modulus (x) in 
p 


the expression of reciprocance different from the index of the allied 
invariant. If, in fact, the index of the power of the modulus which 
multiplying an invariant I of order produces the same invariant of 
the transformed quantics be 0, and if E', the same function of the 
accented derivatives, be & reciprocant, the expression of reciprocance 
is at once seen to be 


R R R” 
(pq) ** = (pq ie» = (pig? emm GD. 


As an example, notice the Hessian (30) for which 0 = 2. 


The results of the present article may also be exhibited as a con- 
sequence of the fact that, a, 3, y being any corresponding increments 
given to v, y, and z, 


y—pa—qgp = (24) «-r8-4» = € 4 zLy (B—p"y —q"a)...(32), 


80 that, expanding each member by oe s theorem, 


on Tw: 1.2 (aay b, 1) (a, B)? + l. LEG 3 (az, bg, c3, dy) (a, B)? 4- at 
GT | L3 (a, by e) (B, y)" + zn (a2, bz, ¢2, da) (B, y)... } 


] ” 
~ (p) 71 mn z (ars Bi’, e) a)? t1 


2.3 (az, by’, C3» 2) (y, a) a 
... (88). 


11. The generation of ternary reciprocants from others by eduction 
is a much less simple matter than the analogous generation of ordinary 
binary reciprocants. From an ordinary reciprocant an infinite series 
can, we know, be educed if any one other reciprocant independent 
of the first is known, and the processes of eduction are merely those 
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of simple successive differentiation. The allied processes as to ternary 
reciprocants require, however, previous knowledge, tacit or expressed, 
of ab least three reciprocants, and the processes of derivation are 
naturally more complicated. 

Perhaps the simplest of the theorems of ternary eduction is the 
following analogue to that which tells us that, if A be an absolute 
binary reciprocant, ( = E A is another. 

Let u, v be two absolute ternary reciprocants of characters x, x’, so 


that U = wu = wu”, 
and v = wY = wv”, 
then shall D. CUL D) qe an absolute reciprocant whose character 


(pq)* d (v, y) 
is the residue (mod. 3) of x4- x. 


We have at once 


d (u,v) _ BEA dw (dv , dv dv (dw , dw } 
d (a, y) B P? Tz E 15) E PLE 
= utp EF dv dv’ dw } 
dz dy dz dy 
= wt” (£y d (v, v) i 
pq! d(y,z) 
Thus, as was to be shown, 
1 d(u, v) _ l d(w,v).. aieo l d d (w', v^) 
(pp d( y) - “OD d (y, z) (v a 5 


An immediate consequence is that, if u,v, w, $ be four absolute 
ternary reciprocants, then 


d (u, v) .d (w, $) s (95) 


! "eI ae 
i8 another. 


From (34) it follows that, if R and S be any two ternary recipro- 


cants which become absolute upon division by (pq)" and (pq)” 
respectively, then 


d(R, 8) gd (E. pg) 2 (p4, S) 
pun TPI (e, y) Bis d (x, y) Nc d(my) 


is a reciprocant which becomes absolute upon division by (pq)^*"*$, its 
character being the residue of the sum of the characters of E and S. 
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Let us, to avoid circumlocution, speak of m, the index of the power 
of pq which, dividing a reciprocant E, makes it absolute, as the index 
of R. Professor Sylvester uses the same word in the analogous 
sense in his theory.* Thus, E and S being of indices m and « re- 
spectively, that of the reciprocant here called (R, S) is m+n+4. 


12. It will be well to consider for a moment some of the results 
obtained by (34) and (36), upon taking for u and v the absolute — 


. reciprocanis A= log p+w log q+% log ( — 1), 
u = log p +w’ log q+ log ( —1), 
whose characters are 1 and 2 respectively. 


The educed reciprocant (A, p), t.e., pq ie, 18 at once 
? 


ERE Oh. Mies [s 


or, omitting the factor we! — v, 


(Xu) m die eb. possessa ess (87); 
which is the Hessian, of character zero and index 4, as already seen 
by direct insertion. 

From this we pass on to the higher educts, {A, (A, u)} or (A¥, p), 
f(A, E); "i or (A, p’), (°, p), OP, p), Qu pP), &o., by successive 
application of (36). At each stage of the process only one of the 


second and third terms in (36) will appear, since at each either m or 
n 18 zero. 


It is important to notice that 

d (A, pq) Q b b C | 2 

: = +o 2, — +o |= (l—w —b,)...(88 
qu tph, gh+pe 
rni d (py, B) — (qa. ET 
and, similarly, iG (w — 1) (aei — b) .................. (89). 

Suppose, now, that R = (X’, p‘) is any one of the series of educts, 
* Referring to formulæ (4), we see that there are two forms of the equality ex- 


pressive of the reciprocance of our È ; viz., (pg) 3» &—(y'q^)-5» R, and R=(—p)* R. 
It would be in strict accordance with Professor Sylvester's nomenclature to speak 


of x as the index of R when having the first form in mind, and of y as the 
characteristic of R when regarding the second. 
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its character being x and its index m. By (36), the two educts derived 
from this are, using (38) and (39), 


Qr, i) = O, B) = pa FD -m O79) R (78) (40), 
and (A',u'*) = (R, p) = pq FIOI —m(wv-—1)R (a6, —5,) ... (41), 


and are both of index m+4, the character of the first being «+1 and 
that of the second x 4-2, or the residues of-those quantities. Now, / 
R(a,c,—b;) is a reciprocant, of the same index m+4 as the two 
whole reciprocants of which it is a part, but is of character x, i.e., is 
of a different character from both of them. The second terms in (40) 
and (41) may not, therefore, be left out (as, from the fact of their being 
reciprocants, one might be tempted to assume) without vitiating the 
result. A simplification of this kind may, however, be introduced at 
any second stage in the development of educts as above. Thus, re- 
applying (41) to (40), we obtain for (A'*!, u'*) a somewhat compli- 
cated expression, of which the last term is 


—m (8m 4-4) R (a, c,— b), 


t.e., 18 a reciprocant of the same index m--$ and character « as the 
whole educt itself. The remaining terms by themselves therefore 
constitute such a reciprocant. 

It may be worth while to write down the two educts (M, p) and 
(A, p°). They are, omitting certain numerical multipliers, 


(M, y) = Q—wP ..... ces seveessee ee (42), 

(A, p) = Q—wP... ies (49), 
where Q = 3q (a1d, —3a, b, c+ a c, b, - 90; b, — 5,0, ,) —4 (ma — b), 
and P= 8p (ca,—35,c, b+ a c c 4- 25, 0, — a, 5, d) — 4 (a0, — 0), 


their characters being 1 and 2 respectively, and the index of both $. 
From them may, of course, be derived the two reciprocants 


QEQPSPS oessiessecivsci eei 44), 
and (Q— P)(2Q--P)(Q-F2P) ..................... (45), 
of character zero; and from these, respectively, the terms 
16(a,5—5,), 128 (a,c,—b,)" 


may be omitted, as being, in each case, themselves reciprocants of the 
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same character and index as the reciprocants of which they are 
parts. 


13. The following method will obtain no reciprocants which cannot 
be found by application of the results of $11, but is of interest and 
may lead to important theory. 

Let u, v, w be any three independent absolute ternary reciprocants, 
of characters x, Ka «, respectively. Let a, 3, y be any possible simul- 
taneous increments of z, y, 2 ; and let t v, w, be the consequent in- 
crements of u, v, W; Wo, Vo, Woy Ug , Uo, Wo those of w, v, w, u”, v, w” 
respectively. From the expressions of reciprocance of u,v, w, we 
have, upon subtraction of original from augmented values, 


Uy = WwW = w ug 
Vy = WV = WV p n ——— — (46). 

Wy = w Wy = w Wo 
Now, in virtue of our given relation between z, y, and z, it is 
theoretically possible, by elimination between this relation and the 
values found, upon differentiation and substitution, for u, v, w, to elimi- 
nate v, y, z, and express w as a function of u and v. We may, there- 


fore, suppose the increment w, expanded in powers and products of 
powers of the increments w, v, by Taylor's theorem; and write 


= (ua s Ma l (u Lpo ut 
w= (wien) vi tog) rt 


du 
+=; CERES zw 
Similarly, 
(mt (Gnd ve 
and w= (u +H E w' 5 ( 4 +0 4) w” + 


Multiplying, then, the second and third of these by w* and «^ re- 
spectively, and remembering the identities (46), we see that there are 
before us three apparently different expansions for the same quantity 
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w, in terms of the two independent quantities u,v. The three must 
be identical, and the various coefficients of powers and products of 
powers of u, and v, equal separately. Consequently, r and s being 
any positive integers whatever, 


+8 8...’ 
GO gaam A IDs escas) OW (47). 


dwdw du"'dv^* = du"dw* "Utm 


In other words, rand s being any numbers, TL is an absolute 
ternary reciprocant whose character is the residue (mod. 3) of 
Ks — 1K, — 8K,. 
With a view to the actual calculation of these reciprocants, we 
must express the operators 2 and a acting on a function of u and 
d 


v, in terms of dz and x Now, $ being any function of u and v, 


called ® when transformed and expressed in terms of z and y, 


i eel) ao) a a 6) 
= d (u, v) —. d (a, y) ` d (a, y) l 


- d$ .d(w9). d(w99).,d(wv) | 
xis 2 90742400 aay) Phe 


Thus the means of calculating the reciprocant ze ES is afforded. 
14. Let us now fix our attention on one particular case of the above 


general theorem. Take for u, v, w the three linear absolute recipro- 
cants, or sources of reciprocants, given in (1), (2), (3), 


C=2ztaty=f=2’, 
E = ztourto’y = of = wu, 
n = z+ wrt owy = w = wn”. 


These are independent, since the determinant of the three linear ex- 
pressions does not vanish. The reciprocants deduced as in (47) are 
then independent, and have for their type 


dU. wt d'* 4 = wt? ae . (50). 


didn’ dE" dn’ age ee Sate 


It will now be proved that, in terms of these reciprocants, all absolute 
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reciprocants whatever, which do not involve g, y, or z explicitly, can 
be expressed. 

Notice, first, that rE dy 
with regard to æ and y, and (it may be) all lower ones, but that it 
does not contain any higher differential coefficients, nor c, y, z ex- 
plicitly. Thereare, then, r+s+1 absolute reciprocants of this series, 
which involve the r+s+1 elements a,,,, Orres Cr+s) ..., and lower, but 
no higher, derivatives of z with regard to æ and y. On the whole, 
there are consequently 2+3+...+m+1= 4 (m?-43m) reciprocants 
of the series involving no more than the 4(m’+3m) earliest 
derivatives, whatever m be; and the $(m’+3m) expressions of 
their reciprocance give exactly the requisite number of relations 
necessary for the determination of. p’, g, ai, bis Cis ... Am, Dms Cm oe 1n 
terms of p, q, Qy, bis Cis ... Amy Oms Cm .... Consequently, if there were 
another reciprocant, which could not be arrived at by composition of 
these, the expression of its reciprocance would give us the means of 
eliminating one set of derivatives entirely, and finding a relation in 
P, q, @ 0,0, ... only. But these derivatives are independent. There 
is, therefore, no absolute reciprocant which cannot be expressed as 
desired. | 

It is an interesting conclusion, that the number of independent 
absolute ternary reciprocants involving elements up to and including 
any order is exactly the greatest number which could have been 
thought possible. 


“6 , involves (r+s)™ differential coefficients of z 


14. It is worth while to exemplify results (50) by calculating the 
three independent reciprocants linear in the second derivatives a, [9 6. 
dl di di 
d’ didn’ dn dg?! 
attention has only been called to one, viz., the “orthogonal ” recipro- 
cant (29). 


There are, of course, three such, viz., but at present 


It is easily verified that 


d(é,n) AEE d(Zm) 
d(x,y) d(zy) d(e, y) 


are (w—w’)(p+q—1), (l—w*)(p+wq—w*), (w—1)(pt+w'q—w), 


respectively ; so that, omitting numerical factors, 


de Ta ly, dé. a bole Y 
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Hence, again omitting certain numerical factors, and remembering 


(6) that p+q—1 is a reciprocant of character zero and index 4, we 
have, without difficulty, as three reciprocants, 


(tari (p+ g—1) Se (paci "S 


dé dn’ 
(qtu) a,+ (p4- 9)? c, —2 (oss oua) A (52), 
(g)—4--1) a, - (p! —p--1) e — {2pq—p—q-1} b, ...... (53), 
(q+) a+ (pto) c, —2 (p w)(q Ho) b,............ (94). 


Each of the three is of index 1, and their characters are 1, 0, and 2 
respectively. From them, and from two independent reciprocants 
involving p and q only, all other reciprocants involving no deriva- 
tives beyond the second can be derived by combination ; for instance, 
(29) and (30). Or, adopting & reverse process, we may, from (53) and 
the numerator of (29), which are reciprocants of equal index and the 
same character, deduce what is probably the simplest ternary re- 
ciprocant linear in a,, 5,, c, ; VIZ., 


qa, ge— (p 4-1) b, ........ eee (55). 


Direct insertion of values from (26) here affords a verification. 


lo. The subject of orthogonal ternary reciprocants may be lightly 
touched upon. Orthogonal absolute reciprocants are such as remain 
unchanged by any transformation which in geometry of three dimen- 
sions expresses passage from one set of rectangular axes to another; 
and other reciprocants are orthogonal if they become orthogonal 
absolute reciprocants when made absolute by a power of (l-4-p!--q?) 
as factor. 

With the aid of geometrical knowledge, we have the means of 
writing down an infinite number of orthogonal reciprocants. By 
(35), if u, v, w, 9 be four absolute reciprocants, then 


d(u v) , d (w, 9) 
d(e, y) ^ d (o y) 


is another. Also, if u,v, w, be orthogonal, the determinant thus 
d (u, v) 
d (w, 9) 
expression introduces nothing depending on the particular rectangular 
axes. 

Now, in (29) and (30) we have two absolute reciprocants, which 
are made orthogonal upon a simple preparation indicated at the end 


generated is also orthogonal; for, written in the form , its 
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of $ 9. Take these, so prepared, for u and v. Moreover, in (25), which 
tells us that | | (1+pP°+P)} dedy 


has the property of an absolute reciprocant, we possess more than is 
stated. For, in the first place it is orthogònal, being an expression 
for the area of the surface given by the relation between z, y, z; and, 
in the second place, its element (1+ p* -- g?)! dz dy, i.e., the element of 
surface, is equal to the product of the elements of any two functions 
whose Jacobian is (1-Fp!--9g?)*. Now, that element is the product of 
the arc elements ds, ds’ of the lines of curvature through (e, y, z); 
and the expressions for these arcs s, s can have no special reference 
to the particular axes. We know, then, two absolute orthogonal 
reciprocants s, s, which it is easier to interpret than to write down, 
and whose Jacobian is (1--p'-F3?)*. Let us take these for w and $, 
whose Jacobian only is introduced above. We conclude that 


— 1 dum») 
(1p 4) š d (a, y) ecesoo ocooto 


eere (56), 


EC +g) a,—2pqb,+ (1-F p?) e, 
where u (i+p'+q)! E em O4 Ji 


2 
and Quels. sic (58) 


— (1 p gy *e9*6906606*:06009060098* 
is an orthogonal absolute reciprocant. 


Writing U for (56), we now deduce two other absolute orthogonal 


reciprocants, VEU NN ' d (U, v) 
(Lp tg) d(e, y) 
and l d (u, U). 


(Lp 2) d(e, y)’ 
and so, by repetition of the process, an infinite number. 


It is to be expected that all orthogonal reciprocants may be derived 
by composition from those here obtained. 


B. n-ary Reciprocants. 


16. Many results of the foregoing part of this paper may be 
generalized. A brief elucidation of several of these generalisations 
follows; but no confidence is expressed that the best form is yet 
given to them. 
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Suppose there to be n variables z£, Za £y ... &,, connected by a 
single relation. Call by the names p,, p,, ... Pa-ı the first partial deri- 
vatives of c, with regard to %, a... %-13; let pi, Pz ... Pa-1 denote 
those of 2,, with regard to Za £s ... t, &c. &c. By a, by cy ..., 
aj, bi, Ci, ..., 01, bY, cy’, ... will be meant, as before, the various second 
partial differential coefficients ; by letters, other than æ and p, with 
suffix 2, will be meant third partial differential coefficients ; and 
similarly for suffixes 3, 4, &c. Unaccented letters will throughout 
treat v,, singly accented e, doubly accented z, &c., as dependent 
variable; and the variables themselves will always be considered in 
the cyclical order of their suffixes. 


Def. 1.—An absolute n-ary reciprocant is such a function of the 
partial derivatives pj, Pas ... Pn- 04, Ois Cis ++- 03, Das Cas ..., Or Some of 
them (and it may be also of the variables themselves), as is equal, 
but for & constant factor to the same function of the derivatives 
Pi, D» Pa- Qis Dis Cis e, 03 05 Ca, ... (and of the variables each 
altered one stage in cyclical order in case of their explicit occurrence). 
The constant factor is always one of the n roots of p^—1 = 0. 


Def. 2.—More generally an n-ary reciprocant is such a function as 
becomes an absolute n-ary reciprocant upon multiplication or division 
by some power of (p, p; ... p« 1)". 


An absolute n-ary reciprocant, being unchanged in value, or only 
multiplied by a p, upon a cyclical substitution of the variables, is only 
again multiplied by that same p, upon a second such cyclical substi- 
tution; and so on for all such successive substitutions. Similarly, 
the corresponding fact may be stated for non-absolute n-ary re- 
ciprocants. 

Let Pi, Pa ps, ... Pn- 1 be the n roots of p^—1 =0. There are n 
distinct kinds of ternary reciprocants, their characters depending on 
the root introduced in each case in the expression of reciprocance. 
There is, of course, à special similarity between the different charac- 
ters in cases where n is a prime number, and in all cases those 
characters which correspond to primitive n" roots of unity form a 
specially compact group. 

The sources of n-ary reciprocants are the group of n linear func- 
tions of the variables themselves. 


Latet t... Hr = é = E Lu pen 


n-] 


V, +P 2, +p, 24+ vee +p Lr -1 = i = pši = p, &' =.. = a ad ... (99), 


n=l 


2 
€, T p4 2121 T psc T EE T 054-1241 


, 2 ” a %-lyin-)) 
= M = Pn-1Ẹn-1 = PnaiSn-1 Fe = Pn-16n -1 
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which may themselves, without causing confusion, be described as 
absolute reciprocants. One of them is of each character. By com- 
bination of these, or by immediate observation, all symmetric homo- 
geneous functions of 2,, 2, ... 2, have the property of reciprocance. 


17. The n equations connecting simultaneous infinitesimal varia- 
tions of the variables, viz., 


dz, = p, dx, + pda, t ... t p. idt, 3; 
de, = pida, t pida, - ...-- pides, 
| &c. &c. 


are identical. The first two lead to the equalities, 


-1 = B — Po = P= = SE 
Pa- —1 pi p Pn-2 
` 1/n 
each of which is equal to ( js 22) EEEE RTE i) 
ipa «+ Pn-ı 


numerically (—but see next article). 


Hence we conclude, as in $5, that all homogeneous symmetric 
functions of p, p, ps ... Pn- —1 are n-ary reciprocants, and (an 
equivalent fact) that there are » independent linear n-ary reciprocants, 


pit git Pst... +Hpn-1—1 

PitPrPrtPyPst ee cp Pri ene (OL), 

Pit Pn-1 Pat pui +> pu Paci Pn 
one of each of the different n characters. 


Hach of these linear reciprocants is of index D t.e., it is not abso- 
n 


lute, but is made so upon division by (p,p,...p,.1)". The sym- 
metric homogeneous function of the r'" degree 


Dic CD iy Docs Dui» esL) see pci ute oz (62) 

is of index = In particular, the reciprocant 
LP bs PubE a a E 
which is no doubt connected with interesting propositions best ex- 


pressed in the language of geometry of n dimensions, is of index Es 
n 
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From equations (60) we also, just as in § 6, draw the conclusion 
that the n — 1 linear expressions in logarithms 


log p,+ p, log py + pt log py t... pi log p,_1+p}~' log (—1) 
log p, + p: log p, + p? log p, +... +p3 log pa-1+p3 log (—1) 


log pı +Pn-1 log p,-- p, log pst... +0713 log Pa-1 p; log (—1) 


are absolute n-ary reciprocants, each of the character corresponding 
to the root occurring in its expression. 


18. There is a little difficulty as to the extraction of the n™ root in 
(60). It would almost appear that, for some reason imperfectly 
understood, that root should be extracted negatively when «is even, 
as is certainly the case when n = 2, and as is suggested by the follow- 
ing evaluation of the Jacobian of 2, Za ... v,., expressed in terms 
Of a, dy ss. Buy 


d (yy tas ~. Mul) — 
d (v, xg, se Bn) 


1, 0, wee. 0 
0, l, ..... 0 
0, 0, ...... 1 


(—1)*""( ipi se ey usse (88), 
Pi Ps Pn- 


the root being extracted with the same sign character as in (60). 
Now the cases of n = 2 and n = 3 certainly indicate that this sign 
character when multiplied by (—1)"-! should be positive unity. 


However this be, we can draw from the undoubted part of our 
present conclusion the fact that 


i e (pps vee pu!" da da, des ues (00) 


has the property of an absolute reciprocant, the only question being 
whether it is always of character corresponding to the root unity, or 
of that corresponding to minus unity when n is even and greater 
than 2. i 

VOL, XVII.—NoO. 265. 0 
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Hence, also, & being an n-ary reciprocant of index E ; 
n 


i we R da, da, ... da, 


has the property of an absolute reciprocant. 


19. Proceeding now to the subject of the eduction of »-ary recipro- 
cants from others, we can see that, if uy, ws, ... Un- be any n —1 abso- 
lute n-ary reciprocants, the Jacobian 


J p= d (u, Ugs "T Un-1) 
d (Lis Bay ses Znal) 


. . . 1 
is an n-ary reciprocant of index = 


Proceeding, as in § 11, we obtain, supposing u to be of character 
corresponding to the root of unity p, 


du du 
de, P Te, 
du |. du’ du 
de, — E TPs x] 
du _ f dw A E Of ); 
de, "de, P de, 
du _ dul, d 
de, ' de, ^U de) 


Hence, denoting by Hp the product of the roots of unity which deter- 
mine the characters of Ui, Us, ... Un- we Obtain, upon insertion in J, 


J = Ilp {(—1)" p,J’+a sum of determinants with two rows identical} 


= (2 Pa en Pn es 
p 7 ’ 
Pi ps +++ Paar 


subject to the reservation, as to the particular n™ root intended, 
alluded to above. | 


Now Ilp is a root of o^—1 — 0. Call it p, then 
J J' " J" 


qM c p Y. a — ia P T————À—Ás7ce 
(Py Ps «++ Pa-1)” (pigs +++ Dao)” (pi pr Pa) 
EPRA (09); 


i.e., J is an nary reciprocant, as stated. 
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If we apply this proposition, taking for 1, Us, ... Up- the n—1 
linear logarithmic absolute reciprocants (64), we obtain readily that 


2 
Gy by Cy | X > P a - 
1 8 
b, Cy dy oes d 
Ps P 
, d, vee a Roa ee 
ey qm 
l & h. 
Pı P Ps 


is an n-ary reciprocant of index =, It follows that the Hessian 


Q4, b, Cy, eee | eee@eee —— Á— — (ng 
Dig Cis Xy ase 
Cy, dy €... 

is one of index HL This is the earliest instance of a pure n-ary 


reciprocant. 


Another Jacobian theorem, a generalisation of (22), is that since, 
as it is easy to verify, 


d (py Po «Pa — Pr Py Pea 


, 


d (Py Pye Poy) PP, Paa 
the Jacobian of 4, —1 absolute n-ary reciprocants, involving p; Pa ... Pn-1 


only, with regard to p,, Pa ... p,.1, 18 itself a reciprocant of index —1. 


20. Again, as in $ 18, we have the general theorem, that 
Uy, Ma, Mg, vee Un-1y Uns 
being n independent absolute n-ary reciprocants, any such derivative 


gritrat...ttn-1 Un 


as dup df .. durs suave yaaa ER 10) 

is an n-ary reciprocant, also absolute, and of character determined by 

the factor p ppi pr"... p, 

Such absolute reciprocants are p" be calculated by aid of the 
Oo 
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Hence, also, & being an n-ary reciprocant of index l , 
n 


(if ^. R da, dx, ... dn 


has the property of an absolute reciprocant. 


19. Proceeding now to the subject of the eduction of n-ary recipro- 
cants from others, we can see that, if wu, Up ... w,.; be any n —1 abso- 
lute n-ary reciprocants, the Jacobian 


Ta d (Uy, tgs ... Un) 
d (2,, Ley vos nal) 


i . 1 
is an n-ary reciprocant of index P 


Proceeding, as in § 11, we obtain, supposing u to be of character 
corresponding to the root of unity p, 


du py, 
de, "Paz, 

de, (de, ? da, 

du _ (w4 al E OC): 
de, "ide, ^ dz, 

du _ dw dw 

dat, 1 7 i do, Po da, j 


Hence, denoting by Ip the product of the roots of unity which deter- 
mine the characters of w, Us, ... Un- we obtain, upon insertion in J, 


J = Ip ((—1)" p,J’+a sum of determinants with two rows identical} 
= Ilp (Bx e —— 7 ) 


Pi Pa «Pul 
subject to the reservation, as to the particular w" root intended, 
alluded to above. 


Now IIp is a root of o^—1 — 0. Callit p', then 
J _ J’ J 


= f coer , => E ZEE 7 "LETT 
bee Pe) 5 (pipes Pa)” (pr By os Poa)” 
vesci OO); 


1.0., J 18 an n-ary reciprocant, as stated. 
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If we apply this proposition, taking for w, Ua ... 4,., the n—1 
linear logarithmic absolute reciprocants (64), we obtain readily that 
Ps Ps 


Pa PS 


y, b, 06, ... | X ES 
Pr 
i 
Pi Ps Ps” v 
i 
n 


b, Cy, d, ... 
Cy, d, Cy ... 


3 


Ps Pa 


Ps Ps’ ih 


is an n-ary reciprocant of index I It follows that the Hessian 


Ar bis C15 eee |] je@@e0e0e8 E Co) 
DiC es 


€ d, €i, eee 


is one of index VEL This is the earliest instance of a pure n-ary 
reciprocant. 


Another Jacobian theorem, a generalisation of (22), is that since, 
as it is easy to verify, 


d (pv Do tee p n-1) — Pr 9 *** Pn—l 


, 3 


d (Pi Pp e Pha) PiP, e Phy 


the Jacobian of n— 1 absolute n-ary reciprocants, involving p, ps, ... Pn-1 
only, with regard to p,, Pa ... p,.1, 18 itself a reciprocant of index —1. 


20. Again, as in $ 13, we have the general theorem, that 
Urs Ugy Mg, oes Un-ty Uns 
being n independent absolute n-ary reciprocants, any such derivative 


gritrat...+tn—-1 Un 


as RNE GEE EE TE T (70) 


du^ dw? ... du™™=! 
1 573 n-1 


is an n-ary reciprocant, also absolute, and of character determined by 


735-1 
n-1 ' 


the factor p,p-" p>" ... 


Such absolute reciprocants are to be calculated by aid of the 
o 2 
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Hence, also, & being an n-ary reciprocant of index i ; 
n 


i ^. Fi da, de, ... da, 


has the property of an absolute reciprocant. 


19. Proceeding now to the subject of the eduction of n-ary recipro- 
cants from others, we can see that, if ui, us, ... »,.1 be any n—1 abso- 
lute n-ary reciprocants, the Jacobian 


J = d (uj, Moy $a s Un-1) 
d (vi; Vay vee V. 21) 


e. Ld . 1 
is an n-ary reciprocant of index x 


Proceeding, as in § 11, we obtain, supposing u to be of character 
corresponding to the root of unity p, 


du dw 
da ppi dæ, 
du du du 
às" ^ Lis, TP, | 
du _ f dw a E E COL): 
de, ` ldr Ps Tn, 
crie 
de, ide, a "da, 


Hence, denoting by IIp the product of the roots of unity which deter- 
mine the characters of Ui, Ug, ... Un- we obtain, upon insertion in J, 


J = Ilp ((—1)" p,J’+a sum of determinants with two rows identical] 
l/n 
= Ilp (B Pe — ) J’, 
Pı P2 +++ Pra 


subject to the reservation, as to the particular n root intended, 
alluded to above. : 


Now Ilp is a root of o^—1 — 0. Call it p', then 


J -— J' =o J” E 
( Pi Pa ++» Pa 3)!" (pipa. pa-) " (pipi pa) 
ees eovece (68), 


t.e, J 18 an n-ary reciprocant, as stated. 
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If we apply this proposition, taking for 1, w, ... 4, ; the n—1 
linear logarithmic absolute reciprocants (64), we obtain readily that 


3 9 9 [EJ 


Ps Ps 


2 

Qai; bi, € «ee | X 1l. fi, ce ae 
Pi Po Ps 
b, € d, "c. 1 ; 
p p 

i ý ĉis u p’ Pu. ru eve 
l & f 

n 


is an n-ary reciprocant of index A It follows that the Hessian 


Q4, b, €; eee oeF eee O89 Gone OOR SOCKS CSKH eRe eegene (69) 
Du Chis as 
Cy, dy 6p ... 


is one of index HL This is the earliest instance of a pure n-ary 


reciprocant. 


Another Jacobian theorem, a generalisation of (22), is that since, 
as it is easy to verify, 


d (pu pp i Pa) Pigs e Pai 


d (Pi Pp e P2) PiP e Pray 
the Jacobian of n— 1 absolute n-ary reciprocants, involving Py Pa ... pui 
only, with regard to p,, Pa ... Pn- 18 itself a reciprocant of index —1. 


20. Again, as in § 13, we have the general theorem, that 
Vy Ugy Ugy oee Un-1y Uny 
being n independent absolute n-ary reciprocants, any such derivative 


dritfat trn, 


as E E E P (70) 


r Tn- 
du^ dw? ... dw 
is an n-ary reciprocant, also absolute, and of character determined by 


—Tn-1 
^-1 


, the factor p, pr prs... 


Such absolute reciprocants are to be calculated by aid of the 
o 2 
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Hence, also, & being an n-ary reciprocant of index i : 
n 


i ^. LEAL, das, ... da, 


has the property of an absolute reciprocant. 


19. Proceeding now to the subject of the eduction of n-ary recipro- 
cants from others, we can see that, if un Ug ... &,., be any n —1 abso- 
lute n-ary reciprocants, the Jacobian 


gu d (ty, Ugs ... Uni) 
d (à, Loy osr Bnat) 


. . . 1 
is an n-ary reciprocant of index E 


Proceeding, as in § 11, we obtain, supposing u to be of character 
corresponding to the root of unity p, 


du d 
da, PP: de, 
da e da m dx, 
du _ H du | T ieu Od): 
de, — ý dz, Ps da, 
du __ dw dw 
dat, i 7 | de, Dn da, j 


Hence, denoting by IIp the product of the roots of unity which deter- 
mine the characters of Ui, Ug, ... Un- we obtain, upon insertion in J, 


J = Ip ((—1)" p,J'--à sum of determinants with two rows identical } 


lin 
= Hp (Bc Po JP ) J 
Pi Pe «++ Pn-1 


subject to the reservation, as to the particular nè root intended, 
alluded to above. 


Now Ilp is a root of p^—1 2 0. Call it p', then 


J a p J' -— p^ DJ 00 = 
(Pi Ps 2221)" (pipi «+. Pao)” (pipa pai)" 


" . h vidit 05); 
t.e, J is an n-ary reciprocant, as stated. 


1886.] Ternary and n-ary Heciprocanis. 195 


If we apply this proposition, taking for u, wa... Un- the n—1 
linear logarithmic absolute reciprocants (64), we obtain readily that 


2 

dy by 0 | X > n, > P 
1 9 8 
bo Oy dy | |^ : 

Po 

€, yy Cry ... —, ~~, -, ... 
Priser Me Dp,” Pp» Ps 
l1 m P 

n 


Ps” Ps” 


is an n-ary reciprocant of index =, It follows that the Hessian 


Q4, b,, Ci, eee : €969*9*900060802»oe6«090«200008€0909299* 099€ (69) 
b, Cy, dy ... 
€, dy ey, ... 

is one of index VEL This is the earliest instance of a pure n-ary 


reciprocant. 


Another Jacobian theorem, a generalisation of (22), is that since, 
as it is easy to verify, 


d (pr Po poe Pn-) — Pı 2e’ Pan- 


A (Py Py P.) Pi Pa Ppa 
the Jacobian of n—1 absolute n-ary reciprocants, involving 5, Pa ... Pn-1 
only, with regard to p,, p, ... p,.1, 18 itself a reciprocant of index —1. 


20. Again, as in $ 18, we have the general theorem, that 
Uy) Va; Us, one Un-1y Uny 
being n independent absolute n-ary reciprocants, any such derivative 


d'i*fs on8- Un 


as Futons i oe = ee ee ——— L) 
du^ dur... du”? 
1 2 n-l 
is an n-ary reciprocant, also absolute, and of character determined by 


—Tr-1 
n-1 ' 


_ the factor p, pr 1 pr"... 


Such absolute reciprocants are to be calculated by aid of the 
o 2 
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Jacobian theorems 


EMILE -n Unt) 
du, d (Us Ug, tis, e Un-1) 


— d (9; Us, Ugy eee Un = 1) E d (4, Ug, Us, ec Un M 1) 
— € nn eee J P] 


————— ÁÓÁ—ÓMÓÓ—————— SE TT 
imm — 


du, Ah (yy Za 9. ... 94.1) — d (2j Zy Bgy o Bni)’ 


Finally, as in $14, it may be seen that the whole subject of n-ary 
reciprocants is in reality enshrined in the n linear sets of reciprocan- 
tive identities (59) ; and that the number of independent n-ary re- 
ciprocants involving partial differential coefficients not higher than 
the m, and free from the variables explicitly, is exactly the number 
of those differential coefficients, that is to say, 


(mtn—1)t 1 
mi(n—l)! ` 


Thursday, April 8th, 1886. 
J. W. L. GLAISHER, Esq., F.R.S., President, in the Chair. 


The following communications were made :— 


On the Number of linearly independent Invariants (or Semin- 
variants), Reciprocants, or in general of Integrals of any 
assigned type of a homogeneous and isobaric linear Partial 
Differential Equation: Prof. Sylvester, F. R.S. 

On some Results connected with the Theory of Reciprocants: 
C. Leudesdorf, M.A. 


The President (Mr. Walker, F.R.S., Vice-President, in the Chair) 
gave an account of the work he has been for some time engaged upon 
in connection with Elliptic Functions, the special points he drew atten- 
tion to being the use of the twelve Elliptic Functions and of twelve 
Zeta and twelve Theta Functions. The two latter systems of 
functions depend upon the quantities E, G, I, where G = E—K'K, and 
I= E-K. 

Mr. Kempe, F.R.S., next communicated a Note on an Extension of 
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ordinary Algebra, differing from the latter in the substitution of three 
arbitrary quantities z, 7, and u for the quantities 0, 1, and œ. 

Mr. Tucker read a Note, A Theorem in Conics, by the Rev. T. C. 
Simmons, M.A. 


The following presents were received :— 

** Proceedings of the Royal Society," Vol. xxxix., No. 241. 

* Proceedings of the Cambridge Philosophical Society," Vol. v., Part 5, 
Mich. 1885. 

* Mathematical Questions, with their Solutions, from the ‘ Educational Times,’ ?* 
Vol. xuv. 

** Educational Times," April, 1886. 

** Proceedings of the Canadian Institute," Third Series, Vol. m1., Fasc. No. 3; 
Toronto, 1886. 

* Jahrbuch über die Fortschritte der Mathematik,’’ xv., 2, Jahrgang 1883. 

“ Bulletin des Sciences Mathématiques," T. x., March and April, 1886. 

** Bulletin de la Société Mathématique de France," T. x1v., No. 1. 

‘¢ Beiblatter zu den Annalen der Physik und Chemie,’’ B. x., St. 3, 1886. 

“Catalogue de la Bibliothèque de l'Ecole Polytechnique," 8vo; Paris, 1881. 

** Atti della R. Accademia dei Lincei—Rendiconti," Vol. ir, F. 4, 5, 6, Feb., 
March, 1886. E 

** Atti del R. Istituto Veneto," T. 11., Ser. v., Disp. 3 to 10; T. 11., Ser. vi., 
Disp. 1 to 9; 1883—85. 

* Memorie del R. Istituto Veneto," Vol, xxir, Parts 1. and 11.; di Scienze, 
Lettere, ed Arti, 1884—86. 


On some Results connected with the Theory of Reciprocants. 


By C. Levpesporr, M.A. 


[Read April 8th, 1886.] 


1. Let x and y be two variables connected by any relation, and let 
Yi, Ya ... denote the successive differential coefficients of y with re- 
spect to 2, and 2, %a ... those of æ with respect to y. Then 


v =l = Yis 
v, = — Y; ut 
2, = — ys t 9y; Ty 


2, = — yy, t 109 yy 15y, + y, , 


b 
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and so on. If the numerators on the right be denoted by F, F, ..., 
we notice the following properties of Y, :— 

It is homogeneous, and every term of it is of degree n— 1. 

It is isobaric, and every term of it is of weight 2(n—1) (if the 
weight of y, be taken to be 7). 

It only involves y, once, in the term —y*^*y,. 

The denominator corresponding to it is y^^. 


2. Let R (y, yy ...) be a reciprocant every term of which is of 
degree i and weight w, and which is equal to qy? E (2, & ...), where 

=+1. Then evidently q is +1 or —1 according as the number of 
factors in that term of E which contains the highest power of y, is 
(neglecting the power of y,) even or odd. For 


Yı = + A 
Tı 
but y; =- 5, ym — +... 
vı vı 
and in general Y, =— Z+ ieee 


1 


If E does not contain y, then evidently q = (—1)*. 


Again, À must be equal to the sum of the degree (4) and the weight 
(w) of R. For, if we write ky for y (where k is a constant), y^ be- 
comes k"y", but z” becomes k^""?^; thus every term of E (y, Yn ...) 
wil be multiplied by k' and every term of R (z, £} ...) will be 
multiplied by k^"; therefore | 


KR (yi y» — = qkyrk-” R (2, Voy ise); 


so that k’ = 1^7", which shows that A = w+7. More generally, it is 
seen that any homogeneous and isobaric function F (y, y, ...) of 
degree i and weight w will, if transformed by means of the formule 
reciprocal to those in §1, become a homogeneous and isobaric func- 
tion y? *' 6 (m, as, ...) of %, a, .... 


3. Let now F be any function of y,, Ya ... ; it can of course be ex- 
pressed in terms of 2,, 2,, ...; let it become zj^6 (xi, 2, ...) when so 
expressed. If we write 2— 90 (where 0 is an infinitesimal) in place 
of z, and leave y unaltered, the change in 9 will be 


d , 
E (zi>); 
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for the change makes z, into 2, — 0, and Za, Zy, ... are unaffected by it. 
Let us examine the effect of the change upon F. 
We have òy = 0, æ= — 40, and therefore, writing w = óy —y, ¢x 

= yy 9, 

oy, = w” —yy, 0 = y; 0, 

ày, = w —yy,0 = 3y, 4,9, 

ey, = w” — yy, 0 = (4y ys t 97) 0, 
and so on. Therefore 
dF 
dy, 


dE 
dys 


- ey dF 
oF = — 
dy, 


= | 7/ d d | 2 d ] 
NES E dy, dy, + Ce 99) du ooe F0 


òy, + y, + Óóy, t ... 


gue [a 2 d 9 d | d ] 0 
=| gy ^ ( hay tees )*Y F9, 
where V is the well-known operator 
id M 
3y; dy, 109s a ai, 


the coefficient of —“— in V being 


d, 
d" (y 
TO) — yy, a (m T 1) YY ms 
that 18, C, 3 m- l + C Ys Ym-2 Fa + êi Ym- Ya 


c, denoting the number of combinations of m things taken r together. 
Equating the changes in F and 6, there results 


dF 
y 


7 à (02;*) 
dy, : 3 


vı 


d d 
2y,7— 3j, +...) F- VF = 
( Yı dy, Yo dys 
In the case where F is homogeneous and isobaric, this last equation 
can be simplified. For, if F be of degree t and weight w, then, by 
Euler's theorem and the isobaric theorem, 


d d : 
(n dy, ^ Lu ij F = iF, 


d d 
n T ane eee F = F, 
(v dy, + 72 m w 
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so that the equation reduces in this case to 
dF : d : 
dy (w+) g,F-VF = gy (027), 


or, since A = w--: (§ 2), to 


24F pe yor d® 9 
Yi dy, y. =y da, ue | ). 
If F is a pure function, i.e., one which does not contain y;, then 
T. 
F=- E T ere A AAA 9 
dmm: ge (3) 


a result in which is included the well-known proposition that if F is 


a pure reciprocant VF = 0. 


4. The following preliminary proposition will be required in § 5. 

Let F (3, ys, ...) be a rational homogeneous isobaric function, of 
degree 4 and weight w, of the differential coefficients of y with respect 
to x (excluding the first). If y. (**? F is such that it is unchanged by 
the substitution of z—30 for æ (where 0 is an infinitesimal), y re- 
maining unaltered, then F must be a pure reciprocant. 


To prove this, let the substitutions 


(1) 225 X—Y (2 X= X’ (3) X = £—» 
y=Y | I= mu Y -m | 


be made successively in y; "*? F. Since, by hypothesis, this function 
is unchanged when z—9g0, y are written for x, y respectively, it 
follows that any number of such infinitesimal changes made 
successively in z will have no effect on the function, and therefore 
that we may write z—y for z and y for y without altering it. There- 


fore y; 1 PF(y, Yay oe) SS Yr"  FCY, Y, vee) ana 
where Y, denotes 26 


Now let the second substitution be made in the right-hand member 
of (4). We have | 


dY _; ay’. 
dX "m dX? 

9 ? 

but Y dY 


Cry 


dx dx? 
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and so in general Y, = Y, except when r = 1. Accordingly 


Yi “+À F (Yy Ya.) = A +Y) """ F (Yn, Y, ...) 


7 -(w 6 , ? Yi ids 
= Yi) P (Y, Y; D iem (5). 


Now let the third substitution be made in the right-hand member 
of (5); it will evidently become 


9, 7*9 F (gy, my, oo) ar! 


a), 
( where n, denotes qe)? 


that is, F (ng, ns ...) simply. 
But now H = X—yz X —(X- Y?) = — N, 
y=Y =X+Y = 4 


so that the effect of the train of three substitutions is to change z 
into —y, and y into gz. And; since n, = — 23, ns = — aS, &c., therefore 
F (ny ...) is equal to(—1)! F (z,,2,,...). It has therefore been shown 


that y; **9 F (Ya yg ...) = (71)! F (a as, ...) 5 


i.e. F is a pure reciprocant. 


9. The results of the preceding articles may now be made use of to 
prove the converse of the proposition mentioned at the end of $3; 
viz., that if F is a rational integral homogeneous isobaric function of 
Yo, Jg ..., then, if VF = 0, F must be a pure reciprocant. 

Let x be changed into æ —390, as in $3; then, as already seen, F is 
changed to F+òF, where 


P 1 E + eta) F+ VF 6 = (w+ i) F6, 


yi 
the other terms vanishing by hypothesis. Since dy, = y?0, this can 
be written ò {yt F} = 0,* 


which shows (§ 4) that F is a pure reciprocant. 


* This result may also be seen from equation (3) of $3, which shows that, if 
F (Y2, a, -..) be transformed by substituting for y;, ys, ... their values in terms of 
Zi Zo 43, ..., and become zj "'"(z, 2, 23,...), then, when VF — 0, also 
a 0; that is, @ does not involve z,. Accordingly : 

l l 

d (yp (0*9 F} = 86 (25, ry, ...) = 0. 
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6. Let F now stand again for any function of y,, y,, ... ; and let an 
infinitesimal orthogonal change be given to z and y; 7.e., let x become 
æ—yð and y become y +0, where 0 is infinitesimal. Then proceeding 
as in § 3 to find the change in F, we have 


w = dy—y, 9x = (zt yy) 0, 


therefore | dy, = (1491) 6, 
and ôy» dys, &c. have the same values as — in $3. Thus 

r= faty) Tn (87.5 Fg +...) +F} — (6). 
In the case, then, where F is an absolute di reciprocant O, 

d dO 
a-y) C atn (2 +805 un .) +VO=0 .... (7), 
Yı 

or, say, U.0z0. 


If O be an orthogonal reciprocant, but no longer an absolute one, then 
we can make it into an absolute one by dividing it by a suitable 
power of y,; if this power be the k", then 


UO sS E ise oen at e. 
For U (0y;*) = y; U0—ky 903,07! 
= y;*UO— 8l, y;*O 
= y;* (U0—3ky,0) isse (9). 


7. If F is a function of yi, Ya ... such that 
UF — py, F, 


where u is some constant, then F must be a reciprocant, and an 
orthogonal one; such, moreover, that y; ^F is an absolute orthogonal 
reciprocant. 

This proposition, the converse of that given in equation (7) of $ 6, 
is easily proved. For, if 2— 309, y -- «0 be written for z and y, as in 
§ 6, the change made in y; ^ F 


= U(y;*F) by (7) 
= y; "(UF—uy,F) by (9) 
= 0, 


by hypothesis. 


Therefore y; !^P is not altered by an infinitesimal T change 
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given to z and y ; and therefore is not altered by any number of such 
changes made successively; that is to say, by any orthogonal change 
in the variables. In other words, it is an absolute orthogonal re- 
ciprocant. 


8. Let E (yj, yy, ...) be any reciprocant; let it be made absolute by 
division by a suitable power of y, say the k™. Thus, 


y; E (Yrs Yor «++) = 2-"R (2i 2, ...); 
so that, by equation (1) of § : 


2d — | -kP)\ — d -k 
Et y (20 7- 3j, = us J- -V j OPR) =t 7 CPP). 


But having regard to the value of U(y-*E), as given in (7) of $ 6, 
this may be written 


d -k = d -k 
ae?) G;*) = i GB) 


-x 0E dE vh dh 


so that U (y,^R) = =y; du "boe 
1 


This last equation shows that, if R is an orthogonal reciprocant, 
dk 
dy 1 d R. 

such that — is also a reciprocant, then R must be an orthogonal one. 


must be a reciprocant ; and that, conversely, if Ris a reciprocant 


1 
These are of course well-known results, due to Professor Sylvester. 


9. In $3, let F stand for y- "^? Y, (Y, was defined in $1); then 
® = v, thus “eee (1) of § 3 will give 


T d -(2n-1)] — 
| —y s dy, d iy, (2 9 dy, T3 5— 7 eus) +7] [Y,y; ]=0, 


d d d | — (94 — 
o {y otn (2nd tBu to) +T} Y, = C-D Y, 
dy, 


-yi Tm — + (n—1+2n—2) y, Y,+ VY, = (2n —1) AY, 


or 


[since Y, is of degree n — 1 and weight 2 (n—1) ], 


which reduces to 


y - —(n—2) y, Ya— spy v0 etus (10). 
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10. The equation (10) may be put into a very simple form in the 
following manner. But at this point it is convenient to abandon the 
notation used so far, and to take the usual one; I write, then, £ in 
place of y, and a, b, c, ... in place of y, ys Yp .... This done, (10) 


pir 


takes the form —(n—2)tY,—VY, =Q ................. (11). 


Let Y, be written in the form 
A, +t" gA T 0719 A, sats Tq"*4, : 


where A), A,, ... are pure functions (t.e, they do not involve ¢), and 
q=1 is a quantity put in to make the expression homogeneous. 
Then, since Y, is homogeneous and of degree 1 —2, if considered as a 
quantic in ¢ and q, 


dY, , dY, 7, 
P t4 2 9 2) Y,, 
po 


therefore 


d Y, SÒ 
q 


—(n—2) tY, + tq — 7 
subtracting which from (11) (in which the VY, must be multiplied 


by q to make the equation homogeneous), we see that the latter takes 
the very simple form 


E dY, 
VY,2—t aa i TIT ON (12). 
The effect of the operator U on Y, may also be noticed; we have 
U.Y,— (1—£) E (uc PY. L^ +(2n—1) tY,... (13), 


substituting for VY, from (11). 


11. It is clear that by means of the Y functions any number of re- 
ciprocants can be formed. For, if we take any homogeneous and 
isobaric function of Y,, Y,, Y,, ... and add to (or subtract from) it 
the same function of Ym, Yn, Yp ... multiplied by any power of y, or t, 
we have an expression which does not change in value when y and g 
are written one for the other; t.e., a reciprocant. But there will be 
& change in sign in those expressions which are obtained by subtrac- 
tion; those obtained by addition will be unaltered even in sign when 
z and y are interchanged. That is to say, the addition method will 
give reciprocants of positive character, and the subtraction method 
reciprocants of negative character. 

The simplest set of reciprocants which can be formed in this way 
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are obtained by adding y, multiplied by any power of y, to Y,, and 
by subtracting thesame expressions. If X, denote the same function 
Of x, £a ... that Y, is of y,, ys, ..., we have 
X, 1 iz 
E yyt Yn = Ea zx Hea ! 


1 
-— EE {EX +2,2%} 
= + ym f ae X, 1 
If, then, y,? be added to (subtracted from) Y,, the result is a re- 


ciprocant of positive (negative) character, and of index 2n+A—1. 
Writing down the Y's in the ordinary notation, 


Y, — 1, 
Y, = — a, 
Y, =- tb -- 3a, 


Y, = — #c+10tab— 15a’, 
Y, = — d +t (15ac-r 100?) —105ta*b + 105a%, 


it is seen at once that, e.g., —tb+ Y, is the Schwarzian, ?)c-- Y, is 5a 
times the Schwarzian,— te + Y, is 2t times the post-Schwarzian less the 
negative reciprocant lóa*, while —b+¢Y, and —c+ Y, are well-known 
orthogonal reciprocants, &c., &c. If be chosen so as to be equal to 
n—2, we derive the most important species of reciprocants belonging 
to this class, viz., the homogeneous ones. They form the series 


|. N, = — 2a, 
N, = — 2tb+3a’, 
N, = — 2t*c + 10tab — 1503, &c., 
all of negative character; and 
P, = 3a’, 
P, = 10tab —159?, 
P, = lac 41080? —105ta?b 4- 1050*, &c., 
all of positive character. 


N, and P, may with fitness be called the fundamental mixed homo- 
geneous reciprocants (of negative and positive character respectively) 
of order n. 
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12. The equations giving the values of the Y's in terms of y, y,, &c., 
may be written in the form 


y, = — Y, 
Jis = — Yt 3y, 
Y Y, = — Y,+a function of yy, and y,, 
yy, = — Y,+a function of y Ys yiys and ys, 
&c., &oc., 
and, generally, 
yn Yn = — Y, +a function of y, Yael yr "Yn -2; voy and 4, 
Accordingly, by successive substitutions, y'-’y, may be expressed as 
a function of Y, Y, ,... Y, It follows that any homogeneous 
isobaric function f of y, Ya ... y, can, by successive substitutions, be 
expressed as a function 9 of Y,, Y;, ... Y,, divided by some power of Y, ; 


and, since Y, = 1, such function can be made homogeneous and 
isobaric by suitably inserting various powers of Y, If 


f (Yrs Yar oe Yn) = y (Ys Ys 2X 


it is readily seen that A = w—26 where 1, w are the degree and 
weight of f, considering y, as of weight r. 
For any term y; y, y; ... in f will give rise (among others) to a term 
yy yb - DYE y vey? ae 
in ¢. But this is Yn y. Y; ... divided by y, raised to the power 


(ma+ nB +py ...) —2 (a+b+y+...), 
4.e., to the power w—ĉ2i. 


We may then write 


YE- f (Yas Yar e Yn) = $ (Yo Ya ooe Yp) ees (14). 


The expression on the left of (14) is such that its weight is double 
its degree (as is the case with the Y functions). For the weight is 
w —2i +w, that is, 2 (w—1); and the degree is w—2i +i, that is, w—1. 
Consequently 9 will satisfy the relations 


Dozy 29? y d$ | y, dé 
(w—1) 9 Yoy Ys ay,+ Y, iy,  ** EQ 


dp Be. s (16). 


. d 
2 (w—i) $= Yep +2¥, Ty 9Y T 
8 
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In particular, if f be a reciprocant R of degree i and weight w, then, 
as in $ 2, 
E (yo o e Yo) m y, E y y uus Tn) 
sey?" R(X yt, Y, x Y, y; 97») 
= cb yy UB (Y, Y, oe Y,), 
since any term in E such as y* y^... gives rise to a term 
Y* y; n-D- y* yr un TUE or Y* Y? T : 
mV} n 4] ove m ^ n4] ) 
therefore y" ^" E (yy ys «+» Yn) =£ E(Yy Y, ... Y.) 
Se YO BY Ve Yi (17), 


(since Y, = 1); t.e., the reciprocant on the left-hand side of (17), 
when expressed in terms of the Y's, takes exactly the same form, 
except for a possible change of sign. 

As an example, take the reciprocant y,y,—9y,y, of degree 2 and 
weight 9. We have 


iy. — 99s = — y" (v, 2, — S2 vs) 
= yy OP) (Y, Y,—5Y,Y,) 
— y. (XY, - 5Y,Y;) ; 
therefore YY 9 ys = — (Yi Y,—5 Y, Y,Y,), 


where each expression is of degree 3 and weight 2x3 in its 
coefficients. 

From what has been said above, it is clear that any homogeneous 
isobaric function of Y, Y, ... Y, (of degree ? and weight w’, taking 
Y, as of weight 7’) can be expressed as a function of y,, Ya ... y, of a 
similar kind. If this be done, the highest power of y, which will 
occur is the w’—27, For the highest power of y, which occurs in 
Y, is yp ; therefore the highest power of y, in Y,Y,.. will be the 
(ma rn 4...) —2 (a-F BF...) ; that is, the w— 2i. 


13. Referring back to S 10, let us write 
b = i A, £794, 4 079 4, + " +q"A,, 


Á» A,, &c. being homogeneous functions of y, ys, ... Ya, and not in- 
volving t or y, (A, is in fact —y,..); and g=1 being inserted to 
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make the expression homogeneous. Then it has been proved that 
eke E dY,.; 
VY uve = E 


But VY,,, = OVA HE GVA, +g VA T... 2"VA,, 


and — t a = P4, + 207194, 9079 A,-E ... ntg- An. 
Equating coefficients of the various powers of t, we have 
VA, =-A, 
VA, =— 24A, 
VA, m—94, Ge: arnoa Lo); 
VA,.1 = —nA, 
and, finally, VA, =0 


and we may write 


—1W-1. 
Yate = "A, — t'g VA + “5 Pg VA — "ES ( 1) tq" VA, 


[n-1 
where A, stands for —49,,,; or, symbolically, and replacing n+2 by n, 
M qu QU mE (LO): 


The Y functions are therefore of such a kind that, regarded as 
quantics (Ap An ... A, ft, q)", their coefficients satisfy relations (18) 
of a kind precisely analogous to those satisfied by covariants in the 
ordinary theory of the binary quantics—the operator V here replacing 
the operator aô, + 2b0,+38cd,+ &c. of the latter theory ; in fact they are 
quasi-covariants, so to speak. The term A, may be called the source of 
the quasi-covariant Y,,,; and, just as in Salmon's Higher Algebra, 
p. 127, it is seen that the source of the product of two quasi- 
covariants is equal to the product of their sources. 


The F's satisfy also the equation 


d Y, 
WE, — — —— 
dt 


This is & consequence of Y, being of degree n—1 and weight 
2 (n—1); for 


(n—1) F, = (tòt aà, +b -- cèt...) Fn, 
2 (n—1) E, = (tò + 2aà, +3bò -- 4có, +...) Xn, 
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therefore 0 = (—td,+66,+2c6,.+...) Ya, 
dY 
= mem ..(20). 
or WY, =t— di (20) 
This equation and (OW =- pu 
q 
are the analogues of the equations 
dP dF 
QF = = gE 
Y z OF T à 


satisfied by the covariants of a binary quantic. 


14. With the same notation as in $13, let f be any s al 
and isobaric function of A, 4,, ... A,. Then 


Vf (Ay Ay» 4) = a - VAS B Vou c -YA, 


d d d 
bc idi sis, +n, T diu bos (21). 


Now let Y,,, or (Ay, Bgesic Ae ot q)" be regarded as a purely 
algebraic form, a quantic in ¢, g of the n™ degree, of which A,, A,, &c. 
are the coefficients. Then the vanishing of the right-hand side of 
(21) is the condition that f should be a seminvariant of the quantic, 
in the sense of being unaltered if g be changed into g+X. For the 
expression within the brackets is precisely the second (O) of the two 
well-known operators (Salmon, Higher Algebra, S 65) written with 
non-binomial coefficients. The vanishing of the left-hand side of (21) is 
the necessary and sufficient condition that f should be a pure recipro- 
cant, It follows that, when f is a seminvariant of 


(A, An Y 4 q)” 


in the sense explained (and of course also when f is a full invariant 
of the quantic), then fis a pure reciprocant. And conversely, any 
pure reciprocant f is at least a seminvariant of the quantic in the 
sense explained. And evidently, if there be any number of quantics 
of the form (4, A, ... X t, q)” of various degrees (corresponding to 
various Y's), what has been said about invariants and g-seminvariants 
of one of them will hold good with regard to their joint: invariants 
and g-seminvariants. 

Any number of pure reciprocants can therefore be formed from the 
Y's by regarding any number of these as if they were a system of 
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covariants belonging to a binary quantic, and forming (in any of the 
ordinary ways known to the theory of binary forms) invariants and 
q-seminvariants of them. 

For example, the discriminant of Y, gives 3ac—5b’; the resultant 
of Y, and Y, gives 9a°d—45abc+ 406°; if Y, be written 


ai? + 30? +3ytq? 4- 94^, 
the q-seminvariant 3/96 — a0! — 23? gives 
9a*d — 45abc-- 400*, &c., &c. 


If in any of the Y’s the ¢ and q be replaced by ie and -£, an 


operator will be formed whose effect on any of the Y’s is to make it 
into a reciprocant; for example, 


a 


£) Y, = — 2at (Sac — 58), 


d g 

(o dq +3a 

and so on. And this last method is only a particular case of one (see 

Faà de Bruno, Formes Binaires, p. 251) by the application of which 

to any pair of Y's any number of reciprocants (“associated " quasi- 
covariants) can be generated. 


15. The following gives another method whereby pure reciprocants 
can be formed in any number from the Y functions, and is simpler of 
application than that of $14. The idea is an extension of that 
applied to binary quantics by Mr. Griffiths. Writing 


Y, = p" A, - p" gA tp" “Ast... 


where A, A,, &e. are still functions of a, b, c, &c., and do not involve 
t, but where p and q now stand for any quantities whatever which 
are functions of a, b, c, ..., let us see, following Mr. Griffiths’ method, 
whether p and q can be chosen so as to turn Y, into a reciprocant. 
We have 


VY; = p" *VA,+p"~*qV A, +p" "td VA, ... 

dY, dY, 

F Vp + d Yq 

— dY, dY, 

~ dp dg 
dY, d 


LY, Y, (n. 
EC Vp + r (Yq—p) ......... daa lap ed toe desi (ad): 


+ 


Vpt+ Vq—p" A, —2p"794,—3p"-*73 4, — &c. 
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But if Y; is to be a reciprocant, VY, must vanish; accordingly the 
right-hand side of (22) must vanish. It follows that, if quantities 
p, q can be found to satisfy the relation 


dY, dYa (Vq—p) = 


then these quantities will, if substituted for ¢, g in the expression for 
Y,, give rise to a reciprocant. We may then take p and q to satisfy 


either Ves. Vo HD osse oi ser rata e EE SONE (23), 
BN dY, _ ‘ 

or Vp = 0, T IE E TS (24), 
mE d 

or Vq =p, an Ds ene baie cunei d 9 ). 


Of these (23) are the most useful. For, since the equations (23) do 
not, like (24) and (25), involve Yj, it is clear that they will give 
values of p and q which, when substituted in any of the Y's, will give 
reciprocants ; and moreover, since V does not involve ô, these recipro- 
cants will all be pure ones. 

As a simple example of the application of (23), take p = 3a’, q = b; 
if then we put 3a? for t, and b for g, in the expressions for Y, Y, Y, 
&c., as given in $ 12, we get the series of pure reciprocants 


0, 3a (5D)—3ac), 3a*(—9a'd-F49abc —400), &c., &c. 


16. Proceeding exactly as in the last paragraph, only taking the 
orthogonal operator U instead of the operator V, 


(m An py p HT go +p" UA + p" qUA,- &c....... (26). 


"^ dp dq 
Now A, is of degree 1, and of weight n, 
A, | " 2, 3 n+l, 
A, » 3, 5 n+2, &c., 


therefore t (210, + 329, +...) operating on A), A,, A,, &c., gives the re- 
sults As (1) A,t(n+3), A,£ (w+), &e.; 
therefore UA, =t(n+1) 4, + V4, = t£ (n1) 4,—A,, 


UA, = t (n+3) A,+ VA, = t (n8) A,—24, 
P 2 
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and so on; thus the last part of the right-hand side of (26) is equal to 
t[ (nm +1) 4p"? + (n +8) A pg... ], 

— [A p7-- 24, p^ +... ], 


dY; dY 
that is, to ¢ [+ 1) Y,+(2n—4) Y;,—2 |- ear 
(2n— 4) Po d 


and therefore 
C 


Y 


dY uu. d 
e (Up 2p) T 


T * (Ug —p) -3 (n—1) tY;, ... (27). 


UY, = 


Now let p, q be chosen so as to satisfy any one of the equations 


P =0, Up= pt, 
at the same time that it satisfies any one of the two 
dY, — re 
rie 0, Ug=p; 
then will UY, —3(n—1)tY;, 


i.e., Y, will become an orthogonal reciprocant such that the factor 
y, ^-? will make it absolute. And, just as in § 15, we see that, if the 


two equations Upz2pl, Ug m Personene weve vere (28) 


be chosen, then any values of p and g which satisfy them will make 
all the Y's into orthogonal reciprocants. 

As a simple example, take p = 1-F? and q =t; then substitute 
1+# for ¢ and ¢ for q respectively in the expressions for Y, Y,, Y, 
&c., in § 11; we obtain the series of orthogonal reciprocants 


0; — M1 
0, = — (1+?) b-F3ta?, 
0, = — (14-89) c4-10 (1+#) tab —15?0, 


and so on; and these can be made into absolute orthogonals by 
dividing them by a, a’, a’, &c., respectively. 


17. The results of $ 18 are very convenient in the treatment of 
mixed homogeneous reciprocants. For instance, we may make use 
of them to prove and further extend the following theorems due to 
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Mr. Rogers, viz., that either of the operators 
d 
2 — om 
V, 2y; dy, V, 


acting on a mixed homogeneous reciprocant, generates another mixed 
homogeneous reciprocant. So far as I know, these theorems have 
not been rigorously proved before. 

Let E be any mixed homogeneous reciprocant of degree i and 
weight w; E the same made absolute by a proper power of y, ; so that 


E (yy Yay +) = yr "R (yis Yas =). 


TERES Pod 
Then VR =3 ay, VY, 
EET (dR i 
= SE EET Ta- nY, 
ENT 1 dE 3y dE | 
t y, dy, F Yı Y, TA ip FEXTEEIL (29), 


where the E' within the brackets on the right is 
Y, ^R (Y, Yp ...), 
and the double sign corresponds to that in (17). 
But now, writing R’ for ọ in (15) and (16), and subtracting the 
double of (15) from (16), 
_y yak 
' dY, d Y, 
substituting from this in (29), we have 
, ak aR’ i 
= quw y Oe. 
VR Yi E dy, + ! dY, 
where the + or the — sign is to be taken according as E is of nega- 
tive or positive character. 
Again, from (30), 


dR’, _o. 
+Y, Pau a 


Tm NM 13 31 
2y zm VE —345 3 + 57 (31), 
and, more generally, if k be any number whatever, 
C ae a DEI: 
(yi + yi) dy, VR = 4 UA dy, +Y, dY, 
— k=l aR y x2) 
= A 1 + Yi dy, l dy, (is ava (32), 


& result which includes both (30) and (31) as particular cases. 
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Now by an obvious extension of what has been said in $11, it is 
clear that, since the expressions within the brackets on the right of 
(90), (31), and (32) are symmetrical in the y's and the Y's, they will 
be reciprocants; and they will of course still be reciprocants when 
multiplied by y,. "Therefore the expressions on the left of (30), (31), 
(32) must all be reciprocants; and the first two of these will evi- 
dently be homogeneous. Now, 


V. E = Vy? R= y; "VR 5 


therefore, if R is a mixed homogeneous reciprocant, VR is also a mixed 
homogeneous reciprocant. To see that the operator 


ryt) d. 33 
LEY) Jy p na 


gives a reciprocant when it acts upon R (any homogeneous recipro- 
cant), and not only when it acts on R’, we notice that, by a simple 
application of (17), 


y: (342 Y — 5y) = Y; (8Y,Y,—5Y,); 
raising which to a suitable power, and dividing (17) by the result, we 


R (Yn Yy +++) R (Y, Y, ...) 
find IRAN U a uu cc quoquo Tnm 94 . 
(943,—9y2)'* (8X, Y,—5Y* (34) 


Now (32) is equally true if for R’ we substitute the expressions in 
(34) ; but if we do so, then, since the operator (33) can have no effect 
on the denominators, we arrive at an equation exactly like (82), but 
with E in place of R’. It is therefore proved that the operator (33), 
acting on a mixed homogeneous reciprocant, produces another re- 
ciprocant. In the particular cases (30) and (81), where k = 2, this 
reciprocant is homogeneous. 

Both Mr. Rogers and myself had already independently noticed that 


d 
? —— — 
(+y) "m V, 


operating on à mixed homogeneous reciprocant, produces another re- 
ciprocant ; but the complete theorem (32) is new, so far as I know. 
Taking the signs on the right of (80) and (31) along with those of 
(17), and with what has been said in § 11, it is seen that the operator 
of (80) changes the character of the reciprocant on which it acts; 
while that of (31) leaves the character unaltered. 
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18. I add various properties of the functions Y,, N,, P, :— 


(1) The sum of the numerical coefficients in the expression for Y, is 


(—1)"? (n—1)! 


This may be seen immediately by writing y = e* on the right-hand 
and e = log y on the left-hand side of the identity 


e, = Y ay 07D 
n n 1 * 
(2) Y,, Y,+; are connected by the equation 


Yna =y Ta — (2n— 1) pY, SERERE 5: 


This comes simply from differentiating the same identity, and substi- 
tuting for z,,, its equivalent Y,,, y7 *"*?. 


(89) Y,,, may be derived from Y, by the operator 


2n —1 d 9n—1 d 
(nn =] 9) dy, = (ts ac hh) 7 


4n —] d 
dr (wi nn) dy, + &e. 


This may be deduced from (35) by means of the equations, 
dY, d 
dY, .. &c. P, 
yı de Yı LP dy Nu. n c | 
d d 
n—1 Y, = Y z + — 4+ &c., 
( ) Yı dy, Ja dy, 


2 (n—1) Y, = n grtn gte 
1 2 


(4) N,, N,., are connected by the equation 


Nan = h S — (2n—1) y Na (0+1) yr ps sees (8). 


For, since Nn = Ynys" Yn 


aN, — 
dx 


—(n— 2) yi ys Jn — V, ns; 
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and Nua = Yna yt Yna ; 
substituting from which in (35), the result (36) follows. 


(5) Pa Pas, are connected by the equation 


dP 
Tau = Yı de 


*—(2n—1) ya Ps + (n+1) YT yay 
This 18 found in the same way as (36). 


19. The method of $3 can easily be extended to Mr. Elliott’s 
ternary, &c. reciprocants; but the results are somewhat complicated. 
2 
Let F be any function of z, i T. dedy &c., where c, y are inde- 
pendent variables, z a dependent variable. The effect on F of 
changing æ into «—6z, and y into y—¢z (where 0 and $4 are infini- 
tesimals), can be expressed without difficulty. If 


dz dz 
0; — — 
d PE = W, 


then (see, e.g., Todhunter, History of the Calculus of Variations) 


dz _ ds az dw 
SS chad 

da dat” dady T dw’ 
dz dz dz dw 
dy  dædy xii 4,11 dy ' 

and so on; writing (m, 1) to denote MM the general formula is 

we” dy | 
ò (m, n) = (m4 1, n) 0z 4- (m, n+1) oz mE : 
IF 

éF = X— 7 — 8 (m, n). 

and then 1 cu (m, n) 


Since the changes in z and y are quite arbitrary, and independent of 
one another, the parts of òF which involve 9 and $ respectively can 
be calculated independently. "We shall thus find. 


OF = 00,F'+ 96, F, 
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3163 1 (m1, n) S CT UID (z Z) } TE (37), 


= dF qt dz 
MP XT) f (m m1) e rr 355155] | (88). 


where ô F = 


If then F become, by transforming it so as to make z the dependent, 
de dx d 
dy’ dz’ dy” 
then, exactly as in §3, it is seen that the partial differential 


and y, z the independent variables, a function ® of C., 


coefficient of ® with respect to dz is equal to the expression on the 


right of (37). And, again, if F become by a similar transformation a 


function ¥ of dy — oe, Ty &c., then the differential coefficient of ¥ 
da 


with respect to E will be equal to the expression on the right of (38). 

If F be a reciprocant, it must then clearly satisfy two relations of a 
kind analogous to equation (1) of $ 3 ; and these can be written down 
without difficulty for the case of any special class of ternary recipro- 
cants. Similar reasoning applies to the case of n-ary reciprocants ; 
these will satisfy n +1 independent relations of this kind. 


20. Pure ternary reciprocants will then possess a pair of annihila- 
tors. Referring to § 3, it is seen that the process of calculating V for 
ordinary pure reciprocants may be arranged as follows :— 

w = yy0 

w (yy y) 
w” = (yyst3y y)? 
w” = (Yy, + 49195 T9y) 0 s 
w” = (yys+ 5y, | +10y:ys) 8, 


and so on ; and the part on the right of the vertical line gives 0 times V. 
In precisely the same manner the pair of annihilators for pure ternary 


reciprocants can be calculated. We have only to write down E, 
» 


and differentiate it any number of times for x or y, cutting off after 
ue or id What remains will 
dx dy 

give the annihilator corresponding to the change of x into z—0z. And 


differentiation all terms involving z, 


& similar process applied to z Z wil give the second annihilator, 
y 
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that corresponding to the change of y into y—gz. I have only had 
the courage to calculate a few terms of the z-annihilator; these I 
give below. The corresponding terms of the y-annihilator can be 
derived from them by symmetry. 


v =z Č = z (10), 
T = z (20) +(10)’, in z (11) 4- (10)(01) ; 
fe = z (30) +3 (10)(20), Ta = = z (12) +2 (11)(01) + (10)(02), 
PF = 21) +2 OVAL) € 000); 
oe = 3 (20) 4- 
i j; 7300894... 
Ag = (20)(02) +2 (11)*+ 
2 Hw — 3 (11)(02) +... 
He — 10 (20)(30) +... 
aa yy = 4 (011) G0) +6 (20) 2) +. 
ied (02)(80) +8 20) 12) 6 IDEN + 
iig = (20)(08) +3 (02) 21) +6 (11) 03)... 
a = 4 (11)(08) +6 (02) (12) +... 


and so on, the omitted part being in each case that involving 2 or 
(10) or (01). The annihilator will therefore be 


3 (20) —— c i559 000; (em itt ek {(20)(02) +2 (11)"} sap m 


+3 (02) (11) —S. +4 (20)(30) —L + &c. ; 


d zm d i8 
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d 


the coefficient of TTS being 
sa io] — terms in this which involve z, (10), or (01). 
z" y" 


In a similar manner, by following the method of $6, the pair of 
operators for “orthogonal” ternary reciprocants, analogous to the 
operator U of $6, might be worked out; the one by writing z— 20 for 
x and z-4-«0 for z simultaneously, and the second by writing y—zọ 
for y and z-Fy$ for z simultaneously. But the calculation would be 
very laborious. 


21. The method of § 11 is clearly applicable, mutatis mutandis, to 
ternary reciprocants. As an example, take one of the simplest cases, 
and let ai, bi, cj, ai, bi, c. be each expressed in terms of p, q, a,, bis c. 
(For the notation I refer to Mr. Elliott's paper, Proceedings, V ol. xvii., 
p.172.) It is found that 


—a, = q'a,—2pqb,  p'o, 


—b = pb,—qa, +p, 
—60 = M 
—a = c 
—b, = qb — pc, + e. 


—o = ga — 2pgb, + p'e, 
Then ai p? +a q? — a and cj p? -F ej q? — c each give the reciprocant 
(+g) a, —2pgb, + (14 p^) ci, 
while b; p! 4- bj/q? —b, gives the reciprocant 
(1 pt 9) bi —ga,— po. 


T hese two reciprocants correspond to those obtained by the addition 
method of $11. Others can be formed, involving the imaginary cube 
roots of unity, corresponding to those found by the subtraction 
method of $11. I have not pursued this method further; but it is 
evidently one which may be expected to yield good results, giving, as 
it does, the means of forming any number of ternary reciprocants. 
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Homographic and Circular Reciprocants. By L. J. Roaxzs, B.A. 


[Read March 11th, 1886.] 


CONTENTS OF PAPER. 


§ 1. Mixed Homogeneous Protomorphs and M-functions. 

§ 2. Pure Reciprocant Protomorphs and R-functions. 

$3. Orthogonal Protomorphs and $-functions. 

Effect of V on M- or $-functions. 

§ 4. Connection between Orthogonals and Mixed Homogeneous 
Reciprocants. 

$5. Homographic Reciprocants and their  Lineo-linear 
Annihilator. 

§ 6. Their Quadro-linear Annihilator. 

§ 7. Homographic Reciprocants are Infinite in Number. 

§ 8. Circular Reciprocants. 


In the following pages the following abbreviations will always be 
employed : 
dy dy d*y . 
t, a, b, c, ... denote dy E d$ cU respectively, 
n denotes the characteristic of a reciprocant, and i the degree, in 
cases where the reciprocant is homogeneous. 


As I shall have to refer to homogeneous and orthogonal recipro- 
cants, it will not be out of place to state first the manner in which 
successive educts in each system are formed. In every case these 
unreduced educts will be employed as the protomorphs of the corres- 
ponding system. We shall begin with the simplest forms, viz., the 
mixed homogeneous, and pass on to pure, and then orthogonal forms. 


§ 1. The formation of mixed homogeneous reciprocants has been 
explained by Prof. Sylvester in Mess. of Math., Sept., 1885. The 
simplest absolute reciprocant of the system is a/t, and the successive 
educts are formed by operating with o each operation giving a 


B dx’ 
new absolute reciprocant. 
Now, if we take such a function pu that 


(+) =% 


dæ) dæ’ 
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this operation is <, and, if we consider its effect on a reciprocant of 
m 


characteristic n, and omit the denominator i), it is equivalent to 
(à, — 1na, raising the characteristic 3. 


We write then 1. =t = — ina 


and define M,, M, ... by the following equations :— 


M,=a (n = 8) 
M, = tb — 30? (n = 6) 
2M, = 2t'c — 10tab 4- 9a? (n29)| "7 (1), 
4M, = 4d —30tac— 2080 +124ta*b—81lat (n = 12) 
&o., 
so that E» = M. 


In this system every M is negative in character; and therefore every 
reciprocant function of the M's must be either of an odd or an even 
degree in every term, though not necessarily homogeneous. 


Thus 2M,—9M, is a reciprocant (the post-Schwarzian), the degree 
being odd throughout, but M,+ M; is not; n is given by the equation 


n = 9216, --3a0, -- 450, 4- ..., 


and in an irreducible function of the M's, n = 3w, where w is the 
common weight of each term; but, if the M-function contain a factor 
t the characteristic of the remaining factor is 3w— 2v, since the 
characteristic of £ is 2. As we only concern ourselves with this re- 
maining factor, we shall write 


indie Co 


i = w—v 


§ 2. Pure Reciprocanis. 
Pure reciprocants are formed by the successive operation of 


a^i rs on any absolute pure reciprocant. 


If we take a function p such that 
(2#) = da 


222 Mr. L. J. Rogers on [March 11, 


this operation is z, and is equivalent to the operation of aà,— ~ b 
p 


3 


on a pure reciprocant of character n. Hence 
d 


— == aó,— DS b e6061992»930025922*69€ we CR 


dp 3 
omitting denominators as in § 1. 
Operating successively with E on the well-known pure reciprocant 


3ac—5b*, which we shall call 3R, we get the following system of 
pure educts, 


3E, = 3ac— 5b! (n=8) 
9R, = 9a!d —45abc + 400° (n=12)$ ...... (2), 
9R, = 9a! — 9a? (7bd + 5c*) + 255ab?c—1600* (n=16) 
&o., 
so that dB, = R, 
dp 


In this system any E with an even suffix is positive, and any with an 
odd suffix is negative in character. Any isobaric function of the Es is 
a reciprocant, and there is no restriction as in the case of mixed re- 
ciprocants. 

As in the homogeneous mixed system, we have 


| n = 9a, + 4b, 4- 5c0, 4- ..., 
and in an irreducible R-function n = 4w ; but, if a’ occur as a factor, 
n = 4w — 3v 
i = w—y | 
Any pure reciprocant is annihilated by V where 
V = 3a’, + 10abó, + (15ac 4- 100?) €, 4- ..., 
in which  10ab = ò, (30?) -- 4ab, 15ac -- 100? = 6, (10ab) + 5ac ; 
the next coefficient = ò, (15ac+ 100?) + 6ad, &c. 


§ 3. Orthogonal Reciprocants. 
In this system the generating operation is 


d d 
2 -4 v kad 
(1f) dæ ue ds’ 
ds\? _ 2 
where (2) =]+4+ëť. 
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Acting on the numerator of an absolute orthogonal, H is equivalent 
S 

to (1+?) 6,—nta, and raises the characteristic by 3. The simplest 

absolute orthogonal is a (1+¢*)-3, which we shall call $,, being A, 


where ¢ and s are intrinsic coordinates. Or rather, omitting denomi- 
nators, we have, for the system of orthogonal protomorphs, 


ġ =a (n=3) 
$, = (14-8) b—3a% (nz6)? oe (1), 
$s = (1+8) c—10abt (1+8) +3 (5—1) a (n=9) 

&c. 


Here also, as in mixed homogeneous reciprocants, every 9 is nega- 
tive in character, and the same remarks apply to $-functions as to 
M-functions. 

The characteristic of any ¢-function, containing (1+ ¢*)’ as a factor, 
is just the same as what we had in M-functions, 


n = ðw —2y, 
and t —w—y. 


The differential equation for determining n is more complicated 
than in the previous cases. We have, in fact, 


nt = (1+8) ò+ t (3a, -- 450, 4-560, t.) V onenn. (2), 
where V is the pure reciprocant annihilator. 


I have hitherto been obliged, for the sake of explaining my nota- 
tion, to dwell at some length on facts already known; but the chief 
difference of notation lies in the fact, that I have used as protomorphs 
in every system the unreduced educts of the first and simplest form. 
Unless this principle be adhered to, the M-, R-, and $-functions will 
not be isobaric, as is necessary that they should be. I have moreover 
always made the coefficient of the leading term in every protomorph 
in any system equal to unity. 

One point of difference must be noticed as regards the weights of 
the letters £, a, b, e ... in the M and E protomorphs. 

In making a = M, tb—3a’? = M, &c. we assume the weights of 
t, a, b, ... to be 0, 1, 2, ... respectively ; but, in writing ac— £5 = R, 
&c., we assume the weights of a, b, c, ... to be 0, 1, 2, ... respectively. 
This is done in order to make the characteristic of each protomorph 
in either system a constant numerical multiple of the weight. 
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As an example of the utility of these protomorphs, we can deduce 
some interesting properties of the operator V. 

It is easy to show that any M-function can be expressed in terms 
of t, M, M, Ra Rs, ... 

For, let F be such a function, and let it contain letters as far as f. 
Then, since M, and E, are linear in f, we see that M, is a function of 
t, a, b,c, d, e, fs. In the same way, M, and e are functions of f, a, b, 
c, d, R, In this way we may eliminate b, c, d, e, f from the M-func- 
tion and replace them by functions of Ry, Ry, Es, F4, M,. 


The operation of V, therefore, on F is 
Vt .à,-- VM, òu, + VM, Ou, + VR, ÒR +...) 
every term of which vanishes except the third, and 


— yy, 2E. = 3,4 dE. 
VF = VM, aug, = 9" or —— E63 


Now m will be a reciprocant, for, let F be expanded in powers 
2 


of M, viz., F= A+BM,+0M,+..., 
where A, B, C are reciprocants, then, if 


F be of characteristic n and character q, 


so will A 7 n oo q, 
B T n—6 » —1, 
C ji n—12 , q, 
&c. |. &c. 
Moreover, PP = B+20M,+3DM,+ m 


d M; 


every term of which is obviously of characteristic n—6, and charac- 
ter —4. 
Hence Sat oo or VF is a reciprocant of characteristic n+2 and 
2 
GBATRCUOP S acacia distin duni war IRI UP nine eb da EA cea ta an dt: 


The same reasoning applies to orthogonals, since all such can be 
expressed in terms of 1--£, pi, $4, Ro, E, &c. V therefore acting on 
an orthogonal yields another of opposite character, and of character- 
istic greater by 2 than the first. 
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Similarly, the operation 2720, — V is the same as 


dM, d d 
ò oct MINNS EE M. *7237) 
iir dt ‘dM, VM, dM, 
which is easily reduced to 
à d d 
200 +2M Tie or 2t (EM, air): 


If therefore V be expanded in forms of ¢ and M,, the operation 
d 
hb) p 


will only alter the value of the numerical coefficients in the expansion, 
t.e., it will give another reciprocant of the same kind. 

Hence 2/70, — V gives a new mixed homogeneous reciprocant, in- 
creasing the characteristic by 2, and not altering the character ...(5). 


Now, 1—?? is a negative reciprocant of characteristic 2, therefore 
2? (1+) 04,—(1-0) V 
and (1-2?) V 


both add 4 to n, and are positive operations, t.e., do not alter the 
character. 


Adding and dividing by ?), whose n is 4, we get the positive operator 
IFE) 6 — See rere rrr er es 0); 
which does not alter the character. 
Acting on ib —$29?, we thus get 


(1+#) b—3a’. 
Acting on tc—5ab, we get 


(14-8) c—10abi+ 15a’, 


The operator (6) seems to be analogous to the reciprocantive operator 
ò: for orthogonals ; for, operating on the last two obtained orthogonals, 
we come back to the reciprocants we started with. The same is 
easily found to be true generally, if we start with a mixed homo- 
geneous reciprocant which only contains ¢ to the first power. 

This analogy seems to foreshadow the results established in the 
next section. l 


S 4. Connection between Orthogonal and Mixed Homogeneous Re- 
ciprocants. 
VOL, XVII.—NO. 267. Q 
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Let ë, n be determined by the equations 
E=2+y1, n = y+ xt, 


dn dên 
and let 7, a, B represent db gg 
t+i 0. 142 


We have then T= lx 480 


2a da 2a 


a me oV I z 


(1+ti)? db (14+%)°*’ 


y. 


or LE M agi CH 
SO (1+ 3 (1.05 
Differentiating again, we get 


Bit x (1EP)b— Se da 


— 


rå a (1 108): i dé ] 
» 'B—4 x (140) b - Sot 
Bod (+e C 


By this process we form the successive orthogonal protomorphs on 
the right hand, and the mixed homogeneous in £ and 7 on the left. 
Calling, therefore, the latter ui, Ha ..., we get 


o PE EE 
Koby = iH 

and, generally, Kon = p, 

where k= —2w —l 


Any homogeneous isobaric 9-function only differs by a constant from 
the corresponding u-function, so that if any M-function be equated to 
zero, and its complete primitive be y = f (æ), then the corresponding 


$-function will have Yat =f (CYL) esses (2) 
for its complete primitive. 


Moreover, any orthogonal can be converted into a mixed homogeneous 
reciprocant in à and sy. For, since a $-function must be isobaric, we 
may neglect the powers of à), as we see from § 1, and since the degrees 
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of the terms are either all even or all odd, only even powers of « can 
occur, after neglecting some power of x, if necessary, which runs 
through the whole. Hence the resulting p-function is always real. 
Thus ¢,;+189* is the well-known orthogonal 


| (14-2) c—10abt 4- 1593, 
so that the corresponding p-function is 
cy 18xpi = x (k'u, +1843), 
or, giving « its value —2/—1, we get 
2u, — 9p, 
which is easily seen to be the post-Schwarzian in £ and y. 


$9. A Homographic Reciprocant is a reciprocant that remains un- 
Iet+M Dyt+M 


altered when 2, y are changed into ; —, respectively, 
where LMNL/ M'N' are constants. e+N 0 ytN 

Such reciprocants, when equated to zero, give of course complete 
primitives of the form A =f (m sree (D 


They will, moreover, always be mixed and homogeneous, since we may 
put Az +p for x, and Xy+ pu for y, without affecting the reciprocant, 
but we cannot put Ag+ uy +v for x, &., so that this class cannot con- 
lain pure reciprocants. 
Let us first consider differential expressions which remain unaltered 
Le+M 
IN 


when g is changed into If any function of ż, a, b, ... belong 


to this set, and is also a reciprocant, it will be an homographic re- 
ciprocant. 


It is well known that if u, y be functions of z, that 


ate (2) 


= Gr 4B) a a 
du’ du ° pr j du dub du F (55 ) wos (9). 
i DEL 
if 
Tnt UE +N’ 
Am duw du (55) - 0, 


Q 2 
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as is easily shown, and consequently 


— 2 A . . * ! 
eae = the same expression with u instead of c, 


and is therefore unaltered if s» be changed homographically. We 
may, moreover, differentiate as often as we please for y, t.e., operate 
with = L, and we shall get a series of functions which remain un- 
altered by this change in v. If w be the power of ¢ in the denomina- 
ior of any such function, the operation T £ is evidently the same 


as operating with £0, —4wa on the numerator and adding 2 to w, and 
w will be given by the equation 


w = tò, 4-280, -- 950, ^ .... 


The numerators of the successive educts are 


tb — 3a? (w = 4) 
c—6tab + 60? CRS) te amar er renner rnc tere 9 )- 
&c. 


Assuming as an annihilator Að, + Bo,+... = H say, we see that 
H (tà, —wo) = 0, 
omitting the expression to be operated upon. That is, 
tHo, = wA —t(Hó,—0,H), 
because ôH = O. 


But H6, —ó, H contains no differential operators of the second order, 
and because 6, = ac,+b0,+... we get 


t (Hà, —0, H) = tAd,+t(B—6d,A) ð +t (0—0, B) 64+... 
= A (t0,+2a0,+38b6,+...), 


therefore t (B—6,A) = 2aA, &c. 

Testing for tb— 3a?, we must evidently have 
iB = 3aA, 

therefore tò A = aA. 

Integrating, we get A=t, 

and because B —6,À4 = 2a, 


C—3,B = 3b, &c., 
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we evidently get H = tô, + 3aà,4- 650, + 10cdg+ o ccocseceseeeces (4), 


so that the particular differential functions in question are binariants, 
and can be converted in ordinary invariants by changing ¢ into a; 
a into 2! b; b into 3!c, &c. 


§ 6. Besides the annihilator given in $ 5, homographic reciprocants 
will also have another annihilator which bears & remarkable analogy 
to V. 

It is easy to show, from § 5 (2), that the expression 

ib — 3a? Dy+M 


ae ae remains unaltered on changing y into YEN’ 


and consequently we may differentiate as often as we please for 2, 
and we get a series of expressions having the same property. 


The power of ¢ in the denominator is the same as i, the degree of 
the numerator, therefore 


i = tò, p aða - b8, 4 ..., 
and the operator for the numerator is 
tò, — 4a. 
Proceeding, as in § 5, and assuming 
Ady + Bayt. 
as an annihilator, we get t (B—3,A) = Aa, 
£(0—0, B) = Ab, &c. 


Testing for tb— 3a?, we have, as before, 


tB = 3aA, 
tò, A = 2aA, 
whence A1 
and B—64A = at, 
C—6B = bt, 


D—6C = ct, &c., 


giving the law of forming the successive coefficients. Hence the 
annihilator is 


£5, + S210, + (4bt-+3a%) e+ (Sct-+10ab) gfe. sse (1), 
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Homographic Reciprocants have therefore two annihilators, but 
neither are sufficient to prove the reciprocant property. 


§ 7. Hitherto we have obtained only one homographic reciprocant, 
but if we can obtain one more we can deduce an infinite number. 
For we can then obtain one absolute homographic reciprocant, which 
by differentiation for æ will give another non-absolute reciprocant, also 
homographic. This, combined with the first to form another absolute 
reciprocant, will, by again differentiating for v, produce another ; and 
the process may be carried on indefinitely. 

We can easily show that 


4M,M,—5M;raàM; oe ccc cscs seeesnerseeeeee(L) 
is homographic. 


By actual calculation we easily find 


HM, — t, 
HM, = 0, 
HM, = tM,, 


AHM, = 10tM,—2atM,. 
Hence H (4M, M,—5M$ +a M;) 
= M, (10M, —2atM,) — 10tM, M, -2at M} = 0. 


We see, therefore, that there will be an infinite number of homographic 
reciprocants. 


§ 8. We now come to a class of reciprocants for which the most 
suitable name seems to be Circular Reciprocants. 

We have seen, in § 4, that from any class of M-functions can be 
deduced a corresponding class of $-functions, the latter being real 
only if the former be reciprocants. Now, we have obtained such a 
class in Homographic Reciprocants, viz., 


M, 4M,M,—5M;+0°M,, &c., 
see § 7, whence we see that the class of ¢-functions 
$5, 49,9, —99. —4a/$, vee GC. 
are not altered if we change 
L(e+yi)+M 


e+yr into 
a etyitN C 


ET LD (y+) +M 
and y - « into BEBCENT ^ 
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Since we may replace i by —7 in either of these ereua we obtain 
the relations that 


2 2,,2 
2 3 +y? becomes (Le t M) t I^/ 


(v-Nyr-y oC 


T . (Le+M)(e+N)+ Ly? 
(+N) ry 
y (LN—M)y 
23 (e t Ny. y? 


with a further transformation obtained by interchanging æ and y, 
and adding dashes to L, M, N. 

On account of the numerators and denominators of the fractions 
presenting circular forms, we shall call such ¢-functions that are 
annihilated by (1) Circular Reciprocants. The simplest is ¢,, or 
(14-2) b —3a^t, giving the general equation to a circle as complete 
primitive when equated to zero. 


Thursday, May 13th, 1886. 
J. W. L. GLAISHER, Esq., F.R.S., President, in the Chair. 


Mr. F. W. Watkin was admitted into the Society. 


The following communications were made :— 

On Cremonian Congruences contained in Linear Complexes: 
Dr. Hirst, F.R.S. 

Solution of the Cubic and Biquadratic Equation by means of 
Weierstrass’s Elliptic Functions: Prof. Greenhill. 

On the Complex of Lines which meet a Unicursal Quartic Curve : 
Prof. Cayley, F.R.S. 

On Airy’s Solution of the Equations of Equilibrium of an Iso- 
tropic Elastic Solid under conservative forces: W. J. 
Ibbetson, B.A. 

Conic Note: H. M. Taylor, M.A. 

On the Converse of Stereographic Projection and on Contangential 
and Coaxal Spherical Circles: H. M. Jeffery, F.R.S. 


The following presents were received :— 


* Royal Society, Proceedings," Vol. xu., No. 242. 
** Educational Times," for May. 
** Physical Society—Proceedings," Vol. vir., Pt. 4; April, 1886. 
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** Solid Geometry,” by Percival Frost. 3rd ed., 8vo; London, 1886. 

‘ Annals of Mathematics," Vol. 1., No. 6, Jan. 1885; Vol. 11., No. 1, Sept. 18865 ; 
Charlottesville, Va. 

** Bulletin de la Société Mathématique de France," T. x1v., No. 2. 

** Journal de l'École Polytechnique.” 65 cahier; 18865. 

** Bulletin des Sciences Mathématiques," T. x.; Mai, 1886. 

* Atti della R. Accademia dei Lincei—Rendiconti," Vol. 11., F. 7 and 8. 

** Archiv for Mathematik og Naturvidenskab,” B. 10, H. 1, 2, 3, 4. 

** Mémoires de la Société des Sciences Physiques et Naturelles de Bordeaux," 
gme Serie, T. 1, 1884, T. 2 (17* cahier), 1885. 

‘‘ Mitteilungen der Mathematischen Gesellschaft," in Hamburg, No. 6; Marz, 
1886. 

** Tidsskrift for Mathematik," V. Raekke; 3 Aargang, 1—6 Hefte. 

« Jornal de Sciencias Mathematicas e Astronomicas," Vol. vr., No. 6. 

** Observations pluviométriques et thermométriques de Juin, 1883, à Mai, 1884 ; 
rapport sur les Orages de 1883." 8vo, Bordeaux, 1884, par M. Lespiault. 

** Observations pluviométriques et thermométriques de Juin, 1884, à Mai, 1885; 
rapport sur les Orages de 1884." 8vo, Bordeaux, 1885. 
. C. Neumann—* Über die Kugelfunctionen P, und Qna, insbesondere über die 
Entwicklung der Ausdrücke 

P, (zz, - /1—2?. /1—2)2 cos 9) und Q, (zz, - /1—2. /1—zj cos ¢), 

nach den cosinus der Vielfachen von 4," (des xir. Bandes der Abhand der 
Math. Phys. Classe der Kénigl. Sächsischen Gesellschaft der Wissenschaften, 
No. v.), Leipzig, 1886. 

** Theory and Practice of the Slide Rule; with a short explanation of the proper- 


ties of Logarithms," by Lt..Col. J. R. Campbell, F.G.S. ; Spon, 1886 (from the 
Author). 


** Annali di Matematica," T. xrv., F. 1. 


On the Complex of Lines which meet a Unicursal Quartic Curve. 
By Prof. CAYLEY. 


[Read May 13th, 1886.] 


The curve is taken to be that determined by the equations 
2:y:z:w =1:0: P: 0, 
viz., it is the common intersection of the quadric surface O = 0, and 
the cubic surfaces P = 0, Q = 0, R = 0, where 
O = tw—yz, 
P = zi, 
Q = z? —y’w, 
R -g—yw. 
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Writing (a, b, c, f, g, h) as the six coordinates of a line, viz., 


(a, b, c, f, g, h) = (fs— yy, yz —az, ay — x, aw— òx, Bw —y, yw—6z), 


if (a, B, y, ò), (v, y, z, w) are the coordinates of any two points on 
the line; then, if the line meet the curve, we have 


h0 — g0* -- 40* = 0, 
—h . +f+b6* = 0, 
g—f0 . +ch 0, 
—a—bd—cF . =Q, 


from which four equations (equivalent, in virtue of the identity 
af+bg+ch = 0, to two independent equations), eliminating 0, we 
have the equation of the complex; the form may, of course, be 
modified at pleasure by means of the identity just referred to, but 
one form is | 


Q, = a*— 4 + bf?g + cg? — acf h + 28? — 4o? ch -- af? — a*f = 0, 


as may be verified by substituting therein the values a = — b0— c6, 
g = f0—c0*, h = f0'--b0*. The last-mentioned equation is thus the 
equation of the complex in question, in terms of the six coordinates 
(a, b, c, f, g, h). 

If for the six coordinates we substitute their values, Bz— yy, &c., 
we obtain ©, = (a, y, z, w)* (a, B, y, 9)* — 0, which, regarded as an 
equation in (2, y, z, w), is the equation of the cone, vertex (a, B, y, ò), 
which passes through the quartic curve; this equation should evi- 
dently be satisfied if only O, P, Q, E are each = 0, viz., Q must be a 
linear function of (0, P, Q, E) ; and by symmetry it must be also a 
linear function of (©, Pos Q,, E), where 


©, = ad—By, 
Py = y- B 
Qo = ay’ — Rò, 
R, = y'— pè, 


viz., the form is Q, = (0, P, Q, E)(0, P, Qo Fo), an expression with 
coefficients which are of the first or second degree in (2, y, z, w) and 
also of the first or second degree in (a, B, y, ò). 

"1o work this out, I first arrange in powers and products of (a, ò), 
(0, y), expressing the quartic functions of (a, y,z,w) in terms of 
(0, P, Q, E), as follows: 
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Q= 


— bh + fg Tog? 


+yzu" 
—2eyzw 
+yz 
—zw? 

+ 2azw? - 


9 
—0Q0 Zi 


— gyw’ 
T 22*yw 


J-32z?zw 
T 32oyw? 


[May 13, 


—acfh | +2¢h? | —4a?ch 


—1)'zw 
+ xyz" 


—yzw 
+ yur 


— gw 


+ 23w? 
T 2ayzw | + 8ayzw 
=y w 
pez 


—aqz 


9227? 


— 4y2*w 
+ 8y^zw 
—4y^w 


Tezw* 


9 
— gyw" 


—4az? 
+ 8xyz? 
—4ay’2 


— ZZW 


+ ay w 


+A w 


— Sryzw 


Hery w 
| 
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raf? 


0 
—z 4 yzw! —zR 
—2zyzw + 2y'z —2yz0 
+a? yz—y* +yP 
0 
+ 20° 0 
—3ezw* —qaw? + yew —zw © 
+ 3a^zw + 2a?2w + 3y w — Says? T 2220—394Q 
— 22 +2y'—a*z —2P 
— yw? +z’w— yu? Twh 
T392yw? + 322 + 92yw! — 5y?2w + 2yw 0 4-32Q 
—Q3ayw — yw + ryz? —zy O0 
Tey 0 
0 
T aw! —yzw! Two 
— 3z w + 3y w —3wQ 
— 3y w — gz’ w + 4yz? — 4276 --3wQ 
—9az^w! + lOsyzw —8y'z? | +(—2aw+8yz) O 
— 3272? — ay^w + 492 —44*0 —32Q 
—OSay^w + 3x72’ T32Q 
Ta^w-—ayz T 20 
0 
— zw T yw! — zw —wh 
^-3ysw | +ezw—yz w +2w 0 
—3y'zw | —Sayw* + dy’zw —dywO 
+ yw + 3272w — 3y w +3wP 
Tes + 32yw! —3227 —3rhk 
—3ay2? | —Sa°’zw+ 5ryz —52z 0 
T3ay's | +aryw—ay’z +z2y0 
—xy? +2°2—ay? +aP 
+24—aw' +zR—w’0 
— 4y? + 4az?w +4270 
+2 w —8gzyzw --6y* | +(2xw—6yz) O 
—4y°2 + 4ay*w + 40 


+y — ew —yP— 29 
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Collecting the terms multiplied by P, Q, E, O, respectively, we have 
Q= P fya®—xPF+3way+ays—yy'} 
+Q { —3yaBe 32a — Sw a*y? -- Sw a0 — 3zay*à + 32 B? 1 
+R { -zad +way—wal — 3a (950 4- 2(9*Y 
+0 { — 2yza!0! — zwa Bò + 2,9za(00* + 21 w ay —zy ay 
+w a’ By —427 aB’ + (—2aw+ 8yz) aByd — 44 ay à + a? Bye? 
+zwaßy — 5ywaByd — 5wz By 6+ sy By’ 
—wB' A! Bye (Bow yz) Py - A By h^), 
which may be written as follows :— 
Q= Py (a —y) +2 (/0—2)] +P (Sway) 
+Q (32 (89 —ay*9) +3w (af 8—a*y*) 1 + Q (82 a9 — 3y apo?) 
+B {—e (3—6) +w (ay—a6)} + R(—82f3) 
+0 {zw (— a! 98 +a6*y) 
+ zz 2 (aßð — yò) +0 (—3zz[9,0) 
T yw 2 (a*yé—aBy’) +0 (—3yw aby?) 
ay (—ayé*+ y) 
Tow 2 (—aByd  9*y!) 
T yz ( —2a?8* + 8a y8 — 6/3?) 
+a (yo — y) 
Ty 4(—ay04 y) 
t2 4(—affà-r y) 
+u’ (ay — b") h 
in which all the terms contained in the { ] admit of expression in 


terms of P, Qs E, O,; the remaining six terms not included within 
{ } may be written 


9wP a (4?— Ba") +3 (wP—yQ) ap?? —30 zz (^0, 
—8aR à (ff —aty) +3 (—2R 4-2) &y3—30 yw aBy?; 
which, observing that wP—yQ = 220, and —«E --zQ = yw0, are 
—3wP a (3?— BÈ) +3zz O (ap? — (0), 
— 32h à (9 — a^) +3yw 0 (a*yà — al y?). 


a — 
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The expression thus becomes 


Q= P. 2(ys—s) | =  càRh, 
+ y (ad°—y'*) = y(—7Rk,+&e) 
4 3w a (3? — Bè) = 8wak, 
+Q.—3e (9 —ay25) = — 8e 5Q, 
+3w (akò — a^?) = — 3waQ, 


+R .—32 ò (B —a?y) 


9z OP, 


— £Z(a0—(9*) =  z(—P,—a9,) 
+ w(ay—aß’) = waP, 

+0. zw (—a’6d+af*y) = — zw a[10, 
+ 5x2 (apò — yo) = 502 B00, 
+ Syw (a*yd—ajpsy’) = dyway, 
+ ay (—ay? +67’) = 
T 2zw (—aBys+ By’) = — 2æw By 9, 
+ yz (— 2a?0* + Ba[)yó — 6*7) = — 2yz (a0— 3/9y) 9, 
+ a (By y = o 
+ 4y’ (—ay’d + By’) = — 4 yO, 
T 42 (— afd + py) = — 477379, 
+ w (a’By—6) =  wP, 

and we thus finally obtain | . 


Q= 


PR, (3aw —yy + 6z) 
+ EP, (802 — Bz 4- aw) 
+ PO, . ey 
+ RO,. —a’z 
+P,0. Bw? 
+Rh,O.—yx 
—QQ,. —3 (aw+ dz) | 
+00, 1 —a( zw — yàay + 50022 + Day yw — 2By xw — 2a0yz 
boy + By ya— 4B), 
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viz., Q = 0 is the equation of the cone, vertex (a, f, y, ô), which passes 
through the quartic curve 2:y :z:w21:0:0^':0'. As regards 
the symmetry of this expression, itis to be remarked that, changing 
(2, y, z, w) and (a, B, y, ò) into (w, z, y, x) and (ò, y, B, a) respectively, 
we change (O, P, Q, R) and (0, P, Qo, Ro) into (0, — E, — Q, —P) 
and (0, —Ry, — Qo —P,), respectively, and so leave Q unaltered. 
Again, interchanging (a, y, z, w) and (a, D, y, 6), we interchange 
(0, P, Q, R) and (0, P,, Qo Fo), and so leave Q unaltered. 


Thursday, June 10th, 1886. 
J. W. L. GLAISHER, Esq., F.R.S., President, in the Chair. 


SPECIAL MEETING. 

The President commenced the proceedings by stating the reasons 
which had led the Council to summon the meeting,* and enforced 
the desirability of accepting the following resolution,—‘ That the 
Council be empowered to take the necessary steps to obtain a Charter 
of Incorporation for the Society." 

The resolution, which was moved by S. Roberts, F.R.S., in a speech 
which gave a full and clear account of the advantages to be derived 
from the possession of a Charter, was seconded, on the same lines, by 
A. B. Kempe, F.R.S. (the Treasurer), and was carried unanimously. 

The question, raised by Professor Genese, of omitting ''London" 
from the Society's title, though it was not within the scope of the 
meeting, was decided, on à show of hands, by an almost unanimous 
vote in faveur of no change being made. 

The meeting then became an 


ORDINARY MEETING. 
The Minutes of the last meeting were read and confirmed. 
Messrs. A. R. Forsyth, F.R.S., R. Lachlan, and the Rev. J. J. 
Milne, were admitted into the Society. 
The following communications were made :— 
Reciprocation in Statics: Professor Genese. 
Formula for the interchange of the Independent and Dependent 
Variables, with some applications to Reciprocants: C. Leudesdorf, 
M.A. 


* Twenty-eight members were present. 
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Second paper on Reciprocants: L. J. Rogers, B.A. 

On the Theory of Screws in Elliptic Space (Third Note): A. 
Buchheim, M.A. 

On the motion of & Liquid Ellipsoid under the influence of its 
own Attraction: A. B. Basset, M.A. 

Some applications of Weierstrass’s Elliptic Functions: Professor 
Greenhill. 

Electrical Oscillations on Cylindrical Conductors: Professor J. J. 
Thomson, F.R.S. “ 


The following presents were received :— 

** Educational Times," for June. 

** Scientific Transactions of the Royal Dublin Society," Vol. rrr. (Ser. ii.), Parts 
7 to 10. 

“ Scientific Proceedings of the Royal Dublin Society," Vol. rv. (N. S.), Parts | 
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On the Theory of Screws in Elliptic Space (Third Note). 
By A. Bucunzgm, M.A. 


[Read June 10th, 1886.] 


This Note is a continuation of two previous Notes of mine on the 
same subject which have appeared in these Proceedings (Vol. xiv., 
p. 83, and Vol. xvr, p. 19). Inthe last two sections of the second 
Note, I gave some formule relating to infinitesimal motions, applicable 
to the three kinds of uniform space of three dimensions. In the pre- 
sent Note I consider finite motions. 

Starting with Prof. Cayley's expression for an orthogonal matrix 
in terms of a skew matrix, I show how this is connected with the 
screw defining the motion. Then, transforming the matrix to its 
canonical form, I obtain formule relating to the distances and angles, 
through which points, lines, and planes are moved by a given screw. 
In this part of the paper I make use of Grassmann's methods, and of 
the theory of matrices, as presented in my paper on the subject in 
these Proceedings (Vol. xvi, p. 63). In the remaining part of the 
paper I make use of biquaternions, referring to my paper in the 


American Journal of Mathematics (Vol. vi, Pt. 4), and obtain the 


following theorem :—Any screw motion is represented by a bi- 
quaternion, in such wise that, if Q is a biquaternion, and p any bivector, 
QpQ'' is the bivector into which p is transformed by the motion 
defined by Q; and, if Q is brought to the form 


l+a+w (Saa +a), 
the motion defined by Q is the motion defined by the screw a+wa’, 
I. 


In any kind of space a motion is a linear transformation which 
leaves the absolute unaltered.’ If we refer the absolute to a self- 
conjugate tetrahedron, and reduce its equation to the form 


2? y? Mz Hw? = 0, : 


we see that a motion is a linear transformation by which 27+y’?+2+w' 
is unaltered,* that is to say, itis an orthogonal transformation, and 


* To a scalar factor pres ; but we can always suppose this factor to be unity. 
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the condition that a matrix $ may be orthogonal is $$'— 1, if ¢’ is the 


conjugate of ¢. 
Now, let $ be any orthogonal matrix, and let 


Then yale 


That is, p is a skew symmetric matrix, and therefore any orthogonal 
matrix may be written in the form i 


_i-¥ 
where is askew symmetric matrix. For actual calculation, it is more 
2 
convenient to write = 1. 
?— 6x) 


Since $ is a function of y, we see that the latent points of $ are the 
same as those of V, and that, if À is a latent root of y, the correspond- 


; è 1—A 
lat f ll ———— 
ing latent root of ¢ will be iiA 
I proceed to consider the latent points and roots of a skew symmetric 
matrix, y. Let e,, e, ... bethelatent points, À,, A,... the latent roots. I 
shall assume that |j is not a derogatory matrix, so that X, de. are all 


unequal. We have Se; We, = X, Ke; ex. 
But Se; Ve, = Se, We; 

= — Se, Vei, 
because Ņ is a skew symmetric matrix, = —A, Se; €. 


Therefore, either A, +A; = 0 or Se;e, = 0. Moreover, by taking 1=k, 

we see that either A; — 0 or r?e— 0. If, then, we attend only to 

those latent points for which the corresponding latent root does not 

vanish, we see that all these points are on the absolute, that they 
VOL. XVII.—NO. 268. R 
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group themselves in pairs for which the sum of the latent roots is 
zero, and that any two points not forming a pair are on a generator 
of the absolute.* 

I shall now confine myself to matrices of the fourth order. Let 


y= 0 h —g a). 
—h 0 f b 
g -f 0 c 
—a —b —c 0 


Then we find that the latent roots are given by 
M—M (+++ +g +h) + (af -bg 4- ch? = 
Now, write a? for a? -- b! -- c? -- f? +g +h, and let 
sing = 2 (af+ bg toh). 


a? 
9 ain? 
then we have M — Aa? + d = 0, 
and, writing M, p’ for the roots of this equation, we get 


Vi E 9. 
a sin x, 


= — a? cos? P. 


We see that the latent roots of ij are 


+a sin $, tat cos =, 


and that, therefore, the latent roots of 


l-4 

1+y 
1 oi sin $ 1-ai cos $- l—asin n£ 1—aicos $ 
U" I—aimn f. eand ] $^-OUgaioof. 
— qa SIn 9 — a? COS 9 +azsin 9 + a4 cos 9 


* For if a, B are any two points, T? (Aa + uB) = A?7?a + 2AuSaB + u° T?B, and therefore 
vanishes for all values of A, u if 77a = Saf = 778 = 0; and therefore, if these three 
conditions are fulfilled, the line [a8] is a generator of the absolute. 
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It will be worth while to give the actual value of 


—1-¥ 
dake 


If B =af+bg+ch, A=1+a'+/*, we find (Crelle, t. 832, 1846) 
(Ab = 14+f?—g?— +40? Hea Me, 2(—h—ab+fg—c), 


2 (h—ab+fg+ch), l+- kt-fP teteb, 
2 (—g—ca+hf—bb), 2 (f—be+gh+ a), 
2 (a-4- bh — cg 4- f), 2 (b -- cf — ah - gà), 
2 (g—ca t- hf - b(3), 2 (—a+bh—cg— fB) 
2 (—f— be-- gh— aß), 2 (—b+of—ah—gB) 
14+H¥—fP—g—?+a+?—, 2(—c-ag—bf—h8) 
2 (c4- ag — bf -- h(3), 1—-@—BV—F -rf'-g2--P—p 
We have also A= 1+a?+ cene 


= (1+? cos? £) (14 à sin 7). 


II. 


Let a = ae,es bee, + cerea + fee, gee, - hee, be any screw, 
æ = xe, + ye,+ze,+we, any point.* Then, if za = l, we have 


(Imnp) = (Y Qayzw),t 


where V is the same matrix as in (1). We see, therefore, that to a given 
screw a appertains a certain skew symmetric matrix, and it follows from 
what was proved in (1) that the latent roots of the matrix are 


+17a sin +. +7217 acos £ ; 


where Ta, ¢ are the tensor and the pitch of a respectively. 


It appears, therefore, that the connexion between a motion and a 
screw is as follows: the motion is defined by an orthogonal matrix, 


* The general formula for any kind of space can be got from this by writing 
ea, eb, ec, for a, b, c in the value of A, and in the three first columns of the matrix. 
t It will be convenient to denote screws, points, and planes by their first coordi-« 
nates: thus, ‘‘ the plane /"' means the plane (/mnyp). 
R 
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to this corresponds a skew symmetric matrix, and this skew matrix 
appertains to a certain screw. And conversely, given a screw, we can 
find the skew symmetric matrix appertaining to it, and then an ortho- 
gonal matrix corresponding to this skew symmetric matrix, and this 
orthogonal matrix defines a motion given by the screw. 

We have now to reduce these matrices to their canonical forms, 
and to see what our metric functions become. 


HI. 


The latent roots of the orthogonal matrix ® have been given in (1), 
and we see that they are of the form a, 9, a~’, B-'. Call the latent 
points e,¢¢,¢, as before; then ejes ee, ezes, ese, are generators of 
the absolute, and we see that, since the edges of the tetrahedron of 
reference are generators, the equation of the absolute must be of 
the form ez—AX4w = 0. It will be necessary to work out the three 
transformed equations of the absolute. 

If e, ej ey, & are four points on the absolute, such that ejen e,e, 
6564, 6,6, are generators, it can be verified without difficulty that the 
four points 


Mm = etes N = eaten Ns = €6—6s M, = ee 
are the vertices of a self-conjugate tetrahedron. 


Now, for any self-conjugate tetrahedron, the fundamental metric 
functions are z? -- y! -- Z2 tw, P pm? n p, a3 b dO - Ef rg! AP for 
points, planes, and lines, respectively ; and we can therefore suppose 
that the tetrahedron n,n, nsn, was originally taken as the tetrahedron 
of reference. 

It will be convenient to begin by considering the transformation of 
line coordinates. Now, condition that has to be satisfied is that 
af - bg -- ch shall be transformed into itself, and not into a multiple 
of itself. 

This condition is not satisfied if we take the values of n,, &c., just 
given; but it is satisfied if we take 


m = 7 (ete), m= rs (e+e), m = J (e — €3), 


values which give 


1886.] Theory of Screws in Elliptic Space. 245 
We find 
2 (€:€5 €36), Clay €,€4, €364, €56,) 


—(-—1 0, 5$ —1, 0, 4 mne ni MM» Mo NMa nm). 
0, —25 0, 0, 0, 0 
} 0 
0 


Now, let the coordinates of any line be (abcfgh) with respect to 
6,656564, and (ABCFGH) with respect to nmnn,; then we must have 


ens + bese, + ce,6, + fee, + ge, + hese, 
= Anm + Bugn + Cmm + Faint Gnn, + Ens 


Substituting for e,e,, &c., their values in terms of nm, &c., and com- 
paring coefficients of n, n, &c., we get 


24 = —(at+f)+(h—c), 
OB = — 9ib, 

20 = i {(a—f)—(h+0)}, 
2F = —(atf)—(h—c), 
2G = 249, 


2H = i {(a—f)+(h+c)}; 
and therefore 


4 (A?+ B+ C+ EHE GEH!) 
= (at+f)'+(h—c)’—4b'— (a— ff —(h4 o 
t (af) + (h—0)! — Ag^— (a— f)! — (h Fe) 
= 8 (af —ch) —4 (+ 9°), 
or A+ B* 4- C 4- F? 4- G? 4- H? = 2 (af —ch) — (0$ +9"). 
It can be easily verified that we have 
AF-4- BG4- CH = af - bg - ch. 


If we consider the transformation of point coordinates, we shall find, 
if (zyzw) are the coordinates of a point with respect to eese, and 
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(XYZW) are its coordinates referred to 1n% 
KLEY + 7+ W? = 2 (az—yw). 


IV. 


We have now to consider the canonical form of the screw itself on 
which our transformations depend. I use w as in my second note on 
the theory of screws, to denote the operation of taking the conjugate 
with respect to the absolute; so that, whatever æ may be, wz is its 
conjugate with respect to the absolute. The points of reference e; 
were determined as the latent points of a certain matrix, which 
appertained to a certain screw; call this screw a, then the equation 
determining the latent points is 


e; a = A; We; . 
Now, let ABCFGH be the coordinates of a referred to the tetra- 
hedron ¢,¢,¢,¢, Then we have 


ea = Aeee + Ge,e,e,+ Heese. 


But WE, = 6j656,. 

Therefore G =À, 
A=H=0. 

Again, ea = Be,e,e, + Fee, 


(96, = — 64630, = €$650,. 
Therefore F=0, B=),. 


The equation ea = —A,we, gives C=0, and we get, as the canonical 


form, Ng 050, HÀ C2 €, 
or Ta ( sin $ 650, -E cos £ exes) : 


where there is nothing so far to determine the signs; but if we 
remember that we must have 


2A, A, = Ta sin $, 
it is obvious that the two signs must be different, and we can take 
$ 


us : $ 
a = i Ta (sin 9 656i —€08 — 6e, A d 
dd 


* This transformation can also be effected by supposing the screw to be referred 
to 21737314, and then using the equations defining e,/;5,/,, and their expressions in 
terms of 91739374. 
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and we see at once that the axes of a are e,e,, ee, It should be 
noticed that we have now fixed the correspondence between the latent 
roots of ®, the matrix defining the motion, and the points e,6,6,€,, viz., 
the order of the latent roots is 


1 +iTa cos $ 1—iTa sin 1—iTa cos f l+iTasin 4 
OT | ———— | EL ae | Se a ee 
1 — ¿Ta cos $ 1-+iTa sin 4 1+7Ta cos £- 1—:¿Ta sin £. 
I shall denote them as a, 3, a7!, B~’. 


V. 


It wil be worth while to give a few results connected with 
the transformations in the last two sections. I shall suppose that we 
take e,6,0,0, as the tetrahedron of reference. _ 

Let a = (abcfgh) be any screw ; then we have 


Ta = 2 (af —ch) — (+ 9°), 
Saa. = af +a f— ck —ch-—bb'—gg', 
and therefore wa = (a, —g, — c, f, —b, —h), 
2ta = (2a, b—g, 0, 2f, g—b, 0), 
2na = (0, b+g, 2c, 0, b-F g, 2h), 
ta =0 if a=f=b—g= 0, 
na =0 if c=h=b+g=0. 


Two screws a, œ are -parallel if 


a’ b a g f 3 
. c _b+g_ h 
they are n-parallel if y T 


The coordinates of a -generator are 
| (0, À, eal, 0, A, AP. 
The coordinates of an n-generator are 


(1, À, 0, XN, —A, 0). 
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The equations of a -generator are 
4— = 0, 
Ww —Xe = 0. 


The equations of an y-generator are 


g—dAw = 0, 
y —Ae = 0. 
VI. 


We have seen that the matrix ® defining the motion can be reduced 


-1 -1 
ae), Bes, a Cs; p C4 
€ Cay f$ €4 


to the canonical form 9 = 


It follows that, if the coordinates of a point referred to the tetra- 
hedron ¢,¢,¢,¢, are (zyzw), those of its new position referred to the 
same tetrahedron will be 


ag, By, a^, Bw. 


Let P, P' be the two positions of the point. "The distance between the 


points (zyzw) and (a'yz'w) is given by 


P= ez +e z—yw —y'w 
cos P 8 legu) Ieta) 


and, therefore, for the two positions of P, 


cos PP = (a+a-)) EET e E o E A 


2 (zz — yw) 2 (ez —yw) 

Now, Pese, = (2e, + yes - zeg + weg) ese, 

== — Ye €z C) + wese,€,. 
And, therefore, T? (Pee) = 2yw.* 
Moreover, 7? (e,e,) = — 1, and therefore, if 0 is the distance of P from 
e6,, we have sin? @ = — V". , 

qz —1w 
and cos? 0 = — 
LE—YW 


* If legegeg + mese, t, + NeeL, + posee, =1 is any plane, we have, in the present 
system of coordinates, T? = 2 (Im —np). 
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We have, therefore, 


cos PP’ = cos D, cos! 0+ cos D, sin? 0, 


where cos D, = ote : 


-1 
cos D, = PTE 


and D, D, are obviously the distances through which points on eje, 
e, are moved. As regards these points, we see at once that points 
on either of these axes remain on the same axis. I proceed to find 
the simplest expressions for D,, D, We have 


-1 

D= a+a 

cos D, 9 
l--iTacos?. — 1—iTacos 2. 1—T*acos?& 
= 2 ea 2 2 
= 5 — +i —————— 2 ———————— , 
1—iTacos 7. 1+iTacos $- 1+ Ta cos? $- 

and therefore tan =. = Tacos +. 


In the same way, we find 


tan = = Ta sin £- 


tan D 
an —2 
We have 2 >= tan 
t D, 9? 
EC 


and tan £- is what Sir Robert Ball calls. the pitch of the screw. 
We found 
cos PP’ = cos D = cos D, cos? 0 +sin D, sin? 0. 
Now, if P is taken on a fixed line, we have 
sin? 0 = sin? 0, cos? ò+ sin? 6, sin? 6, 
cos’ 0 = cos? 0, cos? à + cos? 0, sin? ò, 


if 0,, 0, are the shortest distances between e,e, and the line, and ò is 


the distance of P from the point where one of the perpendiculars 
cuts the line, 
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We have, therefore, 
cos D = cos D, (sin? 0 cos! ò+ sin? 0, sin? ò) 
-- cos D, (cos? 0, cos? 6+ cos? 0, sin? à) 
= cos A, cos? ô -- cos A, sin! ô, 
where cos A, = cos D, sin? 0, +cos D, cos? 0, 
cos A, = cos D, sin! 0,-- cos D, cos! 0, 


and A, A, are obviously the displacements of the points where the 
two shortest distances cut the line. 


VII. 


In this section I investigate the application of biquaternions to the 
representation of motions in any kind of space. In this application 
we have to consider a motion as a linear transformation of line co- 
ordinates ; that is to say, we consider space as made up of screws. 

I use the notations explained in my paper on biquaternions in Vol. 
vil. of the American Journal of Mathematics. 

If a linear tranformation of line coordinates is to represent a motion, 
it must transform a line into a line, and it must leave the angle 
between two lines unaltered. It is obvious that if these conditions 
are to be satisfied, aft+bg+ch and e (a? -- D? -- c?) -- f* -- 9? --- À? must be 
unaltered by the linear transformation. But if we represent the line 
by a bivector p, the two expressions just written are No / 2 and ONp 
respectively, and we see that a linear transformation represents a line 
if, and only if, it leaves Np unaltered. Now consider the bivector w 
given by the equation 

v = QQ", 
where Q is a biquaternion; w is obviously got by operating on p with 
a certain linear transformation, and since all quaternion identities 
hold for biquaternions, we see that Nw = Np. It follows that the 
operator Q( ) Q^, operating on a bivector, represents a motion. More- 
over, we easily see that, if p — VQ, w = p, and therefore the motion is 
specially related to the screw VQ. 

In $3 of the paper on biquaternions already referred to, I have 
shown how we can find the axis of a given biquaternion by dividing 
it by a certain biscalar. Now if we have e = QpQ'!, it is obvious 
that we can divide Q by any biscalar without altering w, and we can 
therefore suppose Q to be a special biquaternion. This remark 
simplifies the biquaternion formule, and is important as reducing the 
disposable constants in the value of « from seven to six. 
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Now, if Q = A+A is any quaternion, and P a vector, we have 


CENT. 

I= QPR =o? KQ 
_ P (A*-- A?) À-2AVAP —2ASAP 
nd A?— A? ° 


We have to use this formula, remembering that all the quantities in- 
volved are biquaternions. I write 


I = vow, Pzpdep, A=d+o0, A=a+ua’. 
I shall also suppose that Q is a special biquaternion. This condition 
gives 00 = Sad’, 
NQ = 6° + e0*—a* — ea^, 


Our object is to determine ò, ô so that the motion represented by 
Q ( ) Q^! may be the same as that represented by the screw a+wa’ 
according to the principles used in the first part of this paper. To 
do this I suppose our coordinates chosen in such wise that 


a+wa = gj + bj. 


Then we must have* a=c=f=h= 0 in the value of & given in (1). 
I shall only consider one edge of the tetrahedron of reference. 
I take P =7; we get 


NQR. I= i(i — g?—e5^) — 2k (69+ e'à b) —4bqwi—2 (àb 4-09) wk. 

But, using the value of given in (1), we get 

A. Be, = (14- eb?) (a —g°) e,— 296,1 , 

A . de, = (1+ 9") {(1—eb*) e,—2be,}. 
And therefore, since 

A = (1+9’)(1+ e), 
A . ®(e,e,) = —4bg e,e,—2b (1— 9?) exe, 
+ (1—g*)(1—e’b) ee,—2g (1— eb?) ee, 

Now NQ = T) Tg teb, 


and ee = wi, 6,07 wk, ee,=1, ee, = k. 


* The acrew (abefgh) is here represented by (fi + gj + hk) + (ai + bj - ck) and not 
as in my paper on biquaternions. 
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We see that the two expressions agree if we take 
6=1, 
ò = —bg, 

and therefore we have the theorem. 


If Q =1+a+w (Sad -- a^), then the operator Q ( ) Q`}, operating on 
a bivector, represents the motion due to the screw a+wa. 


VIII. 


In this and the following section I use the results of the last section 
to investigate formulæ for the angles and distances through which 
lines are moved, and for the composition of motions. The bi- 
quaternion Q will be supposed to be any special biquaternion, and 
will be taken as defining the motion. We have 


II (A!— A?) = P (A?+ A?) -2AVAP —2ASAP. 


This gives 
SUP. (A3 — A?) = P? (A?+ A?) —2S°AP. 


This equation gives us expressions for the distance and angle through 
which P is moved. In the special case in which P is a line cutting 
the axis of A at right angles, we have 


OP? = 0, 
SAP = 0, 
& + e767? + a? + ea? 


and we get cos (PII) = 


e + elà? — a? — eia?" 


and therefore 


O° + e? 
eos $ (PD = sy aaa da 
We have also es [PII] = 4o 


Ó + e? — a? — eta 


It will be convenient to introduce the following notations: Q being 
any special biquaternion, let 


cos? (Q) — SY = T oe" 


* I use the notation of my paper on biquaternions: NQ = QKQ, 7T?Q = UNQ. 
It is convenient to write U*Q, 0?Q for (UQ)?, (QQ)? respectively. 
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'n? - —O(YQp. T'VQ 
so that sin’ (Q) = NQ NQ? 
465° _ 20 (SQY 
and let IURI E 
We see, then, that for a line cutting VQ at right angles, we have 
(PII) = 2 (Q), 
[PII] = (Q1 ] 


Itis not hard to get expressions for (PII) and [PII] in the case of 
any screw P. 


We have NQ. SIIP = P? (A?+ A?) —28"AP, 
which breaks up into 
NQ .OSIIP = UP?.U (A*- A?) +6? OP! Q(A? A?) 
—90? SAP —9e(? SAP, 
NQ . QSIIP = UP? . Q (A? + A?) - e? OP?0 (A? + A?) - A0 SAP. USAP, 
and therefore, since TII = TP, SAP = SQP, 
cos (ITIP) = cos 2 (Q) --sin* e [P] es {Q} —2 cos? (QP) —2 sin! e [QP], 
es [IIP] = es {Q}+sin’e [P] cos 2 (Q) —4 cos (QP) es [QP]. 


IX. 
If we have w= QQ", 
we have ATR = YQ. (QQ), 


and therefore to compound two motions we multiply the correspond- 
ing biquaternions together. 

It is important to prove that the product of two special bi- 
quaternions is a special biquaternion. A special biquaternion is 


defined by the equation 
ONQ = 0. 


Now let Q, Q be two biquaternions ; we have 
ON (QQ) = 0NQNQ'— ONQUNG’ + UNQONQ, 


and therefore ON (QQ) vanishes if QNQ, ONQ’ both vanish. 
We have, if Q”= QQ’, 


cos? (Q") = DEO ed = cos’ (QKQ’) +e’ es’ [QKR]. 
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Moreover, 


es(Q] 249922 7590. = 4008 (QKQ) es [QEG] 


If Q, Q' are given in the standard form, so that we have 
Q = 1+a+w (Sad +a) = 1+wSaa’+A, 
Q= 1+a,+ (Saai +a) = 1+wSa,a;+A,, 
we have 
USQQ’= 1+¢?Saa’Sa,a;+USAA, 


4 
—14 Zz T?AT*A, es [A] es [A,]— TATA, cos (AA,), 


OSQQ= Sad + Saa; +QSAA, 
= Taes[a] Z Taies [Aj — TATA, es [AA,], 


and we can, if we choose, substitute these values in the values of 
cos? (Q"), es  Q"1 given above. 

As regards the connexion of the angles (Q), R? with the pitch 
and tensor of the screw defining the motion, I add the following 


formule :— 
TA 

2 GEI 

tan’ (Q) = l+ eS aa 


T* A - 
1+ £ T*A es? [A] 


4Saa, 
1+eS'aa,+7°A 
"ne 4T"A es [A] 
~ (Qo T*A ec (AJ) (12- € T?A es 1 [AT 
Lastly, I remark that, if OSQQ does not vanish, the screw result- 
ing from two biquaternions is 


VRE 
USRR 


e {Q} = 
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On the Motion of a Liquid Ellipsoid under the Influence of rts own 
Attraction. By A. B. Basser. 


[Read June 10th, 1886. ] 


1. In the ninth volume of the Abhandlungen der Königlichen Gesell- 
schaft der Wissenschaften zu Gottingen, Riemann has obtained equations 
for determining the motion of a mass of liquid, which rotates under 
the influence of its own attraction, in such a manner that its bound- 
ing surface always remains an ellipsoid with variable axes. 

The motion of the liquid is supposed to be rotational, but the 
molecular rotation is assumed to be independent of the positions of 
individual particles of liquid, and the consequence of this assumption 
is, that the velocities at any point of the liquid are linear functions of 
the coordinates of that point. As regards their form, Riemann’s 
equations leave nothing to be desired; but as the analysis by which 
he obtains them is somewhat complicated and difficult to follow, I 
propose in the present communication to deduce these equations by 
the dynamical method which Professor Greenhill has employed in his 
papers in the Proceedings of the Cambridge Philosophical Society (Vol. 
IV., pages 4 and 208), for dealing with the question of the steady 
motion of an ellipsoidal mass of liquid. It will be seen that the 
application of this method to the general case in which the axes are 
functions of the time, involves nothing more than the addition of the 
terms az/a, by/b, cz/c to the expressions for the component 
velocities obtained by Professor Greenhill; and also that, in differenti- 
ating with respect to the time, the axes of the ellipsoid must be 
regarded as functions of the time. 


2. The motion of the liquid, as Professor Greenhill has pointed out, 
may be supposed to be generated by the two following operations, 
which are supposed to take place instantaneously one after the other. 

lst, Let an ellipsoidal case, whose axes are a, 5, c, be filled with liquid 
which is frozen, and then set in rotation with component angular 
velocities & 7, € about the principal axes. 

2ndly, Let the liquid be melted, and additional angular yelocities 
©, Qa, Qs be impressed on the case. 

If the axes vary with the time, we require the following third 
operation :— 

Let the case be removed, and by means of a suitable impulsive 
pressure applied to the bounding surface, let the axes be made to 
vary with velocities a, b, c. 
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Let e, y, z be the coordinates of a particle of liquid referred to the 
principal axes; u, v, w the component velocities of the particle; and 
U; V, W the component velocities relative to the axes; also let 
Wi, W w, be the angular velocities of the axes, so that 


w, = Q+, 0, =O,+n, w = Q+ č. 


The boundary condition is 


dF dF ak dF 

dt ud ue Rudy @) 
where F = (#/a)?+(y/b)?+(z/c?—1 = 0, 
and U = u+ oy —o,2, &c., &c. 


Equation (1) can be satisfied by assuming 
u = Le+tmyt+n,2Z, 

v = læ +m yY T2, 

o = læ + m,y +152, 


where l, m, &c., are independent of z, y, and z. Substituting in (1), 
and equating coefficients of powers and products of a, y, z to zero, we 
obtain , 

L=aja, m= b/b, ns = c |0, 


(1, +0) è + (m — «,) b = 0, 

(15 +w) à? ++ (n, — w) c! = 0, 

(m +o) b -- (1 —,) a? = 0. 
But, from the mode of generation, 5, n, ¢ are independent of x, y, and z; 
therefore 2 =m—n, 9p zmn—L 2=1,—m,. 


Hence the nine coefficients are completely determined, and we shall 
finally obtain 


= az w (a —b?)—20°f , w, (c?—a?) + 2an 
cS + es — y+ SAL — dosis iius Ces 


with symmetrical expressions for v and w. 


These values of wu, v, and w obviously satisfy the equation of con- 
tinuity, since on account of the constancy of volume 


afa+b/b+c/c=0. 
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The general equations for the pressure referred to moving axes are* 


l dp du _ du | y du | y du = 3 
E nbus di Vw, + Ww, + ca ar ID (3), 
&c. &e., 


and by eliminating the pressure and potential, the equations for mole- 
cular rotation are found to he 


dé dé 


eee ee U —- yes we = 


du du , „du 
— ep eS aoa 4), 
Sas dy as (4) 


dt du’ dy dz 
&c. &c. 
Substituting the values of u, v, and w, from (2) in (4), we shall ob- 
tain £(*) gp? a ) ta: TO 9 (5), 
&c. &c. 


If h,, hn hs be the components of angular momentum, then 


° M 
h, = 5 +e) {PP v, HAPEE sansene (6), 
&c. o &c. 
Di — yes + hy = 0 RE PEPEE E A IEE E f) 
&c. &c. 


where M is the mass of the liquid. 


In order to facilitate the calculation, Riemann introduces six ‘new 
quantities u, v, w, w, v, w, such that 


utu =, vV = €, wtw = v 
TE _ 2bcQ, ize - 2caQ, di 2 2ab,Q TP (8) 
"d b? + c? c? -r a? a? +b? 


* Equation (3) may be shortly proved by remembering that X— LS ar = the 


p 
acceleration of a particle of liquid parallel to the axis of x. Now, if w+8u be the 
velocity at time ¢ + 5t parallel to the new position of the axis of z, of the particle — 
whose coordinates at time ¢ are x, y, z, then, since 


u =f (x£, Y, z, t), utdu=f(c+ Ubt, y+ Vot, z+ Wot, t 9t), 


õu du du du du 
= add wd wW - -— 
i un d dz’ 


therefore M rase m 
ot at 


and the acceleration = s - VW; + Ww. 


VOL. XVIL.—NoO. 269. S 
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Whence ¿= Cty cou &c. &c. 
M ai 
= p (Qo w+(b—c)*u}, &c. &c. 


Substituting these values of £, n, Z and h,, ha hg in (5) and (7), and 
then we (5) by 2Mabc/5 and adding to (7), we obtain 


(bo) 5 T2w 3; (ote) + (57e 2a) vw + (b—c—2a) vw = O...(10). 
in by subtraction, we obtain 
(b — 2E — ; teu — * (bc) +(b+e— 2a) vw + (b+ce+2a) vw = 0...(11). 


Four other equations can respectively be written down by symmetry, 
and we thus obtain six equations of motion. The three remaining 
equations can be obtained as follows. The potential of the liquid at 
an internal point is | 

V = 4 (Ax? + By’? + 0?) —H, 


where H = 3M j ete ee 
o V (a ANHAN ( A) " 
and A=—— 2 dH &c., &c. 
a da 


Now, Mr. H. W. G. Mackenzie has shown very shortly, at the end 
of Prof. Greenhill’s first paper, that the equations RECHNUNG the 
pressure may bo reduced to the form 


1 dp = 
q T (4ta)z =0, 


ld 
— £P E (B-- B) y 2 0, 
2 di ( )y 


l dp Z 


where a, f, and y are quantities independent of x, y, and z, and which 
will be hereafter determined. Integrating, we obtain 


Pme {(A+a) æ+ (B+B) y! (04 y) 2} = 0......(12). 
Since the external surface is the ellipsoid (z/a)? + (y/b)?+ (z/c) = 1, 
we must have (A+a)a’? = (B4B) è = (Ct+y) C= 20 ...... (13), 


where c is a function of the time. 
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Hence (12) may be written 


| Oe ae (OM 
Pout <(I =~ 2 m (14). 

In order that the external surface may be a free surface, it is 
necessary that w should vanish, and consequently e must never 
become negative. 

Returning to equation (3), we see that a is the coefficient of # in 
the expression for the component acceleration parallel to æ of a liquid 
particle, and therefore 


a= z (2 — ete {(a—b) w+ (a+b)w'} 


+ vis {(c—a) v— (c4 a) v] 


=L Za 2 gis yw 2 erly E E 2 
ide e (a —b) w : (a+b) w' : (a —c) v : (a+c). 
Whence, by (13), 
l da 


+ «A (qu 2 B (fau 2 "4-9 Aa 
2 dA (a. —c) v! —(a-4- c) v? — (a — b) w —(a4- b) w » 2 


eee (15). 


Two other symmetrical equations can be obtained; hence, collecting 
our results, we have the following ten equations: 


la—(a—c) v—(a4- c) v? —(a—b) w — (a+b) w? = x. ak 


1b —(b—a)w!—(b--a)w?—(b —c) w—(b+c) u? = a — A 


ic —(c—b) u? — (c+b) u?—(c—a) v'—(c +a) v? = 2 — A 
C 


(b—c) ut+2u (b—c) +(b+c—2a) vw 4- (b--c--2a) vw = 0 
(b+c) w --2w' (b -- c) - (b—c--2a) vw +(b—c—2a) vw = 0 
(c—a) v +2v (c—a) - (c--a—2b) ww (c+a+2b) ww = 0 
(c+a) v +20’ (c+a) + (c—a+2b) ww +(c—a—2b) wu = 0 
(a—b) w+2w(a—b) + (a+b—2c) uv +(a+b42c) wv = 0 
(a 4-b)w +2w'(a+b)+(a—b+2c) uv +(a—b—2c) uv =0 


.. (16). 


abc = const. 


s2 
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These are Riemann’s equations of motion. They furnish ten inde- 
pendent relations between the ten unknown quantities a, b, c, wi, Wg 
ws, 5, n, ¢, and c, and are therefore sufficient for the ee of the 
problem. 


3. Three first integrals of the general equations (16) can be at once 
obtained. Multiply equations (5) by é/a, /b, [c respectively, and 
add, and we obtain 


2 
aber 


n 
p 
The second integral is 

hit hat hs = const... see ees (18), 


which expresses the fact that the angular momentum is constant. 


The third integral is the equation of energy 


THUS CONS coc c tee ood vois ke): 
a? 
Since ofif a! de dy dz = =, 
and | i ay dz dy dz = 0, 


we obtain, from (2), 


M AG w (b? b?—c*)? w, (cà —a3)? , w, (a2—b*)? 
= p pin 2 ad X c ELO" 
jp P te te + Bid ere TEN 


4b?c 2p? c? a? 2 4a?b?7? 
+c gc a a’ +b? 


Now U — 1p \| | V da dy dz* 


-*5 (3 ( Gen tetas 355)- |S 


8M? (*dA . 89? (*. d 110 
th 'ef = o ieee À 
vu d et a) tap) 9^ 


where P — (a? +A (VHAN). 


* Maxwell’s Electricity, Vol. 1., Art. 85. 
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Integrating the last integral by parts, we obtain 


2 M7pabc (^ dv 
Us————TI— Uoeteetosesostcconaoteotecceso0 e. 
r | 2 (21) 


4. Dirichlet’s equations for the oscillations of a spheroid may be 
deduced by the preceding method.* Let the density of the spheroid 
be unity, and let w, w,» £, n, Q,, Qa O, be each zero; also let a = b, 
w, = 4; so that u = w = ¢Z/2. 


From the last of equations (5), we obtain 
d £) = 
dt ( cl 9, 
therefore Ls = Ly 
C ĉi 


where the suffixes denote the initial values of the quantities. 


Let D? = a’c, and let us introduce two new variables a and p, such 


that a = D'e = c[D; 
and p = | (2r) = Sc] e V 9m = paf a, 
From the first and third of equations (16), we obtain 
ETE 
7 + 4c 2mTpla = TP Aa, 
LN MNA 
2 Da 2 


Eliminating a and c, remembering that A + 0/2 = 2r, we obtain 


7; (2a 1.) = 2r (1—p*) + — OD) 
2 (2+ =) i-e eee (A) 4 (4 ei cast (23). 
If we put f(a) = [ ds 


0 (cras) (145) l 


* Crelle, Vol. uvin., p. 209. 


269 .  — Mr. A. G. Greenhill on the [May 13, 


the left-hand side of the last equation can be easily shown to be equal 
to 8zf'(a). Multiplying by a and integrating, we obtain 


(24 =) 88r Í (fe 3! a—f (a) } = const. — (24), 


which is the equation of energy. 


Equations (22), (23), and (24) are the equations obtained by 
Dirichlet. 


Solution of the Cubic and Quartic Equations by means of Weier- 
strass’s Elliptic Functions. By A. G. GREENHILL. 


[Read May 13th, 1886. ] 


A. Solution of the Cubic Equation. 


1. The solution of the cubic equation, when presented in the form 
4o? — Sz — T = 0, 


by means of the trigonometrical circular functions, is well known ; 
for, putting «= ny, then 


S T 
4y — a ye ym 0, 
and, comparing this equation with 


4 cos? a —3 cos a — cos 3a = 0, 


^ we can put y = cosa, and g= n cosa, 
provided that n? = 18, and cos3a = Ein ; 
n 


the other two roots being n cos (a + 27). 
Denoting the discriminant S5—27T? by A, and the absolute invariant 
D. by J, according to Klein, then 
T? 271 J-1 


cos? 3a = — 


nn 8g J? 


sin? 3a = z» or cosec'! 3a = J. 
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2. Changing the sign of x, the cubic equation becomes 
| 4q* — Sz -- T = 0, 
which may be compared with 


4 sin? a—3 sin a + sin 3a = 0, 


so that æ = nsina, or nsin (a+t2z), 

provided that n? = 18, and sin 3a = = ; 
T? —1 

and then sint 3a = 5 = TIT : 


cos? 3a = E or sec’ 3a = J. 


In these two cases it is assumed that 


A= S—27T 


is positive, so that all three roots of the cubic equation are real. 
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3. But, if A is negative, two of the roots of the cubic are imaginary ; 


and, if S is positive, the equation 
4s — Ss — T = 0 
must be compared with 
4 cosh? a — 3 cosh a —cosh 3a = 0, 
and then the roots of the equation are 


ncosha and ncosh (a+377), 


provided that nz 18, and cosh3a = T 


’ 
nè 


T^ 27T° J—1 
so that cosh?3a = a = $ - 


sinh? 8a = — =, or cosech? 3a = — J; 


and these are real, because J is negative. 


4. If A is negative, and Sis negative, then, changing the sign of S, 


the cubic equation 49? + Sa—T = 0 
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must be compared with 
4 sinh? a +3 sinh a—sinh 3a = 0, 
and then the roots of the equation are 


nsinha and nsinh (az 2m), 


provided that n? = 18, and sinh 3a = El ; 
n 


and then shee T. E: SP. 
cosh? 3a — SET = = or gech? 3a = J. 
S J 
Similarly, changing the sign of x, the roots of the cubic equation 
429 — Sz -T = 0 
will be - —ncosha and —n cosh (a+2n%), 
where cosech? 3a = — J, 


J being negative; and the roots of the cubic equation 


4a° + Sz -- T —0 
will be —n sinha and —n sinh (a-E 27), 
where sech? 3a = J. 


According to this method, the solution of the cubic, when only one 
root is real, depends on the values of the hyperbolic functions, which 
have the inconvenience of an infinite period, and so cannot con- 
veniently be tabulated. 


9. In the preceding cubics the second term of the equation has 
been removed ; but, if we consider their reciprocal equations, weshall 
have a cubic equation of the form 


2+azz—4b = 0, 


a cubic equation with the third term removed, equivalent to the pre- 


ceding equation 44° —Sx—T = 0, 

; l N 1 

f — m$. — p. — H 
1 ru Ue b T 


&nd the roots of this new cubic in z will be all real, or one real and 
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iwo imaginary as before, according as 
A = $8 —27T? is positive or negative, 


. a3 —97b 


D 35 99 


We may always suppose T, and therefore b, is positive; for, if nega- 
tive, changing the sign of « and z would make them positive in the 
equations; the roots of the new equation 


2+az7>—4b = 0 


will therefore be all real, or one real and two imaginary, as a?— 27b is 
positive or negative, on the supposition that T' and b are positive. 


6. Now, consider two variable quantities s and t, connected by the 


lati t= s- fs. 
relation s 3 
di _ 2g 
then as 1+ PX 
3 3 2gs V 
and 4P +h, = (49) (14 :J , 
if h; = 2793; 
dt ds 
so that — —M = MM, 
J (At +hs) v (48°— gs) 
. dt i ds 
and | ofp =) z=" ose. 
e S (4 Rh) Ja v/(48°—9s) i 


But, according to the definitions of Weierstrass, the absolutely 
simplest elliptic function, denoted by pu, of a variable quantity u, is 


T ds 
defined b u = | So 
y 8 V/ (48° — 938 — gs) 
and $—pw, 
ds » 3 
8o that da = p'u = — /(4s°—9,8— 9s). 


When it is desirable to indicate the quantities g, and gs, called the 
invariants, then the notation 


= p; go» 9s) 
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is employed; so that we may now write 
=p (v; 0, gs), 
t = p (u; 0, —h,). 
7. By means of the fundamental relation 


p(v; Ja, 9s) = mip (mu; a, 2), 


we find, putting m? = — 27, m = —3, m =i 3, that 
t= p; 0, —hs) = — 3p (iu /3 ; 0, 93) 


since | hs = 2795; 
and therefore, omitting the indication of g,, 
— 3p (iu V3) = pu — eu 
m p'u+3p (iu 3) p'u—g, = 0; 


and, comparing this with the equation 


2 +az —4b = 0, 


we have z = pu, 
provided that a = 3p (iu y3), 
gs = 4b, g,=0. 


8. In order to tabulate the function pu, we must select some parti- 
cular value of g; we shall find it convenient to put g, = 4, and then, 


if s = pu, u= J p 
| v/ (45 —4)" 
" dg 
or 2u = | ZET D 
and then, in the notation of Legendre and Jacobi, 
AEN 1+cn 2u 4/3 mee 
s=pu=1+ V3 anA yz for k = sin 15°, 


9. In the general notation of Weierstrass, the roots of the equation 
4s! —g,5—9, = 0 
are denoted by e, €, e,; so that 


Ais’ —9,5—9, = 4 (sc e)(s—e)(s—e) ; 
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and, if w, w, w denote corresponding values of u, so that 
P= ês, PW, = Cy, Pw = 63; — 


then w, w, w; are called the periods of the elliptic functions; but they 
are connected by the relation 


wtw T o, = 0, 
also €, te, te, = 0. 


In our case of g, = 0, two of the quantities e, e e, are imaginary ; 
e, is then taken to be real, and, with g, = 4, we have - 
e7 uw, el, e& =w; 
w and e denoting the imaginary cube roots of unity, such that 
w —w = 44/3. 


Then, since s = 1 when u = w, and 2u 4/3 = 2K, in Jacobi's nota- 
tion ; therefore K = w, 4/3. 

Also wg — w is positive imaginary, and is denoted by e; by Schwarz, 
and then 7K’ = w; 4/3; so that 

bout KU oia 
a sig = / 2. 

10. Then, as u decreases from w, to 0, pw will pass through all real 
values from 1 to oo; and as iu increases from 0 to w,1, or iu./3 from 
O to w, p (iw./3) will pass through all real values from — oo through 
0 to +1; as exhibited in the following Table, kindly calculated for 
me by Mr. A. G. Hadcock, Inspector of Ordnance Machinery, Royal 
Artillery, in which the periods w, and w; have each been divided 
into 180 equal parts, and the corresponding values of p u tabulated 
in the same horizontal line. 


Then w,=1'2143, and p 156 can be calculated from the formula 


EMO. u 
puse 


QU X m gg 


Also, denoting p 1 Tu bos s and p zo by S, then 


s=} t) 


whence p ice can be calculated when p i is known. 


208 


r= 0| +Infinity 


1 | +21972°6 


5494-39 
233161 
1373-21 
878:805 
599-074. 
448:413 
343:303 
271:277 
219:726 
181:586 
152-593 
130-016 
112-103 
97:6523 
85:8317 
76:0292 
67-8150 
608671 
54-9316 
49-8237 
453966 
41:5363 
38:1466 
35:1554 
32:5043 
30-1407 
28-0260 
26:1262 
244142 
22-8643 
21:4574 
20:1766 
19:0077 
17-9369 
16:9542 
16-0506 
15-2169 
144465 
13:7332 
13:0719 
12:4569 
11:8843 
11:3505 
108517 
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— Infinity 
— 7324-200 
| 1881463 


7717:2033 
4577366 
292:9350 
199:6913 
149:4710 
114-4343 
90:4256 
/9:2490 
60:5286 
50:8643 
43:3385 
37:3675 
32:55062 
28:61038 
25:94289 
22:60471 
20:28867 
18°31009 
16:60736 
15:13155 
18:84466 
12°71461 
11°71738 
10°83350 
10:04543 
9°34.030 
8:70678 
8:13582 
1:61888 
/:14956 
6:72226 
6°33221 
597482 
5°64676 
5°34502 
9:06654. 
4/80911 
457066 
434950 
4°14371 
3:95199 
3°77316 
3°60591 


r= 46| + 10°3851 


90 


9:04817 
9°53820 
9°15299 
8:79071 
844971 
8:12796 
/:82443 
7°53768 
/:26630 
/:00940 
6:76574 
6:58496 
6°31568 
6:10721 
5:90906 
572044 
504062 
0:36929 
5°20585 
5'04976 
490066 
4°75815 
462180 
449772 
436622 
424650 
4°13150 
4021384 
3°91554 
3°81391 
3°71629 
3°62241 
3°53214 
3°44533 
3°36163 
3°28113 
3:20353 
9:12871 
3:05658 
2:98703 
2°91989 
2°85504 
2°79248 
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— 344934 
3'30258 
316474 
303507 
2:01297 
2:79790 
2°68914 
2:59636 
2:48909 
2:39685 
2:30932 
2:22611 
2°14:710- 
2:07179 
2:00000 
1:93149 
1:86606 
1:80344 
174351 
1:68608 
1:65096 
1°57803 
1:52716 
1°47818 
1°43333 
1:38546 
1:34156 
1:29905 
1:25799 
1:21821 
1:17964 
1:14222 
1:10586 
1:07051 
1:08612 
1:00255 

"96986 
93792 
‘90669 
87615 
84623 
*81690 
‘78811 
"70984 

— 73202 
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+ 2°67366 
92 2°617138 
93 256253 
94, 2:50974 
95 2°4.5868 
96 2°4.0928 
97 2:36141 
98 2:81541 
99 2°2'7023 
100 2:99679 
101 2:18467 
102 2°14303 
103 2:10347 
104 2:06523 
105 2:02809 
106 1:99207 
107 1:95715 
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ll. Now, put z = J- in the equation 
m 


25 --az3— 4b = 0; 
then y* - ama! — 4bm? = 0, 
or, if bti: 
b 
then y --amy! —4 = 0; 


and, comparing this with 


p» +3p (iu /3) pu—4 = 0, 


when J =0, gg = 4; 
then pu =y, 
. E 24 3 M 
af iv) an aa Gea) 
3 
and then z= P” z= T 
j T? pu 


Then, if two roots of the equation are imaginary, the value of 


E lies between —oo and 1; and, to solve the cubic; look out the 


value of p(iw/3) corresponding to B and then the corresponding 


any 
values of pw on the same horizontal es ; and then the value of æ is 
E ; the other two values of « being —————;, T 

UA p (u+20,) +4 24) ' 

If the three roots are real, the value of rA lies between o and 1; 
so that iu,/3 is real; and therefore, putting 


Vu 3 =v, 


and looking out the value of v corresponding to 


; T? ; Ts 
the value of æ will be ——; the other two roots being — — — —. 
Ps" p ucie) 
This method of solution of the cubic has the advantage of requiring 


only the tabulated values of a doubly periodic function of finite 
periods. 
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B. Solution of the Quartic Equation. 
12. Next, suppose the general quartic equation 
U, = (a, b, c, d, e) (2, 1)* = 0 
is presented for solution. 


Denoting the Hessian, changing however its sign to what is 
usually employed, by 


H, = (b— ac) &*—2 (ad—bc) a? + (86 —ae — 2bd) 2? 
—2 (be—cd) «-4- d* — ce; 
then, if G, denote the sextic covariant, 
G; = 4H; — 4 HU; — 9U;, 
where gs = ae— bd + 3c, 
gs = ace + 2bcd — ad? — eb? — c, 


the quadrinvariant and the cubinvariant respectively. 


Then, if we put 8 = 


(Cayley, Elliptic Functions, page 347), 
G 
and 4s — g48— 9; = pi 


so that, if we put the general elliptic integral 


| dæ 
= u, 


VIUA 

da ds 
h -—- i —-—— li — eee ee ne, | 
MR IU) 7 3 VAS gs)! 


ds 
ae ie | MMC oa 
i J (4 —938—gs)” 
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so that, in Weierstrass's notation, we may put 


V7 = p (2u; 9» 9s) 3 
and ip (2u; gs 9s)- 


We may, therefore, use the notation 


«s | dit = ap? (F; ) 

a P 2p G’ Ja 2s]; 

expressing the general elliptic integral as a function of the covariants 
U and H. 

Mr. Robert Russell, of Trinity College, Dublin, has also shown how 
to reduce the general elliptic integral to one of Legendre’s or Jacobi’s 
canonical form, as a function of the quotients of the quadratic factors 
of the sextic covariant G, the squares of these quadratic factors being 


H,.—eU, H,—eU, H,—eU,. 


13. Suppose, now, that v = œ when u = a, then 


— 
bogus de. 
On the assumption that it is possible to express v as a linear func- 
tion of pu, then the roots of the quartic will correspond to the infinite 
values of p2u; so that «= £y 2,, to, %, the roots of the quartic, 


when u =Q, w, w, w, in the notation of Weierstrass, previously 
explained. 


vt dx 
Thus, when DE € 
EA V (Uz) 
H. 
h 2u = =F; 
we have p2u T 


t, denoting the root of the quartic U, = 0, corresponding to u = 0. 

To express pu as a function of x, we can employ Klein's formula 
(94) (Hyperelliptische Sigmafunctionen, Math. Ann., xxvi, p. 454), 

. P) ó 3 
NELLO. (nitri) Ven 
p 2 (e —a,)! 

where y and y, are replaced by unity after differentiation ; and then, 
when 2, is a root of U, = 0, 


a, b, c) (a , 1)? z’ +2 (b, C, d) (itn, 1)? 


miz à v+ (c, d, e)(z,, 1)? 


2 (s — x)? 
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and, by (55), 
ae (a, b, c, d)(%, 1) z 4- (b, c, d, e)(%, 1y U.. 
(2—20) 
Then, supposing 2 = œ when u =a, 
pa = i (a, b, c)(x, 1)’, 
p'a = — V'a (a, b, c, d) (as, 1); 


| = (a, b, 6, d) (ao, 1) 


o that — 
S & pu—pa "—" 


, 


=— Ope = : 
Va (e —a) ' 

o Pa 
/a(pu—pa) 


Or, otherwise, putting 


pu— pa’ 
where A is some constant, to be determined hereafter; and then, with 
the notation previously explained, we can put 


A u— 
gam a a PES 


pu— pa pa—e, i 


A E pe 


pu— pa pa—e,’ 
x — e; 
dog m i 
pu—pa pae; 
Then U* = a (2—2) (8—2) (2—2) (2—2) 
A’ EZ» 
saa an ; 
(pu—pa)* p*a 
dz Apu 
Al Uu emt. 
j du —— (pu—pa) 
Apu 
so (pu—pa)? 
80 that du = — j — 
V(U) /a as pu 
(pu— pa)" p'a 
and therefore Az— pa 


Va 


VOL. XVII.—NO. 270. T 
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Then t,—¢, = A 2.1 ps. 
pa—4 va pa—e, 
CNET NER NON URN 


SO that, since Vte,+%,+2, = — 42, 


Ot, — 2,—2,—2, = 4 (z+ =) 


=} (Pt + Pa +E); 


/a\pa—e, pa—e, pa—e, 
b l (Pe p po Q pa), 
e mt as A/a Pm T oa P) j 


and, therefore, 


a, + 2 = gy -Puü.q E), 
pa—e pa—e, pa—és 


a 
vincent ttn a) 
b 


4,/a\pa—e, pa—e&  pa—e, 
PT 4, /a (Pe + pe — e, end 


a 
Ld p^ ap ou — - = 3 
Then U= : UT P fp (u—a) p (u+a)} , 


as in M. Halphen's paper “ Sur l'inversion des Integrales Elliptiques,” 
Journal de l Ecole Polytechnique, 1884. 


14. These preceding investigations indicate the advantage of the 
substitution of $61 of Burnside and Panton's Theory of Equations, 
where the second term. of the quartic 


ag! + 4b? + 6ca? -- 4dz+e = 0 
is removed by means of the substitution 
z = ac + b, 


Z 
or b 
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80 that the quartic becomes 
V= 2+ 6Hz +4Gz+ a T—98H? = 0, 
where H = ac—b’, 
G = œd —3abc + 20°. 


Then the quadrinvariant and the cubinvariant of V are 


G, = ga, 
G, = ags; 
dz dæ du 
l — — —— 
also dv JO) Jat) Ja’ 
so that u = vva, 


agreeing with the formula 
| 1 
pv; gs 9s) = p (v; Gs Gi). 


15. It will simplify matters, without any restriction on generality, 
to suppose hereafter a is replaced by unity whenever necessary, so 
that u and v are the same; also G, = 9a, G, = g,; and then, a denoting 
the value of u which Das z, and therefore z, infinite, 


p2a=H, and p2a=—G; 


and, denoting the roots of the quartic in z by 2, 2,, Za 23; then, as be- 


fore, Z= = pa, 
pu— pa’ 
2—2 = —pa BA. 
pu—pa pa—e' 
z= 2 = pa po 
pu—pa pa—e,’ 
ga —pa u— e, 
pu—pa pa-e; 
also z% =—ł (=+ pa tea) 
pa—e pa—e, pa—es 


9 


ama (= TONS UNES Ps) 
pa— e pa—e m 
| T 2 
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a=- } (25 += “+ Pa), 
pa—ce pa-—e pa-—-és 
n=- (P e -Pa- + —5pe). 


pa—e, pa—e, pa-—e, 


16. By means of the notation explained by Schwarz in Formeln 
und Lehrsütze zum Gebrauche der elliptischen Functionen, we can trans- 
form the above expressions for the roots Z, 2,, z,, 2,, into 


^» 


am ca 2a ; pa : 
piget 990. pu. pe. et (ato) 
oa 62a pa pa—e p (at+w,) 
=9%9_72a_ ipa pe .- ip (ate) 
acm m UE 9 RE aan 29 7 , 
Ca  c2a pa pa-—e p (a+w,) 
Z; = e.a "02a zd na pa — ip (ete). 
É Ca 02a "pa p«-e *p’ (ato) 


or, in another form, 
c,2a + o,2a , 6,20 


£y = 9 
d o2a cla 02a 
5 0,2a  0,2a  0,2a 

i c2a  c2a co2a’ 
: e,2a , 02a  e,2a 

: c2a  c2a ola’ 
— 062a  o,2a , v,2a 

x obama dca j 


l c2a oa2a  oc02a 
equivalent to 


47  /(p2a—e)- /(p2a—«&) + /(p2a— e), 
a=  /(p2a—&)— v (p2a —&)— V (p2a— ej), 
2, = — /(p2a—e,) + /(p2a—e) — //(p2a— e), 
z, = — /(p2a—e,)— V (p2a— ej) + /(p2a — e;), 
agreeing with the expressions on page 117 of Burnside and Panton's 
Theory of Equations. 
Then (2,—2,) (2, —2,) = (4—2)(4 —2,) 


i 4 (p2a—e,—p2a+e,) = 4(e—26); 
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and, similarly, 
(2,—2,)(25—2) = (%—%)(%—%) = 4 (&6—*), 
(v, — 25) (21—24) = (4—2)(n—24) = 4 (e,— e) ; 
€i, € € denoting the roots of the reducing cubic 
4s — g,8— 9; = 0, 
and replacing a by unity. | 


17. The simplest expression, however, of the roots of a quartic is ob- 


tained by increasing the roots of the equation in z by T equivalent 
c 2a 

: o2a _ 
to putting con > 
in the quartic equation 

y* tr 4by* -F6cy! + 4dy+e = 0; 
when the roots of the quartic are 
Lars ynot y oma y gha 
yo = 2 va! ^ 2 c, o! ys — 2 oa ys = 2 m 


Then  y,—y,— Pe, W—x--L—, Js — Yo = Po; 


3 
pom pa--e pa 


a (e,—6;) 


(pa — e) (pa — &) (pa— es) 
and, similarly, (y —y9(ys—91) = 4 (e5—&), 
(Ys—Yo) (Yi—- Ya) = 4 (& —6). 


— 7 (uta) o (u—a) 


o (u-Fa) e (u—a)’ 


| L| dy 
if n= | 


-80 that (y, —39)(y4—9:) = = 4 (e,— 65), 


Then, generally, y 


18. We may now compare these substitutions with those given by 
Halphen (Journal de l'Ecole Polytechnique, 1884), where 


p = 1 Purp 
? pu—pv 


_o(utv) cu cw, 
o (u+v) ou cv 
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or, in our notation, with 

p (u—a)—p 2a 

p (u—a)—p 2a 

1 P (v 4-2) - p'2a = p luza) -p (u+a) 
* p (u+a)—p2a *p (u—a)—p (u+a) 


o (u+a) _ o (u—a) «2a 


o (uta) e(u—a) o2a’ 


R 
ll 
tol- 


| 0 (ua) ce (u—a) 
= Y= (uta) a (u—a)’ 


with the notation of the last article (§ 16). 


72 ^2 


Then Y= PAPA 
(pu— pa)* 
= {p(u—a)—p (u+a)}’, 
one : = = {p ays (u+a)}}?, 
or vU=—, {p(u—a)—p (u+a)}, 


agreeing with Halphen’s expression. | 

19. It remains to investigate the conditions for the reality or other- 
wise of the roots of the quartic. i 

(A) When the discriminant 

A= gi-20p 
is negative, two of the roots e, e» e, of the reducing cubic 
45 —9,79, = 0 

are imaginary; and then two of the roots of the quartic are imaginary 
and two are real. 


(B) When the discriminant A is positive, e,, e, e, are all real, and 
the roots of the quartic may be all real, or all imaginary. 

The roots will be all real when pc and p'c are real; that is, when 
p2c or H lies between oo and e,; otherwise, all the roots will be 
imaginary. 


The solution of the quintic by means of Weierstrass’s functions 
has been considered by Kiepert in Crelle, Vol. 87, page 120. 
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20. Let us apply the preceding theories to the motion of a prolate 
solid of revolution, moving through infinite liquid, under no forces. 


Then, as eeplained i inthe Quar. Jour. of Math. (No. 62, 1879), 1 
cos 0 is denoted by 2, 


d? = ay (2— 2) (ea) (@—23)(w— 29) 


= a,2*— 4a,2* + 60,2! — baze +a, 


where go (2-2) =M, also a,=0; 
€, V0 Gy 
i | 9c = /'9c = A. 
and if p2c = a p 2c "ui 


then 


ge Bg = 005 


-Pe p =P Cte) 
i pe’ t= à p (cto) 


aud jas e (utc) _ o (u—c) c2c 


—————  — T — 
pau Ld 


and z= = 2 AGO) oo (eso) —2 ae 
NURE) o (u—c) oc 
— Zp“ 
pu—pc' 
2—$:,-— pte pou 
pu—pe pe—e,’ 
‘t—%, = pe zd. 
pu—pe pe—e; ’ 
qm, = pe pu 7 es. 
pu—pe pe—e' 
so that (£ —2,) (e—2,) (e —2,) (@— x) 
= po. px 
(pu—pe)* p*c 


2 3 


— pepu 
(pu —pe)* 
= {p(u—c)—p (ute) }*; 


" dz _ pep _ b (u—c)—p 
also m Ge p(u—c)—p (ute), 
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and therefore du = J/ay,dt, 
or u = /a,t+constant. 


The constant must be taken to be w, for pu to range between e, 
and e, and therefore z to range between c, and 2,. 


91. Then 


dp _ G+en 1 G— can 1 
d 2c, ]1l-4cos0 2c,  1l—cosÓ6' 


dy _§, Gton 1l. G—c,.n 1 
du * 2,./M 1+cos@ 2c,,/M 1—cos 0’ 


(l+. 1+2. 1+. 1+2) +hi /(1—4.1—2,.1—2,.1—2) 


l+cos 6 1— cos 0 


Now, suppose u =a when cos0 — —1, 
u = b $3; cos0 = +1; 
then — 14c080 2 —P2 — P? —__Pe(pu—pa) — 
pa—pe pu—pe (pa—pe)(pu—pe) 


1—cop@ = —P9... pe .. pe(p—po . 
pu—pe pb—pe  (pb—pc)(pu— pc) 


^9 4 
1l+a).l+2z,.1+2%,.1+2, = pop. 
(pa— pc) 
?b pc 
l—z,.l—2,.l—2,.l1—2z, = . 
To 94 V3 s (pb— po)*! 
also p'u is negative imaginary, and p'b positive imaginary, 
dy a; (pa po .__ (b-p 
ao that au T —pWe(u-pa] ^U —pe(ph—-ps) 


(pa— pc) (pv — pe) (pb—pc)(pu— pe) 


= pi -petpe-po pyi poQu-po 
(pa—pc)(pu- pa) ` (pb— po) (pu—pb) 


dU m pé p pe po. pps 
^ pa—pc pu—pa pb—pe pu—pb 


m (a+e) +2 G09 ae = (ut+ta)+—(u—a)+2 zs 
g e a Co e g 


e c o c o o 
— b —_ ma b— peann — m — — cm — . 
acu T c) aA c)+2—b z; etb)+—(u b) 25 
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8o that yz dilog ATI +}iPu, 


where r= = (a+c)+ (a—c) 
4 —(b+c)+ + (b—e), 
g c 


-2y x. «€ (u—a) a (u—b). 
d SOUS WE COE. 


22. Then 


2, — 1 P. oe eae tok 20+ ^ 2. 2c, 
pe To T 


y m—4B Cto) o7, o o, 1 9c. T3 95. 28 20, 
r Co e e 


t = — 1P (cto) 5946.7 E es 73 9c — 25.96, 
P (c+ w) 03 c c c c 

Qquc1PBOrte).ge. o s “1 2o— “2 2e+ f 2c; 
P (cto) C, c c c 


and, generally, 


—PB-o-p2c.. co -É wy 
a ey ear yer a er (u+c) (u—c) = 26 


ne 
rely rione 


23. In order to agree with the notation of the Quarterly Journal, 
we must suppose 


zo =ð %=a, e,—, t= y; 
and then (a — y)(8—83) = 4 (e,—e,) ; 
also, in order for pu to oscillate in value between e, and e, we must 


have u=/Mit+a,. 
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Comparing Weierstrass’s notation with Jacobi’s, we have 
eu? cn? 
pu-—e = (25) = (a—e) su v (e&— es) u 
or l (e — es) ed? / (e — es) w; 
3 
pu—e; = (35) = (e-e) ds /(&— es) u, 


pue = (22%) = (ae) ne /(e.— e) w 
(Schwarz, page 30) ; 
and J (&—6&) u = $/ {M (a—y)(B—8)} t+ 2K, 
agreeing with the notation of the Quarterly Journal. 


The determination of a, B, y, 6 attempted in that article has thus 
been effected, in terms of Weierstrass functions of c, the invariants 
being g, and gẹ the invariants of the quartic z^ in terms of g. 


94. Now 1+3= PE Hepa Pe. 


p? — pc B pb—pc? 
1-29 / pas—pc, 
80 that 1+3  pb—p! 


and, similarly, s =- Ec a, 
]— 


1—ß _ _ pa—pe phb—e 
1+6 ^ pb—pe pa—e,’ 
l-y 


so that = = = , 
c? b c? b c? b c?b 
Ad uM DES: Som 
oa oa oa o'a 
1 2 8 
and if this is put = L, and 
| 2 
2 2 2 
A= LL B= e;b C= A D = ob 
2 ? 2 3 9 3 9 9 
e, 0 6,0 0,0 adii 
the biquadratic 


4af—22* (A+ B4- C - D) 
T2z (BCD+CDA+DAB+ABC)—4ABCD = 0, 
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obtained by putting a +B+y+é= 0, 


— 2 — 
855 one i PT ET eor) 
the other roots being 
—pa—po ab _ pa—pe ejb  pa—pe eb 
pb—pe aia  pb—pe ola = pb— pe oa) 
Denoting these four roots by to, 2,, Xy 2,; then 
a—pc) eb pa— 
A (pb = oa a 


v. —p, = PO pe b (pa—pb)(e,—6) . 
> ° — pb—pe oa (pa—e,)(pa— es)’ 


so that 
— gt — 
(ce) = (BE) SP Ge P2 4 (ae) 


so that the S and T of the reducing cubic of the last quartic becomes 
S = mo, T= mgs, 


where "Pepe 7) pa—pb. 
~ pb—pe oa pa 
and this complication is sufficient to explain the difficulty experienced 


previously in the attempt to solve the biquadratic (6) and its reducing 
cubic. 


; 


| 95. Compared with the previous expressions in the Quarterly 
Journal, V ol. XYI., 


lta pa—e pe—e. | 
gn! ia’ = *—Y lr lty  ..pe—a& pa-e, — 6-65 
a-ó l+y I+a pa—e_ | pa—e, 
1+6 pe—e, 
1+6 _ pe-e 
enia = Y—9 lta. — loy. ^ pa—e. pa—e 
a—o l+y 1 1+6 1—Pe=& = Pa es 
+a pa—e 
1+6 € — e 
dnt ia’ = Y? L+ — — lty = Bata a 
B—ò l+y y—ite — _pe—e pa—e,’ 
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and similarly sn? (ib +K) = er — és 
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P 


p 


cn! (ib 4- K) = P2—8 


9 
pa— és 


dn? (b+ K) = P2—5; 


P] 
pa — es 


indicating that a = rw, b = wd $us, 


where r and s are proper fractions, with Schwarz's notation (Formeln, 


p. 74). 


26. Now put g= cos0 = 1-y 


then 
or, if 
then 


where 


Also, to the complementary modulus, 


1— lcty 1— P48 pee 


inia m Ta po—es pa—-& |^ — &—84 
qe: lty ]— P2—5 T pa—e 
1+6 pe— es 
cn? az Pe 4s 
pa—e,’ 
dn? g’ = P2—4 - 
pa— e’ 
1— 1-8 1 pb— e 
mY =l’ Mn ^ peca . . pi 
j- 1-8 4j ph—4p-a asa’ 
l—a pc—e, pó—e, 
en! j/ = TA, 
€1— €3 
dn? p’ = Pb—65 
eC, — es 


T+y’ so that y = tan? 10; 


4j = — (Ayy*—4A,y° +64, y — 44y +4); 


z—1 
a a that z = cot? 10, 


42 = — (A,215—44,2* -- 64,23 — 44, « 4- 4,), 


A (Gon) Be Gs on) 


4 C, 
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Then the quadrinvariant G, and the cubinvariant G, of these 
reciprocal quartics in y and z are the same, and 


G, — PA G, = — 2°95 ; 


so that, if y = œ when i =a, z = œ when t = b, we may put, changing 
from G, and G, to g, and gs, 


JAy ==} (t+a)— 2} (t—a), 
J Aye = —4 (t+b)— —} (tb), 
SEI 31 1 
and 1 / A, Sec? 10 + 1 V A, cosec? 10 
= i(4-4)Tí Z 4 (t+a)- TA à (t—a) 
+3— §(¢+b)—4— 4 @—b), 


o Wag F «4 E ata) (t-a) 


oi (t+a) 4 11,04 (t+) 
Pedo) Boy G8) 


bol 


so that iud ae t+i 
C4 


Also VA = 2 — 3a, J Ag%y = 2— 1b; 
e 
th A E pa. 
so that J o (Y —99) pu—pa’ 


with G, and Gy 
Arranged in descending order of magnitude, we have 
o»a»5l»s»5ez»5»X»—1»a»5—0; 
also, when c= 0, TET z=—l, wzecj 
C=, YEY}, 2=% U=; 
z=1, y=0, 2-0, u=bd; 


© = GS, y = Yz Z = Zy U = 03; 
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and now 2, y, z have the real values of the problem; also 


T= s y = y» & = 8s u = Ws; 
v=—l, y=ouo, 2=0, “=a; 
ELEM y = Yo % == 29 u = 0; 


æv = —-0, y=-l, z=—1, w=e. 
Then #= M(e—x)(e—2,)(2—2,)(e—2), 
4j = — Ay (y-y)(y—v)(y vy — Ys), 
42 = — A, (z— zo) (2—2,) (2—9) (4— 24), 


and now pa lies between e, and e, and p'a is positive imaginary, 


p^ » €and—oo and pò is negative  ,, 
pu ” e, and es, 
and u = t+ w. 
APPENDIX. 


Let us apply the Table to the solution of two representative Cubic 
Equations. 


(i.) To solve z*--2!—1 = 0, a modular equation of the 23rd order, 
the real root of which is ¥/(16kk’), when K'/ K = / 23. 


Here a=1, b=}, m= %4; 
p (iu /3) = tam = 529; 
so that, to the nearest integral value of 7, 
im /3 = 1480, w= ju, 


pu = ‘07882, and 227551. 
(ii.) To solve 25—5z?+6z—1 = 0, the roots of which are 


To sim, gaint O* 
4 sin? T 4 gin is $sin i. 


P =—— th 
ut x 274 T' en 


725-72 —1-20; 
here | a=l, m-$28; 
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and p (iu 4/3) = 13/28 = 1:012, 


so that, to the nearest integral value of r, 
iu/8 = iw, (+ 2w), u = Froo (+303); 
pu = — 2'226, 4-996, —1:803; 
and æ = 1:573, :198, 3°16. 


On the Cremonian Congruences which are contained in a Linear 
Complex. By Dr. T. Arcuzr Hirst, F.R.S. 


[Read May 138th, 1886.] 


1. In his well-known memoir,* published in the Monats Bericht of 
the Academy of Berlin (17th January, 1878), Kummer drew attention 
to the existence of two different, and equally general, congruences of 
the third order and third class. One of these is contained in a linear 
complex ; the other, which for distinction might be termed the skew 
cubic congruence, is such that the three rays thereof, proceeding 
from an arbitrary point in space, are not, in general, coplanar. The 
properties of the latter congruence were fully developed by Kummer ; 
whilst those of the former were only very briefly alluded to by him. 


2. A year ago, in a paper communicated to the London Mathe- 
matical Society, I had occasion to study a special case of the above- 
mentioned skew cubic congruence.t It was of the Cremonian 


* Uber diejenigen Flichen, welche mit ihren reciprok polaren Flichen von derselben 
Ordnung sind und die gleichen Singularitaten besitzen. 

t On Congruences of the Third Order and Class, ** Proceedings of the London Mathe- 
matical Society," Vol. xvr., pp. 232—38, 1885. 

I may here mention that, in 1882, Dr. "Roccella published, at Piazza Armerina, in 
Sicily, an interesting thesis entitled, Sugli enti geometr ici dello spazio di retti generati 
dalle intersezione dé complessi cor respondenti in due o piu fasci proiettivi dt complessi 
lineari, in which, amongst other things, he speaks of a congruence of the third order 
and class, definable as the locus of a right line constantly incident with three correspond- 
ing rays of three given projective pencils, arbitrarily situated in space. This congruence, 
as I have recently shown, in a communication to the Circolo Matematico di Palermo 
(* Rendiconti,” t. 1., seduta del 21 febrajo 1886), is itself a special case of the one 
Studied by me, and referred to in the text. 

I am also informed by Prof. Sturm, of Münster, that he has been led, still more 
recently, and quite independently, to a somewhat similar, purely descriptive method 
of generating the congruence described in my paper of 1885. In place of one of the 
three projective pencils employed by Roccella, he simply substitutes a quadric regulus, 
one of whose generators coincides with its corresponding ray in one of the two re- 
maining projective pencils. 
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type; that is to say, a congruence whose rays determine a Cremonian, 
or birational, correspondence between the points of two planes. Its 
investigation naturally raised the question as to the existence and 
generation of a Cremonian cubic congruence of Kummer’s first, or 
non-skew type ; and this enquiry, just as naturally, led to the wider 
one which forms the subject of the present paper. 

In it I propose to consider, first under what conditions a con- 
gruence, contained in a linear complex, will be Cremonian (Arts. 3—7); 
secondly, how such congruences may be generated, and what varieties 
they present (Arts. 8—23); and, finally, what special properties 
those of the third order and class possess (Arts. 24—26). 


3. The order and class of every congruence contained in a linear 
complex are necessarily equal to one another; and their common 
value, say n (>2), also indicates, if the congruence be Cremonian, 
the degree of the birational correspondence whence such congruence 
proceeds. 

The truth of the first part of this statement is sufficiently obvious ; 
that of the second follows from the first, and from the fact that the 
degree of the correspondence is, by definition, the order of the curve 
which corresponds, in it, to a right line. This order is, in fact, clearly 
equal to the number of congruence-rays situated in any plane passing 
through that line; in other words, to the class n of the congruence 
(C. C., Art. 3).* 


4. The order of & Cremonian congruence ordinarily exceeds its 
class by two, and order and class only become equal to one another 
when, in consequence of the presence of two self-respondent points 
C and D, on the intersection of the generating planes a and (j, two 
pencils of congruence-rays become detached from those which con- 
nect corresponding points. (C. C., Art. 20.) 


5. Only one of the n congruence-rays proceeding from an arbitrary 
point A of a, say, passes through the corresponding point B of 6; 
the remaining ones connect points of |9 situated on af, with 
the several points in a which correspond to them. Ordinarily, the 
latter envelope a congruence-curve in a of the class 4 — 1. 

But, if the congruence under consideration form part of a linear 
complex, these 1 —1 rays must coincide with one another, otherwise 


* Asin my last paper, I shall refer thus to my memoir On Cremonian Congruences, 
published in Vol. xiv. of the ‘‘ Proceedings of the London Mathematical Society,”’ 
pp. 269—301, 1883. 
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they could not always lie, with the n™ ray AB, in one and the same 
plane. In other words, the above-mentioned congruence-curve be- 
comes a congruence-pencil, each of whose rays is to be counted n—1 
times; viz., once for every point of such ray, which is thereby con- 
nected with its corresponding point on af). 

Since the last-mentioned point has more than one, it must have an 
infinite number of corresponding points in a, all which points must be 
situated on a curve of the order n—1. It is, in fact, a principal 
point, D, ;, of O of the same order, n—1, of multiplicity, and being 
necessarily the only point of this kind in B, it must likewise be the 
centre of the congruence-pencil in a above alluded to. 


6. From the above analysis we readily conclude that the birational 
correspondence between a and f whence a Cremonian congruence 
contained in a linear complex proceeds must be of the isographic 
(de Jonquières) type, with its principal multiple points A,_, and B,., 
situated on the intersection aj ; to which multiple points correspond, 
in Q and a respectively, principal curves b"-' and a"! of the order 
n—1, and having B,., and A,., for (n—2)-ple points. Exclusive of 
the above principal curves, therefore, to every right line a, in a, 
passing through 4, .,;, corresponds a right line b, in 8, which passes 
through B,.,. Not merely do the corresponding points of these lines 
a and b form two projective rows, but the lines themselves are corres- 
ponding rays of two projective pencils A,_, (a) and B,., (8). Of 
these pencils, moreover, aß is a self-respondent ray, since it contains 
' the two self-respondent points C and D (Art. 4). 


7. Conversely, every isographic correspondence between a and £ 
whose principal multiple points are situated on a3, and in which the 
latter line is self-respondent, generates a congruence which is con- 
tained in a linear complex.* | 


* Although not essential to the present enquiry, a brief consideration of the in- 
teresting problem, **'To determine a Cremonian Congruence which shall be con- 
tained in a given linear complex," here merits a place. 

A plane a, and in it a point 41, .1, being arbitrarily assumed, the centre Ba- of the 
complex-pencil situated in a will necessarily lie in the plane B of the complex -pencil 
of which 44,.; is the centre ; and every ray a of the pencil 44,.1(«) will have for 
* conjugate polar," relative to the given complex, a perfectly determinate ray 64 
of the pencil B,_1(8) [sce Plücker's Neue Geometrie des Raumes, p. 28]. Not only 
are a and b, however, corresponding rays of the two projective pencils 4,1 (a) and 
B,.1(8), having a common self-respondent complex-ray a8; they are likewise, as 
is well known, the directrices of a linear congruence contained in the given com- 
plex. The latter, indeed, is simply the aggregate of all such congruences, 

From this it follows at once that, if an isographic correspondence of the degree n 
could be established between a and B, of which 4,_, and B,_; were the multiple 
principal points, and every pair of rays a, b corresponding lines, the Cremonian 
Congruence thereby generated would satisfy the conditions of the problem. 

The establishment of such an isographic correspondence presents no difficulty. 
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For from an arbitrary point P, in space, the corresponding rays @ 
and b are projected by the planes of two projective pencils which have 
in (P, aß) aself-respondent plane. The intersections of all other 
pairs of corresponding planes, therefore, are coplanar; they form, in 
fact, a plane pencil of rays P (r), and belong to a linear complex. 
Amongst them, of course, are the several rays, passing through P, of 
the Cremonian congruence which the assumed isographic correspon- 
dence between a and (9 generates. 

The same result will be arrived at if the projective pencils A,_; (a), 
B,.1(8) be cut by an arbitrary plane v. The corresponding rays a, b 
then determine on za, 7D, two projective rows which have in (7, aß) 
a self-respondent point. The connectors of all other pairs of corres- 
ponding points, therefore, are concurrent, say in P, and in the pencil 
P (x) will necessarily be found the several rays of the Cremonian con- 
gruence under consideration. 


8. If the isographic correspondence by which this congruence is 
generated be of the degree n, and C and D be the only two self- 
respondent points thereof, the congruence itself will be of the order 
as well as of the class n (Art. 4). 


9. If, however, three, and consequently all, points of aß be self- 
respondent, a special linear complex may be detached from the aggre- 
gate of rays joining corresponding points (C. C., Art. 22), and there 
will remain a congruence (»—1, »—1), which, as in the above more 
general case, is itself contained in a linear complex.* 


10. Of Cremonian congruences contained in a linear complex we 
have, consequently, two distinct types. Those of the first type, 
described in Art. 8, have four singular points on aß; those of the 
second, only two, as explained in Art. 9. 


11. From the mode in which the congruence (n, n) of the first type 
has been generated in Art. 6, it is obvious that it possesses two 
(n—1)-fold congruence-pencils, in the generating planes a and [, 
having their respective vertices D, , and A,., situated on af. It has, 
moreover, 2 (1 —1) pairs of congruence-pencils whose centres are the 
associated principal single points of the isographic correspondence 


* This congruence may also be generated, after the manner of Roccella and Sturm 
(see Note to Art. 2), as the locus of a right line which is constantly incident with 
three corresponding generators of three projective forms ; viz., two plane pencils 
having a selt-respondent ray, and a unicursal scroll. 
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whence the congruence proceeds, and whose planes pass through the 
principal lines corresponding to those centres. An additional pair of 
congruence-pencils has its centres at the self-respondent points 
C and D, situated on af); its planes, y and ò, intersect each other 
in that same line af. (C. C., Art. 21.) The congruence itself, 
moreover, may be regarded as the aggregate of all the quadric reguli 
having, for directrices, the several pairs of corresponding rays a, b of 
the projective pencils A,_,(a) and B„-ı (6), and whose generators 
join corresponding points of these rays (Art. 6). The reguli re- 
spectively conjugate to these form, in the aggregate, another con- 
gruence (n, n) (C. C., Art. 36a). This associated congruence, 
however, is not Cremonian. 


12. The common focal surface, however, of the latter, and of the 
congruence (n, ») in which we are more immediately interested, is the 
envelope of the system of quadric surfaces upon which the several 
systems of conjugate reguli are situated. It is of theorder as well as 
of the class 4 (n—1) (C. C., Arts. 10 and 20), touches each of the planes 
a and ĝ along the principal curve of the order & —1 which that plane 
contains, and likewise cuts it along the 2 (»—2) tangents which can 
be drawn to that curve from the principal multiple point to which 1t 
corresponds. The line aj, moreover, is a double one on the focal sur- 
face under consideration. 


13. In support of these statements, l observe that the quadric 
(a, b)*, and therefore the focal surface it envelopes, touches the planes 
a and (9 respectively, at the points A, and B, where its directrices a 
and b cut, ulteriorly, the principal curves a"^! and b"-!. For to these 
points correspond, respectively, the principal points B,_, and A, ,, so 

that a, = A,B,_, and bo = DB, 4,.; are generators of the quadric (a, b. 

The latter, of course, likewise touches the focal surface along the 
quartic curve (characteristic), in which it is intersected by the next 
succeeding quadric of the system. Now this quartic curve clearly 
breaks up into a cubic and the generator a, or 6, whenever the latter 
happens to touch the principal curve a"^! or b"! at A, or By. Hence 
it follows that all such generators a, and by lie wholly on the focal 
surface, and in the composite section of that surface, made by either 
of the planes a or (9, they count as an element of the order 2 (n—2); 
this being, in general, the class of a^^! or b". 

Each of the latter curves, moreover, being the curve of contact be- 
tween its plane and the focal surface, counts as another element of 
the section, made with the latter by the former, of the order 2 (n—1) ; 

U 2 
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so that, the order of the total section being 4 (n—1), the residual 
element thereof can only be of.the order 


4 (n—1)—2 (n—1)—2 (n—2) = 2. 
This proceeds from aß, which is a double line on the focal surface. 


14. The self-respondent points C and D of Arts. 4 and 11 are nodes 
of the focal surface, at each of which the quadric cone of contact 
breaks up into a pair of right lines. One of these, at both points, is 
aß; the other, we will denote by c at C, and by d at D. 

In fact, confining our attention for the present to the point C, if 
č and c" be two right lines, ina and f respectively, each of which 
touches, at C, the curve corresponding to the other, two of the n 
congruence-rays in the plane (c, c^) will coincide with the intersec- 
tion of the latter and y. (C. C., Art. 19.) But c and c" are obviously 
corresponding rays of two pencils which have in aj) a self-respondent 
element, so that the quadric cone enveloped by the plane (č, c") 
breaks up into two pencils, one of which has af) and the other c 
for its axis. 


15. The focal surface, like the congruence (n, n) itself, is self- 
reciprocal. Hence we may infer from the above that y and 6 are 
double planes of that surface, and that the conic of contact, in each 
of them, breaks up into a pair of right lines; viz., aß and c in y, af 
and d in €. 


16. It is worthy of note, also, that of any congruence-ray of the 
pencil C (y) or D(6), one focus is fixed at C or D, and the other, 
variable with the ray, moves on the line c or d ; whilst one focal plane 
is fixed at y or 6, and the other, variable with the ray, turns around 
c or d. 


17. The points A,., and B,_, are multiple ones on the focal surface. ` 


At each of them the cone of contact breaks up into the right line 
aß, axis of a pencil of planes, and a unicursal cone of the class n—1 
which touches a [6] along the n —2 tangents to the principal curve 
a"-![b"-"] at its multiple point A, [ B, 1]. 

In fact, confining our attention for a moment to the point A,_,, the 
cone of contact thereat is the envelope of the plane (a, b,) (Art. 13) 
which touches the quadric (a, b)? at A,.,. Now, to each ray a, in 
a, corresponds one, and only one, ray bẹ in Ê; whilst to each ray bo 
—since it cuts b"^! in n—1 points By, to each of which proceeds a ray b 
—correspond 4 —1 rays a. Of this (1, n — 1) correspondence between 
the rays a and ba, however, aß is a self-respondent element, so that, 
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by a well-known theorem, the plane (a, b)) of two corresponding rays 
envelopes a cone, of the class n, which breaks up into the pencil of 
planes whose axis is aĝ, and a cone of the class n—1 having a for a 
(n—2)-ple tangent plane. The generators of contact with the latter 
plane are the rays a which touch a"*! at its (n—2)-ple point 4,., 
(Art. 12) ; since these correspond, as may be easily verified, to the 
(n —2) rays b touching b~! at its multiple point B,.,, with which 
latter 1, —2 of the points B, coincide when 5, falls on aj. 


18. From Plücker's formule we conclude, further, that the cones 
of contact at 4, and DB, , which, as we have just seen, are of the 
class 1 —1, and of the order 2(n—2), have each 8 (n—3) cuspidal 
edges, and 2 (n—3)(n—4) double ones. 

These cuspidal edges, it may be observed, are tangents at A,_, and 
B,., to a curve of regression,* and in like manner we may infer that 
the double edges, above alluded to, give the directions, at the last 
named points, of a double curve on the focal surface. 


19. It is scarcely necessary to add that the 2(»—1) pairs of 
associated principal single points A,, B, of the isographic correspon- 
dence between a and (9 are also nodes of the focal surface; at these 
points the quadric cones of contact are both touched by the planes 
(A,B,B,.;) and (B,4,4,.); which planes, moreover, are singular 
tangent planes of the focal surface; that is to say, each touches the 
latter along a conic which passes through A, as well as B,.t 


20. Proceeding, now, to the Cremonian congruences of the second 
type (Art. 10), which are contained in a linear complex, and whose 
order and class are n—1, when the generating isographic correspon- 
dence is of the degree n (Art. 9), I observe that a and B contain 
congruence-pencils whose centres are B,., and A,_, respectively, and 
with every ray of which n—2, in place of n— 1, congruence-rays coin- 
cide. This difference, it need scarcely be said, arises from the fact 
that the principal curves a”~' and b"7! now pass, respectively, through 
DB,., and 4A,., so that, exclusive of the latter, they are only cut in 
1, — 2 other points by every ray of the pencils B,_,(a) and A,_, (£). 

In addition to these (n —2)-fold pen@ils, the congrnence (n — 1, n — 1) 
now under consideration possesses 2 (n — 1) pairs of ordinary ones. The 
centres of each pair are associated principal single points, and their 
planes pass respectively through the principal lines corresponding to 
those centres. 

* See Arts. 12 and 13 of my paper, On Congruences of the Third Order and Class, 


** Proceedings of the London Mathematical Society," Vol. xv1., p. 235, 1885. 
t Ibid., Art. 10. 
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The congruence itself is again the aggregate of all quadric reguli 
whose directrices are corresponding rays a and b of the pencils 
A, 1 (a) and B,., (B). When these directrices are coincident in a, 
however, their corresponding points likewise coincide, so that the 
regulus no longer degenerates, as in Art. ll, to a pair of pencils 
C (y), D (ò). Itis easy to see, for instance, that the generators a 
and b, of this regulus, which lie in the planes a and () respectively, 
are the tangents at B,_, and A,_, of the principal curves a”! and b""!. 


21. The focal surface of our congruence (n —1, n—1) is again the 
envelope of the several quadrics (a, b)? on which the above reguli are 
situated. Its order and class, however, are now 4(»—2).* It 
touches a and /3, as before, along the principal curves a"! and b"-!, 
which latter, it must be remembered, have not only (n —2)-ple points 
at Anı and D,.,, but, as stated in Art. 20, also pass, respectively, 
through B,.; and 4A4,.,. This focal surface likewise cuts the planes a 
and 6 along the 2 (n—3) tangents which can be drawn from B,_, 
and A,_, respectively, to touch elsewhere the principal curves a"^! and 
b"-, The section of the focal surface with each of the planes a and 
f is thus seen to be of the already-stated order, viz. : 


2 (n— 1) --2 (n—3) = 4 (n—2). 


22. The singularities of the points 4, , and D,., on the focal sur- 
face are again precisely correlative to those of the planes a and $B. 
At each of these multiple points the cone of contact is of the class 
n—]l. That with vertex at 4, 1[D,.;] touches the plane a [8] n —2 
times, and [a] once; both, in fact, along the tangents to the 
principal curves which pass through 4, ,[B,.,]. This cone, more- 
over, besides touching the plane /?[a] once, as above stated, cuts it 
along the 2 (n —3) tangents that can be drawn from A,.,[B,.] to 
touch the principal curve b" '[a"-'] elsewhere. In fact, 


2+2 (n—3) = 2 (n—2) 
is, in general, the order of the cone in question. 
The singularities described in Art. 18 reappear, without change, in : 


the cones now under consider&tion. 


23. The singularities presented by the focal surface at the 2 (n—1) 
pairs of associated principal single points A, and B, are precisely the 
same as those described in Art. 19. They may, however, be elucidated 
somewhat differently, thus :— 

The system of quadrics (a, b)? includes 2 (n—1) point-and-plane 


* C, C., Art. 23, in which m is to be replaced by unity. 
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pairs. The points of each, A,, B,, are associated principal single 
points ; the planes of each (A,B, D, .,), (B, A,A, .;) connect these points 
with the principal lines which respectively correspond to them. 
These planes are cut by the next succeeding quadric (a, b) of the 
system in a pair of conics which intersect in A, and B,; they are, in 
fact, singular tangent planes of the focal surface, and these are their 
conics of contact therewith.  Correlatively A, and B, are nodes of the 
focal surface, the quadric cones of contact at which touch both the 
singular planes just referred to. 


24. In accordance with the scheme proposed in Art. 2, I now pass 
to a brief consideration of the special properties of the two different 
Cremonian congruences of the third order and class which are con- 
tained in a linear complex. The first is obtained by putting n = 3 
in Arts. 11—19; the second, by making n = 4 in Arts. 20—23. For 
both these congruences, it will be observed (Arts. 12 and 21), the focal 
surface is of the eighth order and class; in other respects, however, . 
the congruences in question differ from each other materially. 


25. That of the first type has doubled congruence-pencils in the 
planes a and D, with centres at B, and A,, respectively, on af. It has 
also four pairs of congruence-pencils whose centres A, and B, are 
associated principal single points of the cubic correspondence between 
a and f), and whose planes (A,B, B,) and (B,A,4,) pass through the 
principal lines corresponding to those centres. It has, moreover, a 
fifth pair of congruence-pencils whose centres are the self-respondent 
points C and D, and whose respective planes y and ò pass through 
the intersection af. 

The focal surface has af for a double line, and the five pairs of 
singular points and planes above enumerated have, for it, precisely the 
properties described in Arts. 14, 15, 16, and 19. 

This focal surface touches a and ) along the principal conics pass- 
ing respectively through A, and B,, and it cuts these planes, moreover, 
along the tangents to these conics which proceed from B, and A, re- 
spectively. 

Correlatively, the points A, and B, are nodes on the focal surface ; 
at each of which the cone of contact breaks up into af, regarded as 
the axis of a pencil of planes, and a cone of the second class. The 
cone whose vertex is at A, [ D,], for instance, not only touches a [5] 
along the tangent at A,[B,] to the principal conic, but it likewise 
cuts f? [a] along the two tangents from A, [B,] to the principal conic 
in the latter plane. These tangents, as we have just seen, lie wholly 
on the focal surface. | 
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26. The congruence (3, 3) of the second type has, like that of the 
first type, doubled congruence-pencils in the planes a and #, the 
centres of which are at D, and A, respectively. But, instead of 
having five, it has six pairs of congruence-pencils, the vertices of 
which are all associated principal single points of the quartic, iso- 
graphie correspondence whence the congruence proceeds, and the 
planes of which pass, as usual, through the principal lines corres- 
ponding to those points. 

On the focal surface, these points and planes are singular ones of 
the kind already described in Art. 23 and elsewhere, and the surface 
in question touches the planes a and along the principal cubics 
which these planes contain. Besides touching a [5], however, along 
this cubic, which has a double point at A,[B,] and passes through 
B, [4,], it cuts it along the two tangents to this cubic which can be 
drawn from B, [4;] to touch the curve elsewhere. 

Correlatively, 4; and P, are nodes on the focal surface, at which the 
cones of contact are of the third class and fourth order. Of each 
cone, one of the planes a and B is a double, and the other an ordinary 
tangent plane. The cone whose vertex is Á, for instance, touches a 
along the tangents at the double point 4, of the principal cubic in a, 
and it also touches f) along the tangent at A, to the principal cubic 
inj. At the same time it cuts the latter plane along the remaining 
two tangents that can be drawn from 4; to the cubic just referred to. 
The last-mentioned generators of the cone of contact at its sin- 
gular point A; lie, indeed, wholly on the focal surface. 


On the Airy- Maxwell. Solution of the Equations of Equilibrium 
of an Isotropie Elastic Solid, under Conservative Forces. By 
W. J. Ispetson, M.A., F.R.A.S. 


[Read May 13¢h, 1886.] 
Sir G. B. Airy was the first to propose* a very elegant method of 


solving the equations of stress in two dimensions, the very obvious 
extension of which to three dimensions is due to Clerk Maxwell.t 


* British Association Report, Cambridge, 1862, p. 82; and Phil. Trans. for 1863, 
p. 49. T Edinburgh Trans., Vol. xxvi., p. 31. 
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Airy himself seems to have regarded the function upon which his 
solution depends as entirely arbitrary in form ; and Clerk Maxwell, 
after pointing out the inconsistency of Airy's results with the general 
conditions of strain, passes very lightly over the limitations to which 
the method is subject, and himself gives & solution which equally 
fails to satisfy those conditions. 

I propose, in the present paper, to start with the general equations 
. of equilibrium in three dimensions ; to deduce Maxwell's formule for 
the component stresses ; and, by applying the conditions of integra- 
bility, to obtain the corresponding expressions for the components of 
displacement. A similar mode of treatment applied to the equations 
of plane stress will lead us without difficulty to the most general form 
of solution, applicable to Airy's case of rectangular beams under 
gravity. We shall see that the method is available only for a limited 
class of cases, and it is possible that some of those discussed by Airy 
are altogether beyond its scope. 


If o denote the natural density of the body, ¥ the potential of the 
applied forces per unit mass, and P, Q, R, S, T, U the normal and 
tangential components of stress, the general equations of equilibrium 


d(P+p¥) , dU | dT _ 


may be written 35 d; T i 0 
dU , d (Q+p¥) dS — 0 
dz t d up x eal); 
dT , dS , d(R+p¥) _ 0 
dx $ dy ü dz 
and it is at once evident, on substitution, that these are satisfied by the 
. d? d? 
assumptions P= a + 2 —p¥ 
— FX 4 ËX oy 
a dz r d) | 
= dx + ax, pv 
dæ dy 
poo oU poem (2), 
Sz— ax, 
dy dz 
=e Xs 
dz da 
nm d'y, 
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where x,, xs, Xs may so fur be any continuous single-valued functions 
of position. It is, however, obvious that the six stress components, 
being linear functions of the first derivatives of the three independent 
components of displacement, must satisfy six independent differential 
equations of the second order, in order to insure the possibility of 
re-integration. 


These differential equations are most easily obtained as follows. 


Let e, f, g; a, b, c; 0i, 0, 0, be the components of dilatation, shear, 
and rotation, respectively; then we may show without difficulty that 


4h. db de dð _da_gdf 940, 9d da 
S B f dy dy 2 : dz ai dz 
dé de db dh, _ dc __da dé, _ db d 
g 10 , 2 28 u = 29 L cg), 
dx dz dæ dy dz — da dz db ^ de | (3) 


dx da “dy dy dx dy dz de dy 


On eliminating 0,, 6,, 0, from equations (3) by cross differentiation 
in all possible ways, we obtain 


af . da 
= d? dydz | 
Pe dy d 
da! dade 
df ,de.. dec 
dæ dy — dedy (4) 
de ,diaX | d (da, db dA | " 
Bae a) as ae a tu 
Of P5) _ d (da, a y de 
der ae ccu m 
2i 420) 4 (dB, ty 
2 (eo +55) d Curu 


These are the six equations required, and they must be satisfied 
identically by every system of values that can be legitimately assumed 
for the component strains. 


If q denotes Young's modulus, and c the ratio of lateral contraction 
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to longitudinal elongation under simple tension, 
e= P[q—o (Qt E) 11) 

a=2(l+c)S/q : 
&c. &c. | 


Thus, on substitution from (2), the values of the strain components, 
expressed in terms of the x-functions, are given by 


ge = 6—(1-c) | xi + = Ga XX) | 
qf = ®—(1+c) | Va $5 6859 | 


d? 
qg = %— (l +o) [vx + dj Gc —x9 | 


p (9), 
T" Xi 
quce Eds 
qb = —2 (4o): Tx 
qe =—2 (1+0) £ s 


3 3 
where  — V?’ (x, +x,+Xxs)— (ty + 2 + ox) —(1 -2c)pY ...(6). 


Inserting these values in equations (4), they reduce to 
d? d? 
Bier CFO Vat ga pes (bre) Vx] =0 
d? d? 
FI [8—(1 +0) Vx ] + 5 [8 - (1+0) Vx] =0 


z [e- (1 +o) vix. | + d [| 6— (1-- c) Vx. | EU 


vs dz ba rey Viajes 


T Aa [o- (140) Vy, ] = 0 


is [9— (14-0) Vx] = 0 


thus giving six equations of the fourth order to be satisfied identically 
by x» Xa X» If each of the first three of these be integrated twice, 
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‘ we obtain the more useful forms 


iy (J[-a +o) V5 | dz: (y) | 

*2i[[e-a«o V^, | dy +, on =0 
z 1 [[s- a» Vx, | de + $y (2) f 

4 £ { |[s- a» Vy, | de+y, (2) } = 
$ 1 [[s-a +0) Vg | dy +95 (2) f 

t4 f fe- (1+0) V'i] do FJ, (y) } = 


where the complementary functions 9, yj are wholly arbitrary. 


We can now integrate the component rotations ; for, on substituting 
from (5) in (8), we have 


[a9 +(1 +2) mcr = 0 


d* (X2—Xs d 2 
7 | q0,+ (1+0) or =X] =~ 2 [e-(1 40) v] 


& [tato Sw] = + T [670-9 Vh] 


whence, by the help of (8), 


i+ (eo) Qaa) = [2—1 +0) Vs] dee 0) 


[9— (1 +0) V5, | dy +4 (2) 


90, "e 


a+ (+e) "T" - [8— (1+0) V] dy + (2) 


j 
[o— (140) Vx, | de $; OF: 
: 
j 
ie 


| 
| 
| 
| [&— (1--o) Vx, ] dz-- (2) 
| 
Tu 


Sja Eja BE fla ẹja Sla 


[ $— (1 +0) V5, | de +y (y) 
„ (9). 
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Now, if u, v, w be the component displacements, it is easy to show 


du |, d_i g di | 
dme quo Be Oy qum Mh ess 00); 


and therefore, by (9), 


that 


oS qu -[[e-a +0) vq] dette) 2 (xa X;— —x)}=0 | 
| 
L 


E f u- |[e- 0+0) V*y; | de-- (1+0) E. (xa Xs XD) i = ys (y) 


? 


£ f qu—| [ 96— (140) Vx. | d+ (1-4 c) Z 0639 | = $i (2) j 


and, finally, 


qu = | [e-a+e) Vx, | de—(1+¢) £ (xs +xs— X1) + Ys (y) +9: (2) 
p = | [80-0 +0) V] dy- Q9) 2 G9) HO Hh C) 


= [[e-a +0) V5 ] dz— (1-0) E OX) ts (2) +9: (y) | 
... (11). 


In the case of Plane Stress (e.g., in planes perpendicular to Oz), we 
have R = S = T= 0, while P, Q, U, and Y are independent of z. On 
substitution of these quantities in the identical equations (4), the 
fourth and fifth are satisfied identically, while the others reduce to 


d? 
45 (P+Q) = DO 9) = 75 (P+Q) =0 
ee (12). 


uc tas dedg pss 


PP, PQ, o PU 1 (Jat ga) P+ =0 


But, by differentiating the first of equations (1) as to x, and the 
second as to y, and adding the results, we obtain 


PP ËQ, o PU __ = en 


da ` dy? Te ay d dx’ dy’ 


and, on substitution in the last of equations (12), we see that 


ay dw 


dai t dy* T Miss PAA A E 19): 
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It appears, then, that in all cases of Plane Stress the sum of the 
principal stresses must be a linear function of the coordinates, and 
that equilibrium is impossible unless the force potential satisfies (13). 


We can now determine the form of the stress functions without 
difficulty. Let V? represent the operator d! /d2? -- d? / dy’, and let V be 
the particular integral of the equation 


ur EIL 
then (12) and (1) give us 


v (»- 9p i) = 0 


v(asnd) =o 
(rem nay) = 


The appropriate solution of these equations is obviously 
P = at+By+y+2p0 T +n 
= 9 TV _, 
Q = az 4- (y +y 2p dy? Nf» 


__9, 3v 
U = M dady ^ 


where a, B, y are arbitrary constants, and é, y are any solutions of 
(13). Substituting these values in (1), we have 


£ (nt p¥-+a0— By) + s =0 


T= q (1 +08 Fas By) = 0 

dæ 
so that £ and n+p¥ + az —5y are conjugate functions of x and y. We 
may therefore write 
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where Z is any solution whatever of (13), and finally, 


= E dV d 

P= as+ßy+y PRERE tay 

22. dy , a 

Q = av + Py tp y— ph + 2p a t ga f eee (15). 
__ a. 9 dy _ a 

ee a 


Comparing our result with (2), we see that it is a particular case 
of the former solution, in which x, = x; = 0, and 


Xs = $ [a (è+ 32y) +B (3a*y +y) +8y (+y) | -20b C. 
The expressions for the displacements are most easily found by 
direct integration of (15), which may be written in the form 


iq laut Q2; Go D+ (+e) a] | 


=; [c0 (29 - 2) + (12-0) pa" | 
= (1—o) (az 4- By - y) - (14-0) p¥ 
d d 2 
Fy [rrt Ate) Foyt 2) +o) ag | 
+g, [Vt te) Gn ED Oro fat] =0 


oo = — 20 (ant By +7) 


dz 
showing that the expressions in square brackets are conjugate func- 
tions of « and y. 
Denoting them by £', n, we have 


db a gy 
l d d _ 
whence, if 2 [vay g | do m XY cesses (19) 


X being a function of æ only, and Y of y only, by reason of (13), 
qu = (1—o) | 4a (—y*) + Bay + ye ] + oaz 


— (14e) | ay? + p (2 fv + | Ydy—|¥ de) +| 


wv 


qv = (1—o) [aay +46 (y) —2) + vy ] + fe" ee: 
aie E dy B di 
(14 ) | Be +p (25¢+(xae | vay) +2) 

qw = — 2az | «x 4- y 4- y | 
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Equations (17), (16), and (15) present the complete Airian solution 
of the problem of Plane Stress in its most general form. 


In the case of rectangular beams under gravity, if Oy be directed 
vertically downwards, ¥ = gy, and consequently V = 45g (32y 4- y^), 
X =gpz, Y=0. Thus, 


P= az + yt Yt y D 
= Mni era A Ua EP (18), 
Bees PORE: 
and qu = (1—oc) E la (x? —y") - Bay 4- ya: | 
— (14 c) [ay + s | + oa! 
qv —(1—o) [any +48 (yr— ie eios CEU). 


- (1+0) | (8+gp) 2+ "CA 


qw = — 2oz [ ae --By - y | 


It will be observed that neither Airy's solutions, nor that given by 
Maxwell at the end of the paper referred to, are of the required form. 

The complete solution, which requires the determination of ¢ and 
the arbitrary constants a, f, y, is easily obtained when the distribu- 
tion of the surface stress or surface displacement is completely known. 
We proceed to solve the former problem in general terms. 

Let the upper edge of one 
end of the beam be taken as 
axis of z, the axis of y being 
directed vertically downwards, 
and the axis of x horizontally 
in the direction of the length 
of the beam. Let L be the 
length, and D the vertical y 
depth. Then we are to 
suppose that, when y — 0 and when y — D, Q and U ave known for 
all values of z between and including O and L; and similarly, when 
æ = 0, or L, P, and U are known, from y = 0 to y = D inclusive. Let 
these surface stresses be denoted by the letters F and G, as in 
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Thomson and Tait's notation, and let accents distinguish the different 
faces of the beam. Then (see figure), 


when y=0, U=-F, Q-—-—G, P=2(ar+y)+G, 
» y=D, U= F, Q= a", P — 2 (a#+6D+y)—G", 
» £—0, U-—G, P=-F’,, Q-2(fyty)F, 
» =L, UG" P=F", Q=2(aL+ßy+y)— F”. 
Now, it appears from (18) that 
U+(B+gp)e+ay and P—az—y—* 
are conjugate functions of z and y ; so that, if U and V be conjugates, 


P= V+(26+gp)yt+y- 
Thus we have 


when y=0, Uz-F, V=2art+y+tG, 
» Yy=D, U=F", V=2axt+y—geD-@", 
» =0, U2—G,V--(28tgpy—v—F, 
„ &-L U-G" V=—(2B+gp)y-yt+F”. 


It is known that any function of æ is completely represented, for all 
values of z between and including the limits 0 and L, by either of the 
series 


$ (=) =9 (0) + + [9(L)—-9 0] 


+ EF sin? ("{9@)-» — £ [9-9 0] sin Pap 
... (20), 
-iÍ $ (p) dp = — 3 cos [ $ (p) cos “E dp S (21), 


both of which are perfectly determinate when the form of the func- 
tion ¢ is given. We shall suppose the tangential components of the 
surface stresses to be expanded in the form (20), and the normal 
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components in the form (21), giving | 
F =—U(0,0)+ — riu 0)— U (L, 0) | - 33. sin *7* 


ama 


G= fot 2g; cos 77 
F = B+E cos “TY 


RUM y T rs wy 
G =—U(0,0)+ + [ U (0, 0) —U (0, D) | +326; sin 2. iis 


" x ane 
= U(,D 2 [UQ,D)—U (0, D) ] - 3d sin 


G'— go rg, cos irg 
L 
F" = £0" + Sf” cos Y 


G"- U(L,0)+ £[U(L,D)—U(L, 0) ] +26," sin 77 


where the Old English letters denote absolute and determinate con- 
stants. 


The value of the shearing stress U throughout the beam is then 
completely represented by the expression 


U = U (0, 0)+ T [U (L, 0) - U (0, 0) ] + $7 [U(0, D)—U (0, 0)] 
Fo L Us D) * U(0, 0)—U (0, D) -U (L, 0)] 


IE Jf; sinh mY — Jf, sinh i) 7-0 | sin 5f? = | sinh a2 
+3 G — (5; sinh 7 (L—2. =) sin 17 f sin inh 4 
en 


for this satisfies d'U /d2'+d’U/ dy’ = 0, and has the required values 
over all the boundaries. From (23) we easily deduce d 


V=C+ ^ [ U (L, 0)—U (0, 01-7; [U (0, D) —U (0,0)] 


$E DU, D) U ©, 0)—U (0, D) - U (L, 0)] 
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^ cosh EI + f, UD 7 fsi iD 
IF; cosh z +P; cosh 7 cos | sin nh 5 


Nur ee eee c=) iry [si irL 
> |6; cosh > + 65; cosh Sg] 9985 sinh D 
(24), 


where C is an arbitrary constant. We will postpone for the present 
the investigation of the relations that must exist between the com- 
ponents of the surface stresses, in order that this form of V may 
assume the required values at the boundaries ; and proceed at once to 
determine 4 from the equations 


dé . qm. = 

ay U—(6+g p) «—ay 

UE ape es LY. 

dao ap = —V—(6+gp)yt+uz 


Substituting the values of U and V, and integrating, 


dl _ e—y? 
2. = A—Cu—yU (0, 0) + 95 [aD+U (0, D)—U (0, 0) ] 


-24 [ (+g) L+U (L, 0) -U (0, 0)] 


" € [U (L, D) + U (0, 0) —U (0, D) —U (L, 0) ] 


-2a [a cosh L. 4. gf; cosh =) ?) | si ETE: nh DP 
m ù L L L 


+ 2 > ER [e^ sinh Uu o (5; sinh i =a] cos — imy ul sinh " f 
T a | D D 


d; = B+0y—2U (0, 0)— = [aD-F U (0, D) U (0, 0)] 


+ i [| (8+ge) L+U (L, 0) —U (0, 0) | 


"aire D)+U (0, 0)—U (0, D)—U (L, 0)] 


n Lal l [ar sinh ae UF, sion e O9) 2? | cos 7" f sin D 


D si 3 = [Geo sh 2 + Gi cosh = (L— ==] sin TH f si ah E, 
x à 
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where A and B are arbitrary constants which may be so determined 
as to fix any required point of the beam. 


The second integration gives 
¢ = Ax+ By +40 (y! —4)—2yU (0, 0) 
SY [aD +U (0, D)—U (0, 0)] 


pSr [ (6+gp) L+U (L, 0) — U (0, 0) | 


" LEE à [ U(L, D) — U (L,0)—U(0, D) 4- U (0,0) | 


GE il Jf; cosh T) +f; cosh Oa) | cos > / sinh zP 
=] 


D'y r” cosh 2 4 G cosh E =] =] inh TL 
+53 23 m cosh D + 6; cosh D cos 77) sinh D 


NM ial 4 


It only remains to determine the four constants a, 3, y, C. This is 
easily done by substituting in the equation P+Q = 2ax+2By+2y 
the coordinates (0, 0), (L, 0), (0, D) successively, and in the equation 
P—V = (28+ gp) y-- y the coordinates (0, 0). We thus find 


B+ +3 (E ET 2g) | 


a = 


m 
8 35 Ps Tg X gi 25) | 

y= Em +f (gt) | ... (26). 

C +{q,—6+3] gti? (s + Frcosh 77 fsi inh ZP 


+2 (6+6 cosh 77) [s inh ts } | 


D 


Equations (25) and (26) present the complete solution for all cases 
of equilibrium in which the stress is entirely plane, and in magni- 
tude independent of z. In order that this may be the case, 
certain identical relations must exist between the components 
of the surface stresses. These relations will of course be identical 
with the conditions that the form (24) of V, after substitu- 
tion of the value of C given by (26), may give to. the. normal 
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stress components their assigned values over the bounding surfaces: 
e.g., when y = 0, 


0O—y—g,— m [2«D-- U (0, D) — U (0, 0) ] 
: | 
— = LU Gs D) +U (0, 0) - U (0, D) — U (L, 0)] 
E d ira , an (L—2) . irL 
> | cosh D + @; cosh ge | / sinh D 


= { q;— LE; cosh =2] "ES z2} cos T l 

Throwing the other three equations into a similar form, expanding 
the functions on the left-hand side by formula (21), and equating 
constant terms and coefficients of cosirz/L or cosiry/D in each, 
we have twelve equations of condition to be satisfied identically by 
the 24 coefficients (of orders 0, 27, and 227— 1) in the expressions (22) 
for the surface tractions. The fact that the coefficients of shearing- 
stress appear in these equations in series makes the inverse problem— 
of determining distributions of surface traction competent to main- 
tain a plane stress uniformly distributed in parallel planes—a 
difficult one, and I have not yet succeeded in obtaining consistent 
solutions for the cases of a beam supported by one end only, or 
symmetrically by both ends, with its upper and under surfaces free 
from stress, or uniformly loaded. Iam inclined to believe that the 
stress in these cases is not of the kind that we have discussed, but 
the question requires further consideration.* 


* T am glad to express my indebtedness to Professor Greenhill for the reference 
to Clerk Maxwell's previous work in this direction, and to Professor J. J. Thomson 
for suggestions in connection with additionsthat have been made to this paper since 
it was read before the Society. 
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Electrical Oscillations on Cylindrical Conductors. 


By Prof. J. J. Taomson, M.A., F.R.S. 


[Read June 10th, 1886.]~ 


In a paper read before the Mathematical Society in April, 1884, I 
considered the electrical oscillations which can take place on spherical 
conductors; in this paper I propose to consider the corresponding 
problem when the conductors are cylindrical, as well as some other 
problems which can be solved by the same mathematical analysis. 

The transmission of electrical waves along an infinitely long circu- 
lar cylinder has been investigated by Kirchhoff (Collected Works, 
p. 131) and v. Helmholtz (Collected Works, Vol. 1., p. 603) ; but, as 
in these investigations the effect of what Maxwell calls the displace- 
ment currents in the dielectric is not taken into account, I have 
thought it might be of interest to give a solution of the same problem 
taking the dielectric currents into account. 

The first case I shall consider is that of a long circular cylinder 
made of a substance which conducts electricity,and entirely surrounded 
by a dielectric medium. 

Let the axis of the cylinder be taken as the axis of z, and let F, G, 
H be the components of the vector potential parallel to the axes of 
t, y, z respectively ; let $ be the electrostatic potential, o the specific 
resistance of the substance of which the cylinder is made, u and p’ the 
coefficients of magnetic permeability of the conductor and dielectric 
respectively, K the specific inductive capacity of the dielectric. 

Let us suppose that all the variable quantities vary as e”. Then 
in the conductor the equations are 


o x dF d 
Lype op 
dep dt + Te | 
c dG , dọ 
ay = — ae *£90606000002900992590060000289 . 
qo e J Q) 
c dH ,d 
L Nna of 
Are ps dt Fr 


In the dielectric the equations are 


1 GF , do 
V? e. BCC coe cre ees aeeser een POR eee 
pK um dt dæ (2), 
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with similar equations for G and H; and both in the conductor and 


dielectric | VÀ = 0. 
Thus & particular integral of the equations in the conductor is 
-.1l4$ 
ip dæ’ 
-. 14e 
ip dy’ 
| eae ae 
ap dz 
The complementary functions are solutions of differential equations of 
the type vH— ime ipH = 0. 
Let all the variable functions vary as €'"*, then this equation becomes 
dH dH | E p) 1 H= 
da ' dy (m. Lr L 
i | Amp . 
or, if n? = mi+ p, 


we get, transforming to polar coordinates p and 0, 


H  1dH,1@H 4 _ 
Ga ae Ge age (eem 


Or, since H is supposed not to depend upon 6, 


dH, 1 dH 


H = 0. 
FR do —n 0 


Since the solution of this equation is finite when p is zero, it must be 
a multiple of J, (inp), where J, denotes Bessel’s function of zero 
order; thus, taking the particular integral into account, the value of 
H inside the cylinder is given by the equation 


H = BJ, (inp) — — Lor 
pdz 
Since $ « e'"*, and is independent of the angular coordinate 0, the 
equation V*9 =0 
: ld 
transforms to 2 t FP A —m’ p =Q, 
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the solution of which, when p can vanish, is 
9 = AJ, (imp). 
When p can become infinite, the solution is 
$ = A'T, (imp) e", 


where J,(?mp) denotes a Bessel's function of zero order of the second 
kind. Inside the cylinder 


H = E (inp) — ; pa (imp) | e ater ere rrr rere (9). 


In order to find the complementary function for P and G, we notice 
that we can by symmetry put 


Fa, qu x 
da 


where x satisfies the equation 


Px yl dx x = 


so that inside the cylinder 
x = CJ, (inp) e^*, 


d Ca uus 
and therefore P -Ż 1 OF, (inp) — = AJ, (img) i e 


i ese ne ee (4). 
G = dy 1 CJ, (inp) — i AJ, (amp) | eina 
`. dF, dQ, dH_ 
Since dz + m + L~ 0, we have 
vC+im B= 0, 
im 
C — i SP 
In the dielectric, we can easily prove, in a similar way, that 
H- | DI, (ip) — = A'I, (imp) | p 
P= ke | EI, (sep) — = 41, (imp) } e ma [Lue (5), 
Ge f EI, Gop a am (imp) } ems 
dy ip 
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where C= m'—p uy K, 
and 3 -- m D= 0, 
Lm 
E = a D. 


Thus we have the following equations :— 
Inside the cylinder, 
$ = AJ, (imp) e™* e, 


es Í BJ, (inp) — Ad, (imp) be me 


— x =X 
imr xo. 


Y - 1 - BJ, (inp)— í 4^ (imp) | « ims gist, 
In the dielectric 
$ = A'I, (tmp) e™* efe, 


H = { DI, (ikp) — Al (imp) be met 


" am . 1 , ° ims ai 
xem 1 -DR (ip) — 7. AT, (imp) e^* ei 


Now 6$ is continuous as we cross from the conductor to the dielec- 
tric, and F, G, H and their differential coefficients are also continuous. 


If a be the radius of the cylinder, we have, since ¢ is continuous, 
AJ, (ima) = AR (ima); 
since H is continuous, BJ, (ina) = DI, (irka); 
since F and G are continuous, 
T BJ, (ina)— = AJ; (ima) = 7 DK (ia) — ™ A'K (ima); 
n P a P 
and, since dH/dp is continuous, 


3 2 
in B J; (ina) + 54^ (ima) = ix DI; (ixa) + in A'T, (ima). 


314 Prof. J. J. Thomson on [June 10, 


Eliminating D and A’, we have 


M ype m Io (tka) ; 
B (Ea (ina) — Z OT cay (na) ) 


- m gee,  m To(ma) z p 
=A (EI. Gma)— 7 eno) T Gna), 
B (n; (ina) — x £ MOD J, (i ina)) 
E M m? Is (ima) , ,. . 
A(= Jo (im a) p I, (ima) J, Gma) ); 
eliminating A and B, we have 
mimo? Felina) p mma Hie) 5 (9) 
n J (ina) Kk L(a)” 


Now m— 2 = zs i 
where V is the velocity of light in the dielectric, and 
mi — = — HE; ip, 


so that in general m? —» is large "mone with m?—«?, and there- 
fore I, (tka) | I, (xa) must be large, that is, x must be small; but, 


when ixa is small, I, (ika) = — log y ika, 

where log y = 977 —log 2, 
? lig = 1l. 

and Io (ika) = xt 


so that our equation becomes 


-—Á ev wo . Jy (ina) . 
(ica) log (yika) = acu? ina J; (ina) — — rra n" 


Let us consider the two extreme cases in one of which ina is very 
small, and in the other very large. 
When ina is very small, 
J, (ina) =1, Jo (tna) = — me 
So that, if z be written for (y xa), 


z log z = — -P2 


ruy’ i 
To solve this equation, let z= Re’, 


and write N for E poy [nu Y? ; 
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then, equating real and imaginary parts, we have 
R log R cos $— Rọ sin $ = 0, 
Rlog E sin ọġ + E cos ¢ = N. 


Since E is very small, an approximate solution will be 


klog k =N, 
—~7 Akt 
t=T N? 


The easiest way of solving the equation Rlog R = N, is to make a 
table of x log x for various small values of z ; an approximate solution, 
when N is very small, js, however, given by 


EE 
log N` 


Taking this solution, we have 


e= aar S a ti} 
nu V?a? log poy’ [rp V’ € 2 log pey'[vu V? , 
therefore 
wf —ubt———HATguunnUl 
V? muV'alogpey [vpV' ( 2 log poy’ [mp V* 
so that, if e / «po? log pay] ru V? be small, we have 


l io 
maT anya} TIT (8). 
This represents a vibration propagated with the velocity of light, the 
amplitude of which fades away to l/e of its original value after the 
wave has travelled over alength —2rpo-1a’V log pey![vuV?; this dis- 
tance is practically the same for vibrations of all periods, so that a 
disturbance will not lose its characteristic features as it travels along 
the cylinder. 
The condition for this, as we have just seen, is that 


[n z 
pra? log poy frp VÀ' 
or the approximately equal expression 
P PERS 
j* va log poy |ru V?" 


should be small. Our solution, however, is founded on the assumption 
that na is small, so that these assumptions are to a certain extent 
antagonistic; they may, however, be reconciled by making n’a 
moderately small, say between 1 and $. 
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As a numerical illustration of this, let us take the case of a copper 
wire for which e = 1500. By the use of the formula given above, we 
find that if the wire be about à of a centimetre in radius, all vibra- 
tions between 100 and 500 a second will fade away equally rapidly, 
and the distance the disturbance will travel before its amplitude falls 
to l/e of its original value is about 1000 miles.* 

Let us now consider the case when na is large; since in this case 
Jo (ina) = — iJ, (ina), equation (7), gives, writing z for (yixa)’, 


— — poy’ 
z log z = ipit 


— pray’ [o A P EE (0). 
inn EP a - à | 


= M(1—1) say 
Let z= Re", 
Then, equating real and imaginary parts, 
Flog Kcos¢—Hp sin $ = M, 
E log B sin ¢ + Ry cos 9 = — M. 


Since log E is very large, we may satisfy these equations approxi- 
mately by the assumption 


Rlog R = M2, 


p=- 
therefore, approximately, R = EU i 
1 M/2 1 1 kd | 
th f 3,2 = — — =}, ———— 
erefore la y ige MAUA vs? 
therefore m = £41 


M di 
F + oy ga») 
3 


MV Ll 
pa^? log M2 


ec A ED My? b- 
m +2 fi H aag Way wee e0). 


so that, as is small, we may write 


: 4 
“(WwW d —— ———À—— 
[When na is small an xa? log poyan V? 


cussed later on in equation (24), writing log pey?/ru V? for the log d/a which occurs 
in that equation. ‘The velocity of propagation is much smaller in this case. ] 


large, the case coincides with that dis- 
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This, as before, represents a vibration propagated with the velocity 
of light, and sinking to l/e of its original value after traversing a 
space 7 VY MS. on substituting for M its value, this becomes 
Tp), aR oo | i 
ane | ul log a- p ' 

This differs very materially from the case when na is small. Inthe 
first place, vibrations of different pitch no longer fade away at the 
same rate, the quick vibrations die away faster than the slow ; secondly, 
the distance vibrations travel varies as ae^! instead of ajc^!, so that 
the conductivity is not so important as when na is small As a 
numerical example, let us take the case of an iron wire } of a centi- 
metre in radius, for which o = 10*, p = 500, and let the vibration be 
one in which there are 100 vibrations a second ; then the vibration will 
travel about 100,000 miles before sinking to 1/e of its original value, 
so that for vibrations of this speed the iron wire would carry further 
than the copper one; for much quicker vibrations, the copper one 
would be the better. When na is smaller, J, (inp) is nearly unity, so 
that the currents are uniformly distributed throughout the cylinder ; 
when ina is large, J,(ónp) is very large near the boundary, but 
equal to unity in the middle of the wire, in this case the currents 
are chiefly near the surface of the wire; so that we can understand 
why the distance the vibration travels varies as the circumference, and 
not the area of the cross section of the wire. 


Let us now take the case of a cylindrical conductor separated by a 
coaxal cylindrical insulating sheath from an infinite mass of another 
conductor—the case, that is, of a submarine cable. 

Let p, o be respectively the magnetic permeability and specific re- 
sistance of the core; 

p, K the magnetic permeability and specific inductive capacity 
of the sheath ; 

u 7, the magnetic permeability and specific resistance of the 
outside conductor. 

Let us assume, as before, that all the variable quantities vary as 
e»), Then, if 

n =m ++ Spp ! 
e 


n= mp SEP, 
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where V is the velocity of light in the sheath, we may easily prove, 
using the same notation as before, that 


p = Ae"! e J, (imp), in the core, 
= eie { BJ (mp) + CI, (imp) }, in the sheath, 
= De® e T (imp), in the outside conductor, 


1 d$ 


+H = ene) EJ, (inp), in the core, 
ip dz 


= ein? e*t { FJ, (xp) + GI, (ixp) 1, in the sheath, 
= eint e ” HI, (inp), in the outside conductor, 


where y  — e" e”! ™ Ey. (inp) — + ¢, in the core, 
n ip 
—Ó emim ( FJ, (ikp) + GI, (icp)] Tu $, in the sheath, 


= eM eri M — HI, (inp) — — =f in the outside conductor. 
m 


If a and b be the internal and external diameters of the sheath, the 
continuity of $ requires that 


AJ, (ima) = BJ, (ima) - C1, jud T 


DI, (imb) = BJ, (imb) + CI, (imb) 
the continuity of H requires that 


EJ, (ina) = FJ, (xa)+ GI, (ika) uetus daB n 
HI, (inb) = FJ, (icb) + GI, (ix 5j 


the continuity of F and G requires that 
(m «op, La re 
— "RUE (ina) E— m im Jo (ama) A 
=— au ix (FJ, (ica) + GI; (iva) } 


= i (BJ; (ima) OI; (ima)} sss (13), 


1886.] Electrical Oscillations on Cylindrical Conductors. 319 
— i in I; (ind) H— zi im I (imb) D 
ss i ix (FJ; (ixb) + GI; (ixb)] 
-ip Bie (imb) OI, (imb)] ............... (14); 
the continuity of dH/ do requires that 
inJ1 (ina) E+ Er (ima) A 
3 
= ik (FJ, (ixa) - GI; (ixa)} + 7m ( BJ; (ima) + CI; (ima) ...(15), 
2 .; m? ^, 
in’ Ij (m b) H+ » I, (imb) D 
" 3 
= ix { FJ; (ixb) + GI; (ied) ] + F ( BJ, (imb) + CI; (imb)} ...(16). 
Eliminating A, D, E, and H from these equations, we find 
_m J, (ta) | 
p$” Jo (ika) J, (ina) ) Jo (ina) t 
m pen n m la) pg | 
+a} x I; (wo) od wa) Jo (ina) 


= = OT; (AB) eniinn lay 


F { kJ (ien) -n HER J; (ina) i 


(4G 1 cT; (ica) 705 en Js (ina) | 


= € CI, (ima) OOo cee cee cesenscencceoce (18) ; 


80 that ES E Jo (ixa) J, (ina)— mm J, (ika) Jo (ina) | 


E af mn gp (ica) J,(ina)— a I. (ika) Jo (ina) | =0 
mE i EA rrr 19). 
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Similarly, we find that 


F{ m? — E y (ixb) T, (inb) — MS J, (ied) I (inb) } 


7 
K n 


+a S M—* I (icb) I, (inb) — TE 1, (icb) I (inb) } = 0...(20), 


K n 


so that 


K n 


pa J; (ixa) J, (ina) — ZË J, (ica) J; (ina) } 


xí mE p Tu Dc" IQ (inb) 


K n 


={ — 1i (ica) J, (ina)—™—™ 1, (ixa) Ji (ina) } 


K n 


2 
x {== Ti (xb) T, (inb) —™ = J, (ixb) T; (in’b) } (21). 
This equation gives the relation between the wave-length and the 
time of vibration for any electrical oscillation. We can simplify it 
very much by remembering that «a and kb are very small. Making 
this supposition, and introducing the approximate values given before 
for I, (ixa), Io (cea), when «a is very small, we find 


EL lal OD) L 2). 
V*(m—n o Jo(ina) m—»? b Ip (in'b) ) log b[a 


Now, in practice, the outer conductor will be water, for which 
o = about 5x10? and u= l; so that, except for very rapid oscilla- 
tions, vb will be very small; but in this case I, (in’b) / I; (?n' b) is very 
small, so that we may write 


gl n" l J4(ma) 1 (23) 
V? m? =n? a Je (ina) log bfa EEETTETTETIETT . 


Let us first consider the case when na is very small; in this case 


EN Q9. S 
Via? 4rpip log bfa 


= Ef -— 
m = a, 1 TETE AR O A 


If na be small, the second term will be large compared with the first, 
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since we cannot make log b/a very large, so that in this case 


eg 1 . 
m? = = Pa aip log b/a’ approximately, 


m = 


| 29. Va 
| Vias log n (1-2). 


This represents a wave travelling with the velocity 
4r pp à? log b/a 3 
qe» 


the amplitude falling to 1/e of its value after the wave has passed over 


a distance y (ze log Wa y. 
pa? 


From the above formule we see that the velocity of propagation of 
the wave in knots per second 


= — o O a RR RR REOS i 
1 resistance of a knot of the cable x capacity of a knot ! l 


In this case the wave travels much more slowly, and fades away 
much more quickly, than in the case we discussed before, when the 
wire was not surrounded by another conductor. 

Let us take the case of a copper cable conveying an oscillation 
whose period is 4134 of a second. Suppose the resistance of the cable 
is 9 ohms per knot, and the electrostatic capacity '3 of a microfarad per 
knot. Then an electrical wave would be propagated along the cable 
at the rate of about 30,000 miles per second, and the amplitude of 
the vibration would fall to 1/e of its original value, after passing over 
about 50 miles, so that it would not be possible to convey telephonic 
messages over much more than 100 miles of such a cable. 

Let us next take the case when na is large. Since in this case 
Jo (ina) = — inJ, (ina), equation (23) gives approximately 


Pen UNS 
: V?na log b/a’ 
"TEE E EEE TT ET es (25). 


V! V?nalog b/a 


Since na is large, the second term is small compared with the first, 
80 that in this case the wave is propagated with the velocity of light. 
To find the rate at which the vibrations die away, we must remem- 
ber that approximately, since m is small, 

n? — Aap tp 
g 
VOL. XVII. —NO. 273. Y 
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T. ui c i ; 
and therefore 22 me]. (1—1), 


hence m= 1 2 T log bia approximately ...(26) 
So that the distance the wave must travel before its amplitude falls 
to l/e of its original value is 


2 Va log bla { ZE Y 


Let us take the case of an iron wire for which pu = 500, c= 10‘; 
let the period of the oscillation be 434 of a second, then 


n! = 4m pip[ o = 4004, 


so that, if the wire be more than 3 a centimetre in radius, na will be 
large, and the distance the oscillation will travel before its amplitude 
is reduced to l/e of its original value is 2a log b/a x 18 x 109. Suppose 
2a = l and log b/a = i, then the distance would be over 2000 miles, 
so the vibrations would die away much more slowly than for the 
copper wire. 

Thus, if this theory be correct, if equal periodic disturbances are 
Started in an iron-wire and a copper-wire cable respectively, they 
will travel a much greater distance along the iron than along the 
copper. 

Let us next investigate the importance of any leakage which there 
may be across the insulating sheath. If the specific resistance of the 
sheath be s, then the equations satisfied by the vector potential in 
the sheath are of the form 

Ar dV (dH ,d$) __ es 
d tX Gt ERE 

(Maxwell's Electricity and Magnetism, 2nd Edition, Vol. 11., p. 395), 
or, since H varies as e'?', 

Art 3 EU Aru .. : 

f Re —pKp H= V H- {= + inp} $; 

so that, if we put kj = mi— P. T TE, 
the solution will be the same as before, with x, written instead of x. 
So that we shall have the same equation as before, with p!/ V? — 4«yu ip/s 
instead of p*/V*. Thus the leakage will, or will not, be important 


according as a is, or is not, large. Now, for gutta-percha s is 
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about 4°5 x 10% (Everett’s Physical Constants, p. 145) ; so that, if the 
period of the oscillation be 433 of a second, 


4mpip | 8 
p[V? 


= 2 x 1075 approximately ; 


80 that, if the insulating sheath be made of gutta-percha, or any better 
insulator, the leakage is quite unimportant. 


In many important cases in practice, a current flowing along a 
wire is accompanied by a return current flowing along a wire by the 
side of it. In these cases there is & want of symmetry, which would 
make the mathematical solution of it very difficult. If, however, the 
wires conveying the direct and the return currents are near together, 
the case may be expected to present much the same physical features 
as the case of a plane slab of dielectric separating two infinite con- 
ductors separated by parallel plane faces; and this case, as the follow- 
ing investigation will show, admits of a simple solution. 


Let the normal to the face of the slab be taken as the axis of x, and 
let the origin be half-way between the faces of theslab, whose thick- 
ness we shall suppose to be 2h. 


Let p and o be respectively the magnetic permeability and specific 
resistance of the conductors ; 
p and K the magnetic permeability and specific inductive capacity 
of the dielectric. 


Let us suppose, as before, that all the variable quantities vary as 
eom et, 


Then we may easily prove that, using the same notation as before, 
p = ete» (4e"rBe "ji in the dielectric, 
= e^ £i" (e7"* in the conductor on the positive side of the origin, 


= e'"* e” De™ in the conductor on the negative side of the origin, 


H4 7 af = = ei! e»t { He + Fe-*} in the dielectric, 


= ei"? iP! Ge-™ in the conductor on the positive side of the 
origin, 
zz e"! ef?! He™ in the conductor on the negative side of the 
origin, 
Y 2 
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F+ l de. 1 gins got ( pon. Fe} in the dielectric 
° da R 9 
Um ims cip Je" in the conductor on the positive side 
S of the origin, 


=— vm He" in the conductor on the negative side of the 
| origin, 
G=0. 


Then, from the continuity of $, we have the following equation, 
mh -Mh maa -mh 

AEE ES | A T 
Aey Be = De-™ 

from the continuity of H, we have 

-x4 LL -nh 

Ud E | ees (28) ; 
Ee7?-- Fe^ = He 


from the continuity of F, we have 
NC (Eec?^—Fe-^| — Wms Aeh Bem} = cm Ge-™4™ gem 
K ip n ip 


— m {Be — Fe*} — - (4e "^ —Be'^) z— ot He = Dent 
p 
mm CIE 
from the continuity of dH/dz, we have 


K {Het Pe?) = Me {Ae™—Be-™} =—nGe™+ E Oe-™ ` 


up 
KÍEec"—Fe^1— = (Ae —Be"^) = n Hen pen 
BERN EVE TEMO (30). 
Eliminating C, D, Q, H, we see that á 

: ] l af 1l m oe Š 
— He* {> +>} +F f= f= — Ae eS stab) 

d s ud ee ee 
se[i-l]aelelje iae lo» 


Ee* (ct n] + Fe- (n—«] = e: gm ...(88), 


Ee? | 2m? 5) mh 
e? (k—-n]— Fe^ {ntr} mu e «+. (94), 
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therefore 


Ee {etn} {1- =} ere? (n7) (14 27] =0...(38), 
Beh {en} {1—1} -Pe {etn} (1-751 =0...(86), 
therefore e^ ien] f 1— =} = 4 e7? ix—n] {14 =), 


therefore di — +f 1+ m } / f 1— La. — (87). 


The lower sign gives the solution of the problem we are consider- 
ing, where the current goes in opposite directions in the two conduc- 
tors; for it makes E = — F, and therefore A = — B, C = — D, so 
that all quantities on the positive side of the origin are equal and 
opposite to the same quantities in the corresponding position on the 
negative side. 


` We may write equation (37) as 


x? — mê - kh n?’— m? p h} ame 
" (e^o e jp (e^ € 120, 


but e—m! = -— pI V’, 
n?—m? = 4rpip/o, 


and «xh is very small, therefore we have approximately 


P Aui h 
V?c on 
3 
TS ono 
ud tO Y! h.Ampip 
3 
3 — P. nao R 
so that m Ba 1+ gigg eee 


for metals 4rpiplo is large compared with m’, unless p be very large, 


so that, approximately, n = {4mpip/c}i, 


-p 541 ae) Pu- ij | NU (38*) ; 
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if e / 8ru ph? be small, then, approximately, 


nf [1— E d ] sese savaescaeess(39)> 


This represents a vibration propagated with the velocity of light, and 
fading away to l/e of its amplitude after traversing a distance 


avn { ZEY, 


If ¢/8pph* be large, then 


m = i-e p f cos — -isin 7, 


ae wil (:38—4.92). sss. (40). 


This represents a vibration propagated with velocity 
81V (4ru Pp[ a), 

and fading away to 1/e of its amplitude after traversing a distance 
11 V (Axph[ op"? 


When the alternations are faster than a certain limit depending upon 
the specific resistance of the material, the magnetic permeability, and 
the distance between the plates, the vibrations are always propagated 
with the velocity of light. Equation (38*) shows that they cannot, 
under any circumstances, be propagated faster than this. 


Let us now find the quantity of electricity on the inside of the 
plate. If X be the surface density, we have 


V’4r3 = [m [Ae — Be-™} +mCe-™ | en? eint 
= 9m Aec™ eim* eint 


But, from equation (33), 
2 
Ex {1 +hn} = a A approximately ...............(41), 


hE = Ge7 Lees (4). 


Let T = total current crossing unit breadth of a section of the con- 
ductor on the positive side of the origin, made by a plane at right 
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angles to the axis of z; then 
E de 
c f; ka T dz ja 
rr ip Ae- em eit, 
on 


Hence, substituting, we get 


4r XV? = ine {l+hn}. 


But m = p/V approximately, so that 


_ ine 
4r>= = Vhp (1+hn). 


This gives the charge in terms of the current. If we express it in 
terms of the electromotive intensity at the point, we see that it 
shows that the charge per unit area at each point is the same as if 
the opposite plates had been kept respectively at potentials differing 
by { 1+hn}n V/p times the electromotive force at the edge of the 
plate. Thus, if n be so large that hn is large, compared with 
unity, the charge on the plates is independent of the distance be- 
tween them. | 

We can investigate the resistance of the conductor in the way given 
by Lord Rayleigh in his paper on “ The Self-induction and Resistance 
of Straight Conductors,” Phil. Mag., May, 1886. 


Current across a strip of the conductor of width J, 


— ip -nħ__p-n(h+l) 
G L € i, 
—42 Ge-" nl if nl be small, 
on 
— —P Qe-™ if nl be large, 
on 


L| mean value of 4 over this strip ! 


=id fem — grep) 


Now m is, in general, very small compared with n, and the only case 
that is of any practical importance is the one where ml is small, so 
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the mean value = iCe-™ ml, 


mean value of d¢/dz ^ e Ce^"m 
Bunt current across the strip pl Ge™ 


Now we can easily prove, from equations (41), (42), and (27), that 
-mh 
Ce pílth] 


Ge” m 


so that, when n! is small, 


mean value of dọfdz _ _ 


d e. 
a = — — if nh be small. 
current across the strip l { + hn} ] n sma 


So that the resistance of the strip is ofl, as we should have expected. 


If nl be large, we have 


mean value of do/dz Qe" 
current across thestrip Qe”? 
=—on (1 +hn} 


=~ {2rupe}i—i [ {2rupe} +4nuph], 
so that the resistance = {Qa p cti, 


the self-induction — f a j i +4arph. 


These results agree with those obtained by Lord Rayleigh in the 
paper mentioned before. 

The above investigation shows that all very rapid oscillations are 
propagated with the velocity of light along a conducting wire, and 
that in most cases oscillations whose period is as large as the 41, of 
a second are propagated with this velocity ; the exception to this is 
the case of a copper cable with considerable capacity, where the 
velocity of propagation is smaller. It also shows that the distance a 
disturbance must travel before its amplitude falls to 1/e of its original 
value, is very much greater for an iron cable than for a copper one 
of similar dimensions, 
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Formula for the interchange of the Independent and Dependent 
Variables in a Differential Expression ; with extensions of 
the same, and some applications to Reciprocants. By 
C. Leuprsporr, M.A. 


[Read June 10th, 1886.] 


1. Let v and y be two variables connected in any way; let y, y, 


&c. denote ou, ay &c. and 2,, Za &c. denote m as &c. In what 
follows, dY often occupies a somewhat exceptional position compared 


de 
with the other differential coefficients of y with respect to æ, and it is 
then convenient to have a special symbol for it distinct in character 
from these; when this is the case it will be denoted by t. Similarly, 


when convenient, will be denoted by r. The weights of æ, and y, 


will in all cases be taken to be r. By V will always be denoted the 
operator  3y? ES T 109,9, ME T (15y,y,+ 10y?) is + &c. 
*dys dy, i "dy 


which plays such an important part in the Theory of Reciprocants. 
If r, &, 44, &c. be expressed in terms of t, Y, Ys, &c., we have 


r=1 + É, 
t= — Ja = È, 
wg = — tys + Sy? +t, 


and so on. Let the numerators on the right-hand side be denoted by 
Y, Y, Y, &c.; and let them be made homogeneous in ¢ and q by 
suitably inserting powers of q — 1, so that 


Y, = £754, + i794, - 07593 4, 4- &c., 


where A» 4; &c. are homogeneous isobaric functions of y, y, &c., 
and do not involve ¢ Then it has been shown in & previous paper of 
mine (Proceedings, Vol. xvir., p. 197) that 


dY, 
zz—í e9023*960090990909290000000089 0909009 1 9 
VY, Ud (1) 
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or, what is the same thing, 
VY, = e Ts —(n—2) Y. essais s (2); 


and, as an immediate consequence, that 
VA, =—A,, VA, = —2A, o VAn- = —(n—2) An- VAn = 0 
—áÓP 


2. The formule at the end of the last paragraph may be arrived at 
independently of the results of the previous paper alluded to. They 
are easily seen to hold for the values 2, 3, 4 of n; suppose, now, that 
(1) or (2) holds for any particular value of n, it may then be proved 
to hold for the next value of n. For this purpose it is necessary to 
make use of the formula, due, I believe, to Captain MacMahon, 


(vi-i p- (WHE) Ye N CY 


where f is a rational integral homogeneous function of Y} y, &c., of 
degree 1 and weight w. As y, is taken to have the weight r, Y, will 
be of degree n—1 and weight 2 (n—1); consequently A, will be of 
degree r+ land weight n+r. Thus (4) gives 


d d = 
(te -< 4 A, = (n+2r+1) y, A,, 
and therefore 


(ve-2 4 Ya Ys {(n+1) A,t"-?+(n+8) A tg...) 


E { (n+1) Y, 2 at ——— emer cy 
dq 
But it is easily seen that 
Yos Pa — (n1) aT. ETER (0); 


from which, combined with (5), 


VíY,.;4(2»— 1) nYa} — t- (VY,) = (n+1) ptT Qyyt T 


= (n+ 1) yt Y — 2y, V Yn 
by (1); therefore 


VY, = (o (VY,) 4- (n 1) ty Y, — (2n 4-1) y,VY, ......(7). 
Now, by (2). | VY, = t 5 —(n—2) tY, 


eaa YE di 
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therefore 


< (VY,) = 2ty, 05 LY, RIT a(i 


*) —(n—2) Y, — (n—2) t * 


= ty, EE: 5 (= jJ- (n—2) 4, Y, — (n— 


which, on substituting for a from (6), becomes 
- (oa 4 (2n 4-1) y Im —{Yaut(2n—1) Yn} 
—(n—2) T ( Ynet (25 —1) s, Y.] 
= pian +(2n+1) yt? Ya (29-251) Y, 


and if this be substituted for z (VY,), in (7), we find 


VY, n = p 33» Tas Cen ane 
showing that the result (2) is true when n+1 is written for n; and 
so, by induction, is true for all positive integral values of n. 
3. From (3), we have 
Y, = -2At g V Ag+ or ETA.. 
= te "A, 


= = ph73e7 Pity, t 


* Otherwise: Since VY, =— 724 d; Yn, 


py =— "es dY, ^) 


since V and i are evidently commutative, and V acts neither on ¢ nor on g. 
In a similar manner, if r be any integer, 
VrY, = (—t9) MS 
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and therefore, since æ, = Y,t- "7-7, 


ae 
2, = — £-("+}) e t 


a formula which gives the value of any differential coefficient of e 
with respect to y in terms of differential coefficients of y with respect 
to a. | 


4. The result (8) may at once be extended. For, since 


2 m-4 
Y, = t Yn HE VY n — 15 q'Y y, + ÈC., 


; -4 
Y, = —fy, +- Vy — s PV Yn + &c., 
therefore | l 


Y y [nita — tt” -Sg (YmVynt+YnVYm) 


[m*^-6 


+ 1.9 q (Ym Vy, T 2 Vym Vin T YnV Ym) 


mtn-7 


— 1.2.8 
+ &c. 


q (yo V*y, t+ 9Vys V Yn 38V*y,, Vyn t Ja V*y m) 


-Z 
mitte t (ym Js) 3 


therefore 


y 
Yn Yn Yo vee =e (—l1l)'*ó*r'-d-2240-720840-91.. e € (97,95 yt oe) 


oe. 
z(—1l)y'"-e (y yy" ...), 


if 4 be the degree and w the weight of y* y; y? .... 


so that, if /(0) be any function which can be expanded in powers of @, 


y d 
(F) n=r(-18) % 
E epu 

In particular, | e*Y,—e % Y, 

= result of writing g—g or zero instead of g in Y, 

= — "miyn; y 
therefore Y,€--—1"-?e t Yn, 
as before. 
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Accordingly, if f denote any homogeneous isobaric function of 
degree t and weight w, 


f (Zap Y, oe) = (2DE E S (yp Yo) 
But JCY, Yn: Y, =f S05 te) 
mmt o2), 


therefore f (2525 ...) = (—1)y HH e FF (yp 3i s) iius (9), 


a formula which gives the means of expressing what a homogeneous 
isobaric function of y, y, &c. transforms into when z and y are 
written in place of y and æ respectively. 


5. Now let 
f (5 Yn Yar vee) = OP +H Ot + Ot? + he. «0... 000000 (10) 


be any homogeneous and isobaric function of degree 4 and weight w; 
Co» C,, &c. being functions of y, y, &c. (and not involving ¢), of 
degrees i—n, i—(n—1), &c., and of weights w—n, w—(n—1), &c. 
Let us examine the effect of writing v for y and y for æ in f. By (9), 


d 
C, will become (—1)*-"t-“*#-™e * Oy 


aX 
C, i - (—1) 90-012 t C, 


and so on; also £ will bechanged into r. Accordingly, the right-hand 
expression in (10) will become 


mea , 
(—1)^-*1- (0*9 e t (of ^— Q 07D 7-4 &.}, 


b. 
or (—1)7^1(-(v*9»g t (O0 — 0 071 &e.}, 
so that we have 
"d i; 
S(t, May 2, ...) = (—1y t^ | F(t, y ys) oee (11), 


the complete formula, which includes (8) and (9), and which gives 
the means of expressing what a homogeneous isobaric function of 
VJ» Yy Ys &c. becomes when s and y are written one in place of the 
other. This formula will, therefore, serve to effect the interchange 
of the independent and dependent variables in any algebraical funo- 
dy dy dy do. 


tion hon whatever of the differential Soemicienis de! de®? de 
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6. Evidently the process of § 3, by which (8) was deduced from 
(1), could be worked backwards so as to deduce (1) from (8); t.e., 
each of these equations implies the other, and (3) is a direct con- 
sequence of (1): In a precisely similar way, then, we may deduce 
from (9) that, if any homogeneous isobaric function of %, 2, &c. be 
expressed in terms of t, y4, Ys &c., and be written in the form 


f= OO q+ Oth 2git... + On, 
where O» Cp &c. are functions of y,, Ys &c., and do not involve f, and 
q = lis inserted for the sake of homogeneity ; then 
=+% 
yf2-t dq’ 
and VO,2—0, VO,=—20, VO,2—30,.., VC, =Q. 


7. ‘The effect upon a differential expression of writing, in place of 
the variables, general linear functions of these, may now be found. 
Writing £ = agz+by +c, n = ax+b’y+c, where a, b,c, a,b, c are 
constants, we have, if 5,, na Ns ... denote the successive differential 
coefficients of n with regard to é, 


a bt 
"A a+bt b 
cm ab—ab’ — 
po. PEL 
(^ =) 


| ab—ab — (v z) Yat 3y; 


7]s ° 
b$ a y 
(++ +) 
and so on. 


Comparing these results with those given in $1, it is seen that y, 
may (except in the case n = 1) be derived from 2, by simply writing 
ab—ab’ 

b! 

Proceeding, then, exactly as in $3, we shall obtain the formula 


t+ - in place of ¢, and multiplying by the factor 


TUNE JN 
7, = (ab'—a' b)(tb-- a) Me HY sesoses (12), 
which again, just as in $ 4, will lead to the formula 


| "e NA 
f (n, My «++ Mn) = (ab — ab)" (tba)? e tr P (ys, Yas ee Yn) (19); 
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analogous to (9) ; and then to the formula 
f Qn; My ns...) = (ab — a'b) (tb +a) 1t’ e IT 


xf 1 Crate), E } or (14), 


MT to (11). 
The result (14) enables us to find the effect made P a general 
linear change of the variables upon any homogeneous algebraic func- 


A 3 
tion of the differential coefficients d dat zd &c. As the change 


of z into y and y into 2 is only a very particular case of the general 
linear substitution, it is, of course, seen that the formule of $83, 4, 5 
are all included in the general result (14). 


8. Two other particular cases of (14) are of interest. 
(1) The orthogonal substitution 
t = vcos0—ysin ð, n =2sin0+y cos 9, 


Here we have a = b' = cos 0, a = — b = sin 0, and (14) becomes 
F (my a» May +++) 
: ~(w+i) ion 1—? . 
= (cos 0 —ísin 0) e fh 2 sin 20 4- cos20, y,, ys, ... t... (19). 


(2) The imaginary substitution ¢ +n/—l=2, ntiV—-1l=y, or 
=}(e-y/—1), 1=4(y-2V—1). 
Here we have a= b =}, a = b = — 4 /—1, so that (14) becomes 


Í (m, ty Ny oe) = “a my ae as 7 +e, Yor Up soe È eee (16), 


PIC MEE 
(1-44 Le 
the symbol f denoting in all these cases a homogeneous isobaric 
function. 

I now proceed to some applications of the foregoing results to 
Reciprocants. 

9. In equation (9), suppose Vf — 0; then 


f Bay 0) m (T) ÀF (Yo ys, e); 
that is to say, f must be a pure reciprocant. Conversely, if f is a 
homogeneous isobaric pure reciprocant, 


aF. 
i e 'f—f, 
so that Vf must be zero. 
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10. Consider any expression (of degree 4 and weight w) 
$ = A+ AO TEASE. RAS ues (17), 


where 4A, A,, ... A, are homogeneous isobaric functions of y, Ys, ... 
and do not involve /; and are, moreover, subject to the conditions 


V4 =— á, V4 =— 24, VA, =—34A,, ..., VA, = 0. 
Then, by (9), if we write æ for y and y for e in A^, it will become 


.E 
(—1) tete f (AP), 
that is, (—1) t7 9*9 9, 


But, with the same transformation, ¢ will become, by (11), 


A 
(—1)y:*9(—1)e © AuiÓ— A P713 3... ], 
that is, (—1) "+ (— 1)" A P. 
It follows that, if we multiply 4,4" by any power of t, and add it to 
(or subtract it from) $, we shall have a reciprocant. For the ex- 
pression so formed will not change when z and y are interchanged, 


except for a power of ¢ and a possible change of sign. In particular, 
the expressions 


zx Alt" +A? EAT EVI D: EE — 00 
are both of them homogeneous reciprocants. 


A particular case of a function of the form (17) was considered in 
my previous paper on Reciprocants, already quoted. The results 
there obtained with regard to this case may be extended to all func- 
tions of the form (17), which may be called **quasi-covariants," for 
reasons explained in that paper. 


11. Any mixed homogeneous reciprocant of degree 4 and weight w 
can be written in the form (10), so that 


R (t, yg Ys +00) = Cot +O, Lu + On. 
Then, since R is a reciprocant, | 
R(T, £y 23, ...) = (—1)'7^ EO R (t, Ya yg, ...). 
Therefore, by (11), dix 
R (t, ys, yg ...) = (—-1*e*R (—1, yg Yor o) ......... (19). 
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Therefore O,i°+0,t"-'+C,i"-?+...+¢, 


ee 
=e © {O—O,t"'+0,07—...+(—1" 0,} 
= 0,t"— 0,2"! 0704... 
—VO0,t""'+ VO t""?— VO, 0" +... 


th. 3 a2. l 2 8-3 
+ 7-5 VO DU VOI 


d 1 8 n-3 
i23" CU... 


z t &c. 
Equating coefficients of the various powers of £, we find 
CO, = Cy 
— 0, => C, 4 VO, 
€, = 0+ VO, tis 1; 70, 
1 
—0; = O+ fü Lia l. 9. 55 TO 
&., oc. 
which reduce to 
—20, = YO, 
m 2 
20; = YO,+ 15 art rags 
-20, = VO, + = VO 2 — ir. ... (20), 
+ e V*C gu db. yo 
1.2.3.4 | 1.2.3.4.5 2 


—2C, = &c. 
and so on. 


These relations (20) are therefore the necessary and sufficient con- 
ditions which must be satisfied by the coefficients of the powers of t 
inany mixed homogeneous reciprocant whatever, when written in 
the form E above. 


12. The relations (20) are not, in general, sufficient to determine 
C,, Oa» &c. in terms of C,; so that it is not possible to write down 
any general form which a mixed homogeneous reciprocant must have. 

VOL. XVII.—NO. 274. Z 
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A very large number of such reciprocants are of one or other of the 
forms (18), which may, I think, with propriety be called the standard 
forms. l 

It can now be shown that every mixed homogeneous reciprocant is 
either itself of one of the standard forms, or else may be expressed as 
a sum of such standard forms of the same character. 


(a) Take first the case of a reciprocant R of negative character. 
We may write 


i lA i 


= nA .,n-1 3 4 
2" A, — t VA L3 Z Vd VAS og Ve — &c. 
n—4 
+ 2-24 — PVA + - V4:— &c. 


+ 2,7 Ay — &e., 


and so on (where each horizontal row is a reciprocant of the standard 
form and of negative character), if only 


C, = 2A,, 
C, = "a 


Cmm 24st 1 eos L Vids, 


(21), 
0; = — V 4;— > 123 V*A;, 
= ” t. 3A’ 1l 4 
0, = 24 35 VAt 13 3 Vid 
&c., &e., 
or 2A, = Cy 
24; = 0, i5 VC, 
"— (22). 
"ol 3 l ] 
24, = Ct q "MU V?C, 1 2384" 0 
&c., &c. J 


But if the values of C, C,, &c., as given in (21), be substituted in 
. the equations of condition (20), they will be found to satisfy them 
identically. It follows that E can always be expressed as a sum of 
Standard negative homogeneous reciprocants; we have, in fact, only 
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to choose for A, 45, A>, &c. such functions of C, Ci, Ca, &c. as are 
given by the equations (22). 


(5) Similarly, the case of a reciprocant E of positive character may 
be dealt with. We may write 


R=O,t"+ Oe + Qt +... 


fi 


-q E ya P > - y*A— 


pe [3. 


$e Ay 


t 3 
TU Ay’ —&e., 


and so on (each horizontal row being a reciprocant of standard form 
and positive character), provided that 


VA’ gu L YA &c. 


E 


C, = A,, 
0, =- + VA, 
0, = Æ+ VA 
3g 1 1.2.3 19 
_ 1 f ss... (23), 
6 = 13/4- l. P 3. 13.8.4" 4» 
0,2 A? + PA LL ya 
: 1.2.3 1.2.3.4.5 ^" 
dpa. l psy l1 ——. 
de ge 1.2.3.4" 4i L.3.9.4.5.6 ^ 4v 
and so on, or 
A, = Up, 
2 
A= Ot i E 1.3/0» 
i MEME com (94). 
7’ 1 9 
4 — A+ 793 23/0 p$3 23^ tr i34. MAL 


&c., c. 


If now the values of C, Ci, &c., as given in (23), be substituted in 

equations (20), they will be found to satisfy them identically. It 

follows that, in this case also, 2 can be expressed as a sum of standard 

(positive) homogeneous i dap ; it is only necessary, in fact, to 
Z 
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chose for A, Aj, Ai’, &c., their values in terms of C, C,, &c., as given 
by equations (24). 


13. Suppose, if possible, a homogeneous reciprocant R of such a 
kind that it involves only even (or only odd) powers of t. Then, if t" 
be the highest power of ¢ which occurs in it, 


R (—t, Yn Yor oe) = C721)" E (5 yo yo o), 
and (19) becomes 
mae 
E (t, Y» Yas) =e * R(t, yo yo o), 

or — OUO PI OQ +... = Ot + OU + 0,0"? + ke. 

—VO,i-!—VO,t^7? — &c. 

dl. -2 

+ 1.2 V'Ot"7? + &c. 


— &c. 
Therefore C, = Cy 


C, = C, x V6, 
0, = 0,— V0, + 0, 
1.2 
and so on; whence VO, = 0, VO, = 0, &c., i.e, C, C,, &c. must all 
be pure reciprocants. 
The conclusion is, that there can be no mixed homogeneous recipro- 
cant which involves £ only in even (or only in odd) powers, except 


such an one as is made up of the sum of à number of pure recipro- 
cants each multiplied by some even (odd) power of /. 


14. The following results will be useful later (in $ 15). 
With the same notation as in § 10, we have 


MA 
p (t) — t^e ' Ao 
s atl 

therefore e 'o(t)=e ' (iA, 

— ong [$ 

= (>), 

ew i 

therefore e ‘ [| E AP Ae +Ay+...+An | = 2"9 (=) +90. 


In a similar manner, if 


p (pq) = Ay (pq)" +4, ( pq)" + &c., 
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where p, q are any functions of f, 
P d mA aL 
e ” $ (pg) — e ? (pg) e ” A, 
-lty 
=e 72 A (p9) 


= egre (EE); 


sL EN d 
and e P A, (pg) = g'e ? Ap" 
: = q'$(p) 
therefore e * [ 5E A, (pg)" - A, (pg) - A4 (pg)"*4-... +A] 


= egre (JEL ) ee (P) (28). 


15. By help of (25), the effect of the general linear substitution 
E = az+by +c, n=aetbyt+e 


on a mixed homogeneous reciprocant of standard form (18) may 
easily be expressed. For, if in (14) we write 


ics 
t a = = 
t b P» ra a! d 
b b 
a .. pq 
t+ — = 
and therefore + x Pea 


and then make use of (25) to simplify the expression on the right of 
(14), it is seen that the result of the substitution is to change the 
reciprocant + A,t*+9 (t), where 


p (t) = AU T AUT HE &e., 


into 
waa 8) ven) B) nen] 


eee (26). 


16. For the particular case of the imaginary transformation 


—i(e—-y—1) n=}4(y—2 v -1) 
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the expression (26) becomes 


gw Say wes 
evap e 7 


x [( V —0$ (t- / 1) (t— V —1) $ (t+ / —1) ], 


or, a8 it may be rien, 


w-n | (t-4—1 1)” A, A, 
2 (1—t4 —1 Testi tar tt) 


+ (4, + = 1 + a7 +ée.) | .. (27). 


We may make use of this to verify a theorem of Mr. Rogers’, viz., 
that if the imaginary substitution above be made in a mixed homo- 
geneous reciprocant, it will transform it into an orthogonal recipro- 
cant. Bearing in mind the result of § 12, that any such mixed homo- 
geneous reciprocant can be written as the sum of a number of standard 
ones of the same character, and also the fact that a reciprocant made 
up of the sum of any number of orthogonal reciprocants of the same 
character must be an orthogonal reciprocant, it is seen that all that is 
required is to show that the expression within the square brackets in 
(27) is an orthogonal reciprocant. A reciprocant it must evi- 
dently be. | 


17. To prove this, I recall that, as shown in my previous paper, in 
order that any reciprocant F should be an orthogonal reciprocant, it 
is necessary and sufficient that UF should be equal to some numerical 
multiple of £F, where 


F= (1+?) a+ (3157 + yo um VF. 
Now, since A, is of degree i—n and weight w—n, A, of degree 
i— (n—1) and weight w—(n—1), &c., therefore 
UA, = VAy+(wti—2n) tA, =—A,+(wt+i—2n) tA,, 
UA, = VA,+ (w+i—2n+2) £A, = —24,+ (wt+i—2n+2) tA, 


and so on; also U(t+/—1) = 142. 
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Therefore 


A0 LQ(tEV -1) UA- A (1+ 8) 
t+ /—1 (t+ /—1)? 
_ UA,—A (i— V —1) 
t+/V—1 


—2A,+(w+i—2n) tA, ! A, 


t+/—1 


__A, | UA,-24, (t— V —1) 
TEE D? -) (t+ /—1)? 


_ —34,+(wt+i-2n) tAy _ 24, 


(t+ / —1) t+/—1 
and so on. Therefore, by addition, 
A, 
U|A + ——À—— 
[4* SG arn Tit =] 
A, A, 
—2n) t | A+ ——À— . |...(28). 
=n) [4 eee creen a -] e 


Similarly, it could be shown that 


U [4 —— P EET "vm 


A 
= (w+i—2n) t | 4, T ———— R 29). 
la M max. TES 1 Tüvi) ( 
If, then, F denote the expression in the square brackets in (27), it 
follows, from (28) and p by addition or subtraction, that 
= (wt+i—2n) tF; 


i.e., F is an orthogonal reciprocant, and is moreover such that it is 
.9*i-2n - (2#-n D 


made absolute by the factor y, * , or the factor (1 +e) 
Mr. Rogers’ theorem has, therefore, been verified. 
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Second Paper on Reciprocants. By L. J. Roamrs, B.A. 


[Read June 10th, 1886.] 


$1. In my last memoir on Reciprocants, pp. 220-231, I showed the 
existence of a certain class of mixed homogeneous reciprocants, to 
which I gave the name of homographic. 

I propose in the following pages to show how all such reciprocants 
can be very conveniently expressed in terms of a certain series of 
protomorphs slightly differing from the series M,, M,, M,... which I 
used in my last memoir. 


Homographic reciprocants are, as has already been shown, an- 
nihilated by the operator 


tòa +300, +600, -- 100044 ...— .crcsssercenescccecesese(L)y 
which I call H. 


Let G,, denote the mixed generator 


to,— z a e*0660060600600*95909060000*9000909952800 (2), 


where n is the characteristic of the reciprocant to be operated upon. 
Then we know that G,M,- M, Gn M, = M; &c., and generally 
Gna Mn = Mmi. Also the characteristic of M,, is 9m. 

Now, let N,, Na N,... be a set of protomorphs of characteristic 
9, 6, 9 ... respectively, of which the successive formation is given by 
the general equation 


Nin) = Ain Gs Nin + luma Nn EDAM 


where Àm, Hm are numerical and functions of m. It is always possible 
to suppose this; as the characteristic of Nm+ı is 8m--3, and therefore 
6+that of N,.,; and that of o? being six also, we see that N,,,, and 
a!N,.; are of the same characteristic. The character of the three 
terms in the equation is likewise seen to be the same. 

Let also, if possible, the operation of H on N,,; give knN»t as 
result, k,, being numerical. By hypothesis, then, 


EN ge ha Nat ceasiaintusseaenvie4)> 
Operating on (3) with H, we therefore get 
Kem N mt = Nin HG,, Nin t+ 2 matNin- it pon ta*km S Nm —€— (t 
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We now have to evaluate HG, Nm. 
It is eagy to show that 
Hà,—, H = tò, 4-202, 983, 4 .... 
We know, too, that 
(2t0, - 3a0, 4- 450, +...) Nm = 8mN,,, 


and that (40, -- a0, +...) Na = mN,,. 
Hence (Hà, — 0, H) Nm = 29mN,,, 
therefore 


Hè, Nn = à, HN, -2mN,, 
— Kem 10, (NS at) T 2mN,, by (4), 
= Kim 1 ON Sv a e ONSE 2m N,, 


m m-10N mar + hin-i Gin INS bin ar mc GN, 1T 2mN,, by (2), 


3m—1 
2 


= kes (Gn Nat aNn-1) 2mNoy soesssseeses see seeeee(6). 


Again, — HG,N, = tH, N,— 22" t, — 2% atin Not 


l 


= that GnNnaa— 2 


aN a PUN. uses (T), 
as we finally get after substituting for Hò, Nm in (6). But 


ne: 2 
Qa Nai = Po Fazit Nns, by (3), 
mal 


therefore, substituting in (7), we get 


N,—p, a0 N, = 1l m 
E EE aNn-1) FAm 5 £N, 


-F2p, abN, a T Min aM, a IN asus TEETE aalo), 


Kim t Nm =À ua ( 


an equation which ought identically to be true. Hence the coefficient 
of N,, is zero, since N,, contains linearly a letter which Nm- N,., 
do not contain. "Therefore 
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Similarly, equating coefficients of Nm-1, Nm-23 we get 


| — ÁO 
Um 
and Am esi = Àm- n-a 
Hm Hm-1 


which are not independent, since the second follows from the first. 


Now, we are free to give \,, any value we please. Let this value 
be 2. Then (9) becomes 


kn kai = m, 


and (10) ph = lesa 
It is most convenient to take N,, N, as the same as M,, M,, i.e., a and 
tb—3a’, whence HN, =, 
HN,= 0; 

therefore k =0, k,—2, k= ő, k= 9, &....; 
and, generally, km = $ (m—1)(m +2), 

pn = } (m—2)(m+1). 
Hence, if N =a, 

N, = tb— 2a’, 

N, = 2G, N,, 


N, = 2G,,N,+a°N,, 
N, = 2G, N,+£a°N,, 
N, = 2G,,N,+20°N,, 


&c. ..., 
then HN,=0, HN,=2tN,, HN, = 5tN,, ... &., 
which is the same as saying 
| d d d 
= t ( 2N, — —— —— dq...) 
e ( ? dN, TUN, TN. IN, + ) (11), 


when we operate on any function of these N’s. Whence we see that, 
when homographic reciprocants are expressed in terms of the proto- 
morphs N, they assume a binariant form. 

This manner of forming such a series of protomorphs that homo- 
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graphic reciprocants could be written as a binariant function of them, 
was suggested to me by a very similar theorem relating to Projective 
Reciprocants, put forward by Professor Sylvester and Mr. Hammond, 
—a correction of a theorem of mine I had supposed true, but they had 
discovered to be erroneous. 

Having obtained the above annihilator (11) for homographic re- 
ciprocants, we can deduce a similar one for the analogous orthogonals, 
viz., the circular reciprocants. 


Let G, = (1+#) à,— at, 
the orthogonal generator. Then, if 
Quee 
V, = (14-2) b —3at, 
Js = Gots, 


y = Go Vs — atha 
Vs = G, V,— £a s 
&e., &c., 


the annihilator for circular reciprocants will be 


d d 
s MALES FN ILE PERTE E A 
5 


when they are expressed as a function of the /s as above defined. 


In order to point out more clearly the similarity between the 
theorems established above and that of Professor Sylvester and Mr. 
Hammond, I have thought it advisable to introduce here a proof of 
the latter theorem, without adopting the numerical alterations they 
make, viz., writing 1.2.a for a, 1.2.3.6 for b, &c., and consequently 
ao, 4- 2b0,+3co,+... for the projective annihilator ©. 


$2. In the unsimplified form 
Q = 800, +806, + 15cdg+ ...— csecesecesccceeseeeee(L) 
the differences between each successive coefficient forming the arith- 
metic series 05555095 caos 


Let G, denote the pure generator 
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and, as in my former memoir on Reciprocants, 

R, = ac—50’, 

R, = œd —5abe + 420%, 
and, generally, OM Gs aa 


Here n, the characteristic, is four times the weight. 


This series of simplest educts is not, however, convenient for ex- 
pressing projective reciprocants. 

As in § 1, let us take another series of protonais Da Ds Dieii 
weights 8.12.16... such that 


OSa c IUD ouin A 
where k,, is numerical, and if possible such that 
Ba = Am By Sint pty RSS seen (o). 


Operating on each side with Q and substituting in (4), and remem- 
bering that 


03, S,—5,Q8,, = (303, +5b3,+...) Sn = (2n—3m) Sm = 5mS,,, 


we get, proceeding step by step in the same manner as in § 1, 


m c EA 


06, = 0, 
T.e., | k, = 


Let A = 1l, so that kau—k =m, 


k; = 12, &c. ... 
= $ (m—2)(m+3), 


and Pn = — $ km- = — 3 (m—3)(m+ 2). 
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Hence, if S,= R,, 
S, = Gp Ss, 
Ks = G,8,—1H,8, = R,—4 Ri Ry 
Se = Gp Se — 4R; Si» 
&c., 


d 


aS, eee 2). 


then N=a (38, is 
6 


d 
+78, jg +128, 


And any function of the S’s annihilated by N, as given in (7), will be 
& projective reciprocant. 


The simplest projective after S, is 
68,8,—78,, 
which is easily seen to be the same as 
6R,B,—7 R, — BE, Bee eterne (B), 


which is of weight 8, order 8, and characteristic 32. 


We can obtain a series of projective protomorphs in two ways, 
either by forming them on the model of ordinary invariants and 
altering the numerical coefficients so as to make them admit of 
annihilation by © (7), and so get them expressed in terms of the S's; 
or by forming an absolute reciprocant and differentiating. If we 
differentiate with respect to v, we get a very complicated result, but 
if with respect to r, where r = [a!dz, we have, as shown in my last 


memoir, im = Ry», so that the production of successive proto- 
T 


morphs is very simple. We thus get them in terms of the E's. 
For instance, from R, and 6R; R;— 71, —3R, R, can be deduced a 


projective reciprocant with R; R, for its first term, of characteristic 
48. From the latter and from R, we deduce another beginning with 


R; R, of characteristic 64, and so on. 


$3. The method of obtaining & third reciprocant from two given 
ones admits of easy explanation. For the sake of brevity, let us take 
the following statement :— 


S is rec. n (q), 


as meaning, S is a reciprocant of characteristic n and character g; 
q being +1. 
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If, then, R is rec. m (p), 
and S is rec. m (q), 
then will mké,S—nSo,R be rec. m n4 1, (pq). 


For p is rec. 0, (p"g"), 


whence by taking logarithms and differentiating, we get that 


mkRò, S —n Sò, R 


RS is rec. 1, (+). 


Hence mRó,S —nSó,H is rec. m 4-n4-1, (99). ssireccesee(1)s 


When we are treating of M, ¢, or R functions, we can put this ex- 
pression into a similar form. For instance, R and S being two R- 
functions of weights m and n, we get 


: 4m. Ró, S — An Sò, R 
as areciprocant, by (1), since the characteristic is four times the weight. 


That is, (m.Ró, S — nSà, R) T is rec. 


But T = a* and is a reciprocant. Hence 
mE,S—nS0, R is rec. — .......... esee se (2), 
of characteristic 4 (m 4- n -- 1), since the weight is m 4- n 4- 1. 


On a Class of Projective Reciprocants. 


§ 4. Let (2, n) be the Boothian coordinates of any tangent to a given 
curve, and let (x, y) be the Cartesian coordinates of the point of 
contact. 


Then it is well known thatthree relations exist between é, n, 2, and 


y, viz., wE+yn = 1 
Bde FYER S. ienaa a (1); 
tde + ndy = 0 


Let r be a function of z and y, and p the same function of £, n. The 
most convenient function to take for the value r will be determined 
hereafter. 
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Let z, 2, &c., y, Ys, &c., denote =, T , &c., with similar abbre- 
viations for the Greek letters. Then " 
xé +yn, = 0 
ry | T (2), 
bv, +ny, = 0 


vé tynt (zé +y DE = 0, 


5v, ma (0 E ym) Ed = 0. 
Eliminating 0s , we get 
dp 
(24 T y) (s t ny) = (mé yim) 
or * s (në —5m) (yatı —291) = (e, 5 ym), by (2). 
151 
From (2) and (1), we also have 


2, 6 - ym = «$5 (1+ =) =h, 


yn yn 
Hence (mëi —5m)(y —2) = Gn ym) orere eese (3). 


Now it is easy to show, by elementary Differential Calculus, that 
2 


_ dy (dx\* 
339, — 933A uU (=) . 


It is, therefore, best to define r as such a function that 


Py = (B) m9. 


so that 7 is the same function as has been used in the preceding sec- 


! Pn (doy 
tions. And for p that dB 7 ( x) : 


Whence (3) becomes 215 - ym = 1 
while JgdjeaM mm LP ssssevecit iu e hanes ee) 
945, — ba exl 


In terms of r and » we may very conveniently express the series of 
pure reciprocant educts Ra E, E, ..., though now it is more con- 
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venient to consider them as the absolute pure reciprocants, instead of 
only the numerators of such. For, by (4), 


a+ = %, 
t= — $ba-, 
2, = — } (ca-$—50/a73) ami = — 1 Ro, 
Hence R, = — 32,/2,, 


and this, by differentiating this second equation in (5), = — 3y,/y,. 


1 l d d 
l d 
and generally Ra = ja **0000000090500000000 00900090005 (6). 


We shall denote by P, P, ... the corresponding absolute reciprocants 
in (é, n). 


. dr d? 

Also Tis Ty s Will stand for d; : d bois 
do d? 

and Pv Pay ese 29 7 TEE 


By expressing R, E, ... in terms of r and p, we shall find the con- 
nection between the R’s and the P's. 


By (5), we see that, for the value we fix for R, the equations follow- 


ing (2) become gé d ym = — T, 


which, by (2) and (5), gives 


dp 1 
dp_ 5 = 
By symmetry qp. ee 
therefore M (y,2—2e,y) — ix -ny =` by (1), 


therefore | rz gpeq- ussisuettebtuta ue. 
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Differentiating for p, we have 


r 
A = Yt — 2y, 
"i 


2 
es ce |. ; 
E = Yv — 2, d y42;—2391 
1 


= y#x—zr;y+l by (5) 


= a, (2-5—y) +1 because “ = 2 Lig, 
e, Yı ei 
= fs yl = — hr +1, 
$1 
2 
— 1 
therefore —1H,-— UM 6a ——— nom 
; 1 

Differentiating again for p, by (6), we have 

3 
zig etym made co oan) 


" 7i 71 


Now, the right side of (9) is a reciprocant in r and p, since the 
numerator of the first term is the post-Schwarzian in r and p, and the 
other terms are well-known forms. 


Since, then, by symmetry, 


1 P401 — 905p 4p; Ps 
4P, = AERA 4 Sa Pa., 


P P A 
we have, finally, Big = — Pip oeeeeeeseeeeeeses). 


Thus R, is an odd reciprocant in r and p, with characteristic 3. 
Let us write this statement thus, as in § 3, 


R, is rec. 3, (—). 
Now hP » 93,(-) 
Hence R,pa— Bes is rec. 7, (+), by $8...... (11), 
9R,(E,p,—H,0,) —7R,(E,p,—RH4,0 n» 11, (—) ..........(12). 
Again, 5R,0,—10R,R,p,p,7-5R, o, is rec. 14, (+), by (11), 


and By (3pp,— 504) » 14, (+). 
VOL. XVII.—NO. 275. 2A 
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Adding, we get, after dividing by p, (8—), 


5Rip,—10R, Ryp, +3R,p, is rec. 11, (—) ............(13). 
Eliminating the term E, Ep, from (12) and (13), we get 
| (30R,R,—35R1) p, —9Rlp, is rec. 11, (—)..... (14). 
Referring to (8), we easily get 
—AR,-— &:.—29, p 
Pi 
therefore p,—iB4,p, = n: e£ — ŠP, Ps, 
which is recip. 5, (—). i 
Hence R; (p,— &H,0,) is rec. 11, (—). 
Eliminating Rip, by means of (14), we get, after dividing by 5p,, 
6R,R,—7R,—93R;R, is rec. 8, (+) ............ (15), 
i.e., = (6P,P,— 7P1—3P; P.) pi. 


We have now obtained two R-functions, t.e., two absolute pure 
reciprocants in e and y, which are also reciprocants for r and p. 
We have therefore one absolute reciprocant for r and p, and can by 
differentiation obtain an infinite number of them. 

This series of reciprocants is of high importance geometrically. 
They lead when integrated, as Mr. Hammond has pointed out, to 
equations of curves whose polar reciprocals with respect to any point 
are curves of the same kind. 


Thus, R= 0 
leads to the general equation toa conic. Transforming into Boothians, 
we have, by (10), P, = 0, 


t.e., the polar reciprocal is also a conic. 

Let us therefore call these reciprocants self-polar. All such re- 
ciprocants are projective. For we know that 6R,R,—7R,—3R,R, 
and R, are projective, and that their weights are in the ratio of 3 
to 8. So also, treated as reciprocants in r and p, are their charac- 
teristics in the ratio of 3 to 8. Employing the methods of $3 for the 
formation of new reciprocants, it is evident that we shall form a 
system of self-polar protomorphs identical with the projective proto- 
morphs obtained at the end of § 2. 

We see, then, that all self-polar reciprocants are projective, although 
the converse is not true. 


1886.] On Weierstrass’s Elliptic Functions. 855 


Some Applications of Weierstrass’s Elliptic Functions. - 
By Mr. A. G. GREENHILL. . 


[Read June 10th, 1886.] 


In this paper it is proposed to exhibit the use of Weierstrass’s 
Elliptic Functions, by showing their direct application to several 
geometrical and physical problems, and thus to give illustrations of 
the meaning of the analytical formule expressing the relations be- 
tween these functions. 

The formule are, in general, quoted without demonstration, and 
applied immediately to the problem requiring their use; the reader, 
however, who is desirous of following out the rigorous demonstration of 
these formule by the methods of pure mathematics, is recommended 
to consult Schwarz's Formeln und Lehrsüize zum Gebrauche der 
elliptischen Functionen; or Halphen's Traité des Fonctions Elliptiques 
et de leurs Applications, Paris, 1886. 


I. Confocal Cartesians, and Quartic Curves. 


l. Let g = pu, 

where z = æ+iy, w-—d4(itüp, 
and pu denotes Weierstrass’s elliptic function of u, defined by the 
equation o u= j RA PEE 

s J (42° — g2 — gs) 
so that z = pu, 

dz M ? MÀ 
and (=) = (g'u) 
= 42'—g,2—9s 


= 4 (z—e,) (2 — e1) (7—63), suppose. 


Then, if &,, és, €, are all real, they will define the positions of the 
three foci F,, Fẹ, F, on the axis of v of a system of confocal Car- 
tesians, given by the equations 


č = const, and n = const., 
from the relation æ +iy = p} (étin); 


and, from the properties of conjugate functions, it follows immediately 
that these confocal Cartesians intersect at right angles. 
2a2 
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2. With the notation of the sigma functions explained by Schwarz 
or Halphen, we put . 


(y 
pu—e = —— , 
C 
ee a) 
ps ê, (2 
e = [9Y 
pu—e = (2%) 


In the ordinary notation of elliptic functions, 


pu—e, = (€,—6,) ee or (e, —e,) cs! / (e, — és) u, 


pu—e = (ame) IY, or (4-4) de (nce) 


i | 
pu—e, = (&—e) Ru cia e (e —es) ns! / (e —e) u, 
with ea oO YF AS 
&—6, &,—e, 


supposing e, > e, > és. 


8. Denoting by r, 7,, r, the distances of a point P whose coordinates 
are 2, y from the three foci F,, Fi, F, and denoting 1 (—i7) by v; then 


and, expressed in a real form by means of formula [D][9], p. 51, of 
Schwarz's Formeln, 


— TU Ou OV Ov 
TU Oyu OV 04U 


eit oan tot oin ; 
= = (e — Q. ni aes Áo €6909*00090090000096 1. $ 
( 8 1) o o in— oè azin ( ); 


OU Os OV Ov 


or, again, = 
TU 0,5 0 U Ov 
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— om — e, oin + 0,6 oin . T 
(e—6) or Gana us ETE 
Similarly r, = — (e, — e) e ontok añn pasar IH.) 
0,6 0,0) — 045 oin i 

= — (e uy io my tok oin ; 
"« (e, es) " e,in—os m 

T ; 

and RE EP L AL dS oe esc 0v), 


o c0] — 0,5 onn m 


o,f oant ot oin 
2 = Cea 2 ad adit el DD E E ETEA eje 
( 8 1) oe: o,in—o,é oin (vi.) 


4. Therefore, from (iv.) and (v.), 
7,0, Eë~—r,o, E= (e,—6,) 0,2 } u (A) 
7,0511 — 750501 = — (e4— 63) 0,17 


the vectorial equations of conjugate confocal Cartesians; and from 
the remaining equations, by cyclical interchange of suffixes, weobtain 


r,0,6—7, 056 =  (6&3—6) 056 | (B) 


750, 1 — rT oin = — (e, —e,) oin 


and noh—n ok = (ere) O48 | M ER lo s 
7,0, —7,0, 01 = — (e, — e) opin 
also (e4— 65) 7,0, E+ (e,— e) ,0, E+ (e,— e) 7,7, $ = ol ..(D) ; 
(e$ — es) roin + (6 — 61) 747,90 + (6; —6,) 7,0, 50 = 0 


and (A), (B), (C), (D) are the vectorial equation of the same confocal 
Cartesians in a symmetrical form (Darboux, Annales Scientifiques de 
l'École Normale Supérieure, Tome 1v., 1867). 


.9. To indicate the values of the invariants g, and g, the notation 


z = p (u; gp 9s) 


is sometimes employed; and then it follows, from considerations of 
homogeneity, that 


1 
g (mu; VET gs) = r8 g (u; mz, m'gs), 
e (mu; gs gy) = mo (u; m'a, mgs); 


a, (mu; Jy 9s) = ^. (v; m'9s, ms) ; 


908 Mr. A. G. Greenhill, Applications of [June 10, 


8o that p (93 9» 9s) — — e (1; Jo —9s)s 
c (in; gs) — io (1; 95 — 93) 
olin; Ja 9s)= A (n; 9» —43) 3 


equivalent in Legendre and Jacobi’s notation to a transformation to 
the complementary modulus. 


If PO, =e, PW = ley PW; — Es; 


then «,, «4, w, are called half-periods of the elliptic function pu; but 
of these only two are independent, as they are connected by the 


relation wtw to = 0; 
also  . e, +e t e= O. 


Supposing e, >e,>e,, then w, is real, but w, is imaginary ; and 


e, OK 
w K’ 


1 


where K and K' denote Jacobi's periods. 


E E F, 


6. Then, when =}w, the corresponding Cartesian is a circle, centre 
F, and containing F, F, being the corresponding pointto F,; and when 
in = le, the corresponding Cartesian is a circle, centre F, and con- 
taining F, F, being the corresponding point to F,. 

The two ovals of the same Cartesian are given by é and w,—é, or 
tn and w— in. 
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7. If the discriminant g*—27g? is negative, two of the quantities e,, 
e, € are imaginary ; denoting them by e, and e, where e, — e, is positive 
imaginary, the corresponding foci form an isosceles triangle F,F,F, 
and the origin O is at the centre of gravity of the triangle, since 

etete = 0. 

Then ey = py (E+) 


denotes a series of orthogonal quartic curves, associated with 
Cartesians. | 


The values ë = 1w, or în = iu, will each give r, = F, F, so that 
the corresponding quartics double down into circular arcs of centre 
F, limited by F, and F, 

(Holzmüller, Einführung indie Theoriederisogonalen Verwandtschaften). 


If g, = 0, the triangle F, F,F, is equilateral. 


8. Incidentally we notice the electrical application of these formule ; 
namely, the electrification of an insulated cylinder whose cross section 
in one of these quartic curves is proportional to (7,7,7,) 3; and in par- 
ticular, for a cross section the limited arc of a circle, the electrification 
is proportional to (7,7,) 5, 7, and r, denoting the distances of a point 
on the surface from the edges of the cylinder. 


Then ¿= const. and 7; = const. will represent either the equi 
potential surfaces, or the orthogonal lines of force. 
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9. Consider the system given by 


(Siebeck, Crelle, 57 and 59, Ueber eine Gattung von Curven vierten 
Grades, &c.; Schwarz, Crelle, 77, Ueber ebene algebraische Isothermen). 


l+z_ , u, 1 

Then dq e(a 4); 
(1-295. u, l 
E486 (v i); 

8 
or AS 9 (4; 0-D, 
Z 
a77 9 (u; 0,—1), 


giving a system of sextic orthogonal curves. 


II. Reciprocants. 
10. Consider the Mixed Reciprocant 


tc — 5ab = 0, 
or [ noU 5 dy d'y _ 0, 


da dz da? da? 


given in Prof. Sylvester's Inaugural Lecture, Dec. 12, 1885, and 
published in Nature, Jan. 7, 1886. 

d'y [dy d'y fy. 

da*] do? da? | dz’ 


and, integrating, log TY - 


Then 


= 5 log E Foust 


: Z= o(p 


Multiplying by ay and integrating again, 


dx?’ 
(29) = 20 c 


or, changing the constants, 


1886.] Weerstrass?s Elliptic Functions. 361 


Se dt 

80 that z= | SEX) t 
=| tdt 

A. Tab +X) T 


ll. By a change of origin, we can make p and v» vanish, and by 
orthogonal projection parallel to the axes we can reduce x and A to 
unity, so that we need only consider 


E [- tdt 
2= lots Jae y= | EAA EEEE (dr )s 
m dt = t dt T 
or a | Jü-8' y =| TO-A) ——— E 
dt [f tdt T 
or z= | (5-1) y -| x JG QM 
l "T di? — [ dé 
12. From (i.), z = care y= 7 
so that t*= g(a; 0, —4), 
è = p(y; 0,—4); 
and therefore pzpy =l, 


with g, = 0, g = — 4; representing, in figure (i.), a series of nearly 
circular curves round centres whose coordinates are 2mw,, 2m'w,; and 
a series of conjugate points at (2m+1) w, (2m +1) w. 

13. From (1i.), 


pes | dtt y [Lys 
JAA (7484)! 


so that t?= gp(x;0, 4) 
P =—p(y; 0, —4) ; 
and therefore gxrgy=—l, 


representing figure (ii.), and the figure of (iii.) is that of (ii.) turned 
through a right angle; having 


“= — p (z; 0, —4), 
ÜÉ = ply; 0, 4). 
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14. The intrinsic equation of (i.) is 


m | // (14-8) dt 
|J Q4) 


f Y 
i 

/ 
t 
M 


~ pi € 


Gi) 


=| dt 
| J4Q-?8-4) 


—|[. 295. — iti 
=| Ja sin? 2)’ if £ = tan J, 


the elliptic integral of the first kind, to modulus sin 60°; so that . 
24 = am 25, 

and sin2y = sn 2s, 

the intrinsic equation of the curve. 


It is curious that the modular angle in the Cartesian equation of 
the curve is 15°, and in the intrinsic equation is 60°. 


15. Similarly, in (ii.), 
= | // (0 4- £?) dt 
v (1—19) 
= | o dp eee 
~ | /(cos* j — sin* y) 


T Í dj Jj 
~ J V {cos 2p (1—1 sin! 24) } ’ 
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VO +) di 


and, generally, s= | (sS X) 


=Í ay | 
~ J v(x cos? Jj -- À sin? y)’ 


which is expressible as the sum of two elliptic integrals of the first 
kind. 


16. The Orthogonal Reciprocant 
(+1) c—10abt 4- 15a? = 0, 


obtained by integrating the above Mixed Reciprocant, has been in- 
tegrated by Mr. Hammond (Nature, Jan. 7, 1886, p. 231) in the form 


TE | —  —— 
J {x (1 —152 + 15tt— t) +A (6¢—202 + 62) } 


t dt 
ug uns: 158--155—15) +A (61 — 208 65)] > 


changing his A into 24 ; and then we see that 


TS (1+7t) dt » 
Tu in $(—0)0 rU +4 GTOM)ü--IS! EE 


17. By achange of origin we can make p and v vanish, and byturning 
the axes through an angle } tan^!A|/x we can make A nish ; so that 


dt 
| (l4) EZ | 


"ES 
AST ES a (Fa) 
Vi (Ga) 9 
-2f dtes) ! 
"s pr ew 


so that, replacing 1« by unity, which may be done without loss of 


e+ = 


5 


generality, (žy = — p (x+iy; 0, 4). 
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18. Changing the sign of 1, 
E a. 
(Sa) = — p (»—iy; 0, 4), 
so that p (z+iy) p (z—iy) =l; 


agreeing with Mr. Rogers's form (Proc. Lond. Math. Soc., March, 1886), 
and giving a curve as in the annexed figure. 


/ 


AAAA 
VVVVV 


AYAYAY 
OK 


JIN 


Also, with g, = 0, g; = 4, 


| ; iz gon4t4(poz-4ptiy) 
24-4 g—iy) =EL ut eg 
p (zr iy) p (e—ty) (9s pi)! 


and the numerical values of gz and piy are given in the Table, 
calculated by Mr. Hadcock, in Proc. Lond. Math. Koc., Vol. xvii., 
p. 268. 

We may also write the above relations as 


cos 4Y 4- t sin 4) = — p (#+ iy), 
co 4 — isin 4) = — p (z—1y). 
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19. When g, = 0, and w denotes an imaginary cube root of unity, 
pwu =wpu, 
the simplest case of Complez Multiplication of Weierstrass's Elliptic 
Functions ; so that our equation above (§ 18) may be written 
pw (z+iy) pa (e—ty) = 1, 
showing that the coordinate axes may be turned through 120° with- 
out alteration of appearance, as indicated in the figure. 


In Legendre’s and Jacobi’s notation, the equation of the curve to a 
different scale, with 8 //3x = 1, and à = 0 in § 16, may be written 


k? tn? (e, k) = k tn! (y, k) 
for the inclined branches; and 
k sn? (x, k) = Kk" sn? (y, k’) 


for the horizontal branches (Sylvester, American Journal of Mathe- 
matics, Vol. vur., p. 235), with k = sin 15°, W = sin 75°; equivalent 


to am (x+ K, k) =am (y+ K, k), 
or am (e +iK', k) = am (y + iK, k’), 
where K'|K = 3. 


20. This Reciprocant 
(1+#) c—10ab¢+15a' = 0, 


when expressed in the intrinsic form, has been shown by Captain 


av ay em 
MacMahon to become jj +18 ( ds ) = 0. 


Integrating this equation, 
PL)? gg (doy 
ae) = 0-9 (a) 
d 


or, putting "iR " = q; and denoting by m the maximum value of q, 
3 
(2) 2 9-45, 
the solution of which is 
OM ER ES 
g =i mon (3/2 ms, ^3] 
Therefore — 8/24 — | on (3 V2 ms) d (3/2 ms) 
: 1 
x -f 4i 
= /2sin t3 en (3/2 ms) }, 
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or sn (84/2 ms) "E sin 3y, 
sin 3) = a sn (3,/2 ms), 
or cos 3 = dn (84/2 ms). 


This is the intrinsic equation of a curve whose equation in Car- 
tesian coordinates, using Jacobi’s elliptic functions, is of one of the 
preceding forms of § 19, or 


dn (2, k) dn (y, k) = k, 

where k= sin 15°, k’ = sin 75°, as mentioned in Mr. Hammond's 
paper (Proc. Lond. Math. Soc., Vol. xvir., p. 130); and then another 
curious result is obtained, analogous to that of § 14, of a curve, whose 
Cartesian equation involves elliptic functions of modular angle 15°, 
having its arc expressed by an elliptic integral of the first kind of 
modular angle 45°; no simple transformation existing from one 
modulus to the other. 


III. Huler’s Equations of Motion. 


21. These well-known equations, when there are no impressed, 
forces, written in the form 


AP —(B—0) gr =0 
Ed (0—4) rp = 0 


dr 
Og —(A-B) pg = 0 


are satisfied by Ap! = — (B—C)(z—e,) 
Bg! = — (C—4)(«—6) t: 


C? = —(A-—B)(z—e) 
provided that 


dz _ 
r7 Ptr, 
or d = ppr 
= — 4(B—0)(0—A)(A—B) 
— 44B- OX AE) (5e) (8-4) (66) 


GI OX AMA P) (42— 9,2—9,) ; 
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so that z = pu, 


d? | (B— 0)(C—A)(A—B) _ ys 
where at ABO — M", suppose, 


since (B—C)(C— A)(A— B) is negative; and then 
u = Mt+a constant. 


22. Then T= Ap!--Bgi - OP? 
= (B-—C)e+ (0—4)4* (A—B)e; 
and @ = Ap + Pg rr 
= A(B—C)e,+B(C—A) «4-0 (A—B) e; 
also 0z et e+ KE 


o — C24 BEC) - T (2B0O—CA— AB) 
dn 8 (B—0)(C—A)(A— B) f 


pm G (A—2B--C)—T(—BC -2CA— AB) 
— 


3 (B—0)(0—A)(À— B) 


a = F(A+B—20)—T (—BO—OA+24B) | 


: 3 (B—0)(0C—A)(A— B) : 


so that 


and then ga = — 4 (egest ee teie), gs = 4666. 


AT—G* : 
Also €,— €, = (G—A)(A—B) ] 
4—e = ELLO 
i (A—B)(B—O)' 
|| QOr-G . 
475 (B—0)(C—A)’ 
ane 9, = $ [Ca e) t (4-4)? + e—a)’. 


Also the discriminant 
D = g,— 20g" 
= 16 (e,—e,)* (e—6;)* (e, — e)! 


(AT— G! ( BT— G)*(OT— G*y 


=16 (B-0y (0-4) (4—8)' 
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23. Supposing A>B>C; then 

(i. When the polhode encloses the axis A, BT — G? is negative, and 
then e,—e,1s negative, e,— e, is negative, and e, —e, is positive ; so that 
6,7 €,27-e,, and gu oscillates in value between e, and e, so that we 


have u = Mti+ua,; 


(ii.) when the polhode encloses the axiseC, BT— G? is positive, and 
then e,— e, is negative, e,— e, is positive, and e, —e, is positive; so that 
e, 7 €, >e, and pu oscillates in value between e, and e, so that 

u = Mt+ o, | 
as before. 


IV. The Spherical Pendulum and Top. 
24. In the spherical pendulum, of length l, the equations of motion 
may be written 47 (6+ sin? 0?) = g (b—1c0s0) ............... (1), 
the equation of energy ; and 


Bün*O€ em Q uouesensanesenus(2); 


the equation of conservation of angular momentum about the vertical; 
using as coordinates, Ô the polar distance on the sphere in circular 
measure from the highest point, and y the longitude. 


Eliminating Ņ between (1) and (2), 


LP sin? 66'+3 ¢ = g (b—Icos 6) (1 — cog 0), 


1q00— J 20... 25i 1€ 
or l sin? 0 P= ; (cos* 0 — 1) (cos 9 7-) PU edades (3). 


25. Put cos 9 = 2z+ y ; then 


22 = £142 +4yz+y'—1) (22+y— 17358) 
-4 i84 (3y— 7] 2+ (6v 4v 7-2) z 
+- ( -5a 


and then, if sy = b/1, 


= A L — (87° +1) —y (y'—1)— ant 
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so that z — (Vi gs gs), 

and “= J = t + a constant, 

where g =3741, g —y(y'-1)—-G[AgP; 
and cos 0 = 2guty, 

where y = 40/1. 


26. If GŒ =Q, then the discriminant 
D = (1—9y’)? (Salmon, Higher Algebra, p. 171), 
and the solution of the simple circular pendulum is obtained. 
Then (i.) when the pendulum oscillates, cos@ ranges from —1 to 
b/l, and gu ranges from e, to ess where 


€ = —% (y —1), C = Y, 6 = —F (y+1), 


and therefore u = r t+ wg. 


In small oscillations, b = —l, y = —4, and e, = €, 


(ii) When the pendulum revolves, cos 0 ranges from —1 to +1, 
and gu ranges from e; to e,, where 


e TY e = —$(y—-1) €s = —4 (y+ 1), 


and therefore u = v t+ w, 
as before. 


In the separating case, b = l, y = 4, and e, = e. 


27. Returning to the spherical pendulum, 


— 1 G 1 G 


IL ——— — 
= 


? 1—cos0  ?1-reos0 


M eee GNE G 
t—i(y—l)—pu ^*guti(y-l) 
21 C 1,6 
*oa—pu * gu—gb’ 
putting pa--—i(y-l) pb =—}(y+1). 


VOL. XVII.—NO. 276. 2 B 
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Then sin? 40 = pa— pu, cos’ 0 = pu—b, 
since pa—pb=l, 
and tan? 19 = 2° 8", 
pu—pb 
also ga = pb = —G?/4gl*; 
d (1 ipa ,, igb 
dis du * gu—ga ta pu—pb’ 


since, as we shall see in $34, g'a is positive imaginary, and gb is 
negative imaginary (Maggi, Rendiconti, Reale Istituto Lombardo, 
Serie 11., Vol. xvir., Pisa, 1884). 


28. In this case of the spherical pendulum, a and b are connected 


by the relation 9a- pb, 
so that | pa=—g b, 
equivalent to p (a—b)-- oa (9b 20, 


an equation discussed by Halphen in the Journal de l' Ecole Polytech- 
nique, 54 Cahier, 1884: Note sur l' Inversion des Intégrales Elliptiques. 

It may be noticed here that the solution of this equation, when the 
invariant g, = 0, is a = «b, where w denotes a real or imaginary cube 
or sixth root of unity. 


29. In the more general case of the motion of the Top, or solid of 
revolution, moving under gravity about a fixed point in its axis, the 
previous equations of motion for the spherical pendulum are but 
slightly modified; equation (1) being again applicable, and equation 
(2) must be changed to 


A sin! 8 j-- On cos 0 = G eeen (3) 


(Quarterly Journal of Mathematics, Vol. xv.: “On the Motion of 
a Top, and Allied Problems in Dynamics ”’). 


Again, eliminating w as before, 


lan?06 — 92. 20. 05V ,(G—Oncos 0f 
4 sin’ 0 0 j «cos 0 1) (cos 8 3 + (SS) 


= T (cos 0 —d) (cos 0 — cos a) (cos 0 —cos (3), 


suppose, 0 being supposed to lie between a and ĝ, so that a< 0 « B. 
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90. Putting, as before, cos@ = 2z+y, 
then P= L (4 —gye—9,), 
provided that By= 34h A Cn: 
so that 3 = pu, 
where u = y xà t +a constant, 
and ga = 3y -1— GOnl | g A’, 


Js = y (Y! 1) + (Gi —2GOwy + On?) 1[4g 4*. 


3l. Then if, as before, for the spherical pendulum, 
u=a when cosÓ-— l, sothat pa = —1(y—1), 


u=b , cs0——l, , pb-—i(y4l, 


then sin'10 = pa—$u, cos10 = pu—gb, 


and p°a=—} 
gd ——1 (H. 


From 


— = OOO < —— 
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(4). 


92. Introducing at this stage ou, the sigma function of Weierstrass, 


2 
as defined by T. log ou = — pu, 
uU 


and also the fundamental formula 


— _T(u+v)e(u—v) 
EE Em 2 ov : 


2B2 
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called by Schwarz the pocket edition of the elliptic functions; differ- 
entiating this formula logarithmically with respect to u and v, 


pu _o(utv) , c (u—v) 99" 
gu—gv a(utv) ec(u—v) ou 


pu—pv a(utv) c(u—v) ov 


and integrating with respect to v and u, respectively, 


| pu dv = log 2 (u+v) 9, 7% 


p"—pv e (u—v) ou 
gudu _, .c(u—ov) 9 ov. 
| ete n e (u+v) en ov’ 


Weierstrass’s form of the Third Elliptic Integral; so that 


j£ do +p v du = ju 29 ou 
Qu—Pv ov ou 


corresponding to Jacobi's formula for the interchange of argument 
and parameter in the third elliptic integral. 


33. Then equation (4) becomes 
dy — jt (u—a) 9 (uta) EA 


du c(u—a) °? a(uta) ca 
1,2 (u—b) _ o (utd) , ob. 
v a (u—b) P e (u+b) uem f 
and, integrating, 
= i log £(*—92) c (u—b) |; (va b 
y= hi SB Cutajar) +i & T )v — MÀ (5). 


94. The values w,, w, w, of u, and therefore the values e, e, e, of 
pu, correspond to the values d, cos a, cos B of cos0 ; so that 


1—4 _ ga—e, on (a2)'] (2b) 

lcd. e—pb "vy 
l—cosa ., 31... sey | ( ) 
id gs mur (2 a í 


ob 
Toons = ena =~ (22) / (55): 
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In order that gu should oscillate in magnitude between e, and e,, 
we must put u= v4 t + ws. 


Also, since e 269076, 


therefore we can put a = w,--re, when r is a proper fraction; and 
then g'a is positive imaginary; and, since 


e, > gb >— 0o, 


therefore we can put b = sw, where sis a proper fraction; and then 
pb is negative imaginary. 


39. When G=0 or On = 0, then "a = p°b, and the motion of 
the Top is directly comparable with that of a spherical pendulum. 

When G and Cn are both zero, the Top oscillates in a vertical plane 
like a simple circular pendulum, and then a = w, b = ay. 


If a= w, then G— Cn —0; 
and if b = w, then - G.4- Cn — 0. 
If a+b =w to, then G— Cn cos a = 0, 


and the trace of the axis on the unit sphere of reference has a series 
of cusps on the parallel of latitude 0 — a. 


96. According to the method of Hermite (Sur quelques Applications 
des Fonctions Elliptiques, 1885, p. 109), taking the axis of z vertically 
upwards, the equations of motion of the spherical pendulum are 


with e+y+2= P; 
the two first integrals of which are 
8 (2-9 t2)-g(e—2), 
| 2j—2y = G. 
Then, as before, 2=lcos0=1(2puty), 


where y — ic[l. 
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Also 2n+y yd uz NI = — gs, 
. or, since eetyytestoty +2 = 0, 


Nl =- g+ 24+ 9742 
= — gz + 2g (c—z) = g (2c—32), 


N representing the pressure per unit mass on the sphere. 
37. Then z Gas + (wtiy) = (82-20) (@+ iy), 


or Gri) = (6pu—87) Gy), 


Lamé's differential equation for n = 2; and the solution is 


a+iy = 2il e (ua) o (u+b) exp (-22— 2) u, 


ca ob ou ca cb 
or $-—iy = 2il E o at) b) exp ( a + z>) u, 
where y = p (a—b) = —pa—gb. 


This may also be obtained by combining the value of e from equa- 
tion (5) with the result of § 27 or § 31, 


sin? 0 = 4 (pa—pu)(pu— pb); 


and it is interesting to compare this result with Hermite's (p. 112) 


TERM H'OH (u-- v) _ Ow 
vy = AD. — orou exp (^ ou u, 


Qo Ou 


where w and A are constants; the equivalence of the two forms being 
secured by putting w = a+b, and 


A = (a—b) = g'a —pb-(a4b)—ia—Zb, 
using Halphen's notation (Chapter v.) Za for zi also 
. g 


¢ (a—b) = fa—Lb. 


V. The Trajectory for the Cubic Law of Resistance. 


38. In Volume xiv. of the Proceedings of the Royal Artillery Institution 
the trajectory of a projectile in a resisting medium, with a tangential 
resistance varying as the cube of the velocity, is investigated, and it is 
there shown that a great simplification is effected by the employment 
of Weierstrass's functions. 

The equation of the trajectory referred to oblique axes, one the 
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tangent at the point of infinite velocity, and the other vertical, is then 
y = —3z6b—log o (b—2)—ow!loge (b—wx)—w log o (b— oz) ; 

&nd the time of flight is given by 
t=— log o (b—2)—w loge (b—waz) —o?*log o (b— w?x); 

b denoting the value of v at the vertical asymptote. 


VI. Uniplanar Electrical and Hydrodynamical Problems. 

39. Referring to the Quarterly Journal of Mathematics, Vols. xvit. and 
XVIII., * Solution by means of Elliptic Functions of some Problems in 
the Conduction of Heat and of Electricity," and “Functional Images 
in Cartesians," for the statement of the problems to be solved and of 
the notation employed ; then, for a source of strength 2r at z= «'-- iy, 
within the rectangle bounded by æ = 0, z =a, y = 0, y = b, 

$ +i = log ca c cy o6, 
and for a vortex of circulation 2r at z, 


Here a = g= +i. y—y, 


ò = @—r' +i. yty; 


so that a, B, y, represent the four vectors AP, BP, CP, DP, pro- 
ceeding to any point P from A at z’, and the images B, C, D of A in 
the coordinate axes. 
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The remaining images form similar groups of four, round centres 
in the plane whose coordinates are 2ma, 2m’b, where m and m' are 
integers. 


To be accurate, the sigma functions should have certain simple 
exponential factors, but these are cancelled by placing an equal and 
opposite source, ?.e. a sink, inside the rectangle, and then the physical 
impossibility of zero flow across a boundary with a single source is re- 
moved ; and by placing the source and sink at corners of the rectangle, 
we obtain the various results of the article in the Quarterly Journal, XYII., 
“Solution by means of Elliptic Functions, &c."; and now w, =a, w; = ib. 


40. Transforming the coordinates by the use of conjugate func- 
tions, given by £445 -f(xT1), 
then, for a right-angled quadrilateral figure bounded by 
X7 Xo X7X» PS% P = Pi; 
we must put the vectors 
a=x-x — ci.p—p, 
B — x*X-—2xyt$.p—p, 
y —-XtX—9ti.ptp—92p, 
ò = xx +i. p+ — 2p. 
Then, for a source at (x’, p^), 
$ Tj =logea oß cy oò; 


and for a vortex or an electrified point, 


$t 5j, = log z a ; 
and here 6, = X1—Xo — 9s = t. p1—py,; 


the periods of the Weierstrass functions. 


4l. For a doubly connected plane region, bounded by p- p, and 
p = p, we may put, as in “ Functional Images in Cartesians," 


$9 +ip = log o (x—x ti.p—p) o (x—X i.p--p—2p), 


+ip, = log XTX ti e=) — 
$i V, B o (x—YX +i.p+p —2p,) 


supposing x to increase by w, in a complete circuit of the region. 


It is easily verified in these expressions, from the formule given by 
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Schwarz, that i and $, have constant values round the boundaries 


X = Xo X = X» P = Py P = pi, Or can be made constant by the addi- 
tion of simple expressions. : 


42. When a source or vortex is placed at z/ inside an equilateral 
triangle OAB, then the vectors of the images are given by 


9 ^ 


we, wz, and z’, wz”, wz”, 


where z” = — g + iy’, and w° = 1, so that w denotes an imaginary cube 
root of unity ; and similar groups of six images ranged round centres 
of hexagons forming a tesselated pavement, the coordinates of the 
centres being 


2mh, 9m/h4/9, and (2m+1)h, (2m +1) hk 4/8, 


where h denotes the altitude of the equilateral triangle, and m and m 
are integers. | 


S 
$x 


Then, for a source inside an equilateral triangle, like OAB, 
o+ip = loge (z—2) o (z—wz ) o (s—w*x) 
o (2—7 ) o, (2—wz ) oe, (2—w*2’ ) 
c (z—z”) e (z—wz') e (2—w'2”) 


a, (z—z' ) o, (z— wz”) o, (z—«)z^) ; 
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and for a vortex, or electrified point, 


o (z—z ) e (z—wz) o (z— wz ) 
o (z—z ) o (z—wz") e (2—w'2”) 


ditty, = log 


ey (z—z ) o, (y—wz ) e (z— W° ) | 
o, (2—%") o, (z —wz") e, (z—wz")' 


and here w = h, w, = 4h 4/8, 
“Ei; 
so that S: Uy 1/3, 


and therefore the modular angle is 15°. 
(O. Zimmerman, Das Logarithmische Potential einer glewhseitig 
dreieckigen Platte, Diss. Jena. 1880.) 


VII. Attractions. 
43. The well-known expression for the potential V of the homo- 


2 2 2 
geneous ellipsoid " + m t a =] 


of mass M at an external point z, y, z, viz., 
= dÀ w? 2 gi 
-— ste as, ee 
ne | V(P+rAX.0 +A. +A) (1 +A DHA 2p 


where a?+A, b?+A, c?+A are the squares of the semi-axes of the con- 
focal ellipsoid passing through the point z, y, z, is reduced to 
Weierstrass’s functions by putting 


V+ = pu—e, DHA = pu—ey CHN = pu— e, 
supposing a?« b?! « cl, and therefore e, >e, >ez. 
Then gu =1(a?+b?+c*) +A, 

since etete = 0; 
and e, = 1 (—2a!-- B3 +c), e, = X (à —90 +e), e, = 1 (ai 0I —98); 
so that g = — 4 (ee ee ee) = 2 (e,+e,+¢5) 

= 3{(—e)+(e—a)+ a0}; 
and D = g—27gi = (&$—63) (e—6) (&— e) 

= (b$— oy (c?—a’*)? (@— bF. 
[ dÀ = 
a A (GFX. DHA. CA) 


e 


Then 


2 u, 
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7 u 2 3 3 
and a7 | zm -uL- 2) du; 
3 0 fu—e,  gu-—e fu—es 
“ du & uw eu 
also | ——— = —— l; 
o P U— e (e — e,n) (e,—6) 


so that, if atu = pv—e, U-Fu— pv—e, +u = pv—e, are the 
squares of the semi-axes of the confocal hy perboloid of one sheet, and if 


vty=puw—e,, U--Fv-—pw—e, cT»-pw—e, 
of the confocal hyperboloid of two sheets through the point (xyz), then 
u = rw, V=0,+5S0,, w= tw tw, 


where r, s, t are proper fractions; and 


P _ (25) (38) (28) 


(a'— b’) (a —c) (a—e)(n—e) ' 
with similar symmetrical expressions for y? and 2’. 


On the Converse of Stereographic Projection and on Contangential 
and Coawal Spherical Circles. By Mr. H. M. JEFFERY, 


F.R.S. 
[Read May 13th, 1886.) 


On Systems of Spherical Circles. 


1. The first section is on a form of conical projection and introduces 
the equations and processes herein used. The second treats of systems 
of coaxal and contangential circles. Next, similitude and inversion 
are defined and illustrated. Lastly, the processes are applied to the 
solution of the problem of Contacts. 

In developing the analogies to Plane Geometry, it is shown that 
theorems which are distinct in Planimetry are dual in Spherics; 
that those which relate to the magnitude of angles are identical in 
both Geometries; while theorems on arcs are modified when the 
radius of the sphere becomes infinite. 


On the Converse of Sterevgraphie Projection. 


2. By stereographic projection, curves on asphere are projected on 
an equatorial plane, whose pole is the pole of projection. The con- 
verse process is here considered ; lines and curves on the equatorial 
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or primitive plane are conically projected on the sphere from the 
same pole. 


The two main familiar properties of this projection form the basis 
of the present investigation, (1) that all circles on the sphere are 
projected into circles or straight lines, constituting subcontrary sec- 
tions of the cone of projection; (2) that an angle is unaltered by 
projection. 


Spherical inversion and similitude, so far as spherical circles are 
concerned, are necessarily defined from this converse projection. (§ 21.) 
Since, in planimetry, an angle is unaltered by inversion, so in 
spherics it follows that an angle is also unaltered by spherical in- 
version, as is proved subsequently in § 24. 


3. To obtain the formule of transformation 
by the converse of stereographic projection. 4 
(Fig. 1.) 
Let R (= 1) be the radius of the sphere, of 
which P'QP is a plane section, and E the 
centre. HD=r: PR, its shadow on the 


sphere, = p; their mutual relation is D Q 
r = tan — 
P 
Frc. 1. 
F = tan EPD = tan L= $PP, 
or [^ an an =] n 
p sec p—] 

Al Z = tar L = P 

i pm 4g gec p 4-1 


The Cartesian coordinates X (= r cos 0), Y (= rsin 0) are thus quad- 
rically transformed into 


tanpcos@ tanp sin @ 
l+secp ' 1-+8ecp 


3 


or, in Gudermann's coordinate system and nomenclature, 
NINE eh ee ee 
l+V(@t+y+l)’ 14+ (ey) 

By e, y, p he denotes tan z, tan y, tan p, for brevity; thus, 


æ = tanp cos, y= tanp sinô, ’+y +l = sec?p. 
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4. To find the equation to a spherical circle referred to two tangent 
arcs as the axes of coordinates. 
In plano, the equation to a circle referred to its two equal tangents (c) 


as axes is P= g qy!--2zy cos w = 2c(at+y)—c’; 
when projected conically, as in § 3, this becomes 


secp—l 2tant ety sec bel o. 
secp+l sect+l secp-cl sect+l i 


when simplified, sec p = cos t+ (e +y) SINE LLL lee (À), 
where sec? p = 14-2! +y? + 2zy cos w, 


and £ is the tangent from O the origin. This equation may be deduced 
from the general form referred to oblique axes (Gudermann’s Sphärik, 


$6), gec p = cos t (1-- Az 4- Dy). 


By z, y are denoted the tangents of the arcs intercepted on the 
quadrantal oblique axes AO, BO, by circles drawn through any point 
(P) from the extremities A, B. 

When e =0,p=t=y; when y=0, p=t = g; hence A— B—tant. 
This form (À) is useful for studying the properties of contangential 
circles. 


5. If a secant drawn from a point meet a circle in two points, whose 
distances are p,, pa and the polar of that point at a distance R, 


cot p, + cot p, = 2 cot R. 
The equation (À) may be written in the form 
{sin £— (2 -- y) cost}? = 2xy (1—cos w). 
As in gnus so in spherics thence derived by gnomonic projection, 
x cosec (3 = y cosec a = tan p cosec w ; 
if a, 6 denote the inclinations of the vector to the coordinate axes, 
cot p, +cot p, = 2 cosec w cot t (sin a + sin (9) = 2 cot R. 
Cor.—By modifying the equation so as to include all sphero-conics, 


(sin t—(a+y) cost}? = may 


is applicable to them all, and is, in fact, the simplest case of Cotes’ 
theorem adapted to Spherics. 
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6. The tangential biangular equation to a circle, plane’or spherical, 
referred to the ends of a chord (or radical axis) as poles, is the dual 
of the preceding form (A), 


Sec p = cos c+ (2 +y) sin c. 


In this coordinate system (Fig. 2) 
(explained Quarterly Math. Journal, 
Vol. xii, p. 130), a moveable tan- 
gent line (or, in Spheries, a great 
circle) TOPD meets two fixed lines 
(or great circles) perpendicular to 
AB through its poles, 


p= DTA, c= EAB = FBA, 
g = tan DAB, y= tan OBA. 


In planimetry, 


.- „— _ ON , AB (AC-4- BD) 
cos c+ (2 4- y) sinc = - TT AB | 


RO 


T 


= cosec TEN = sec p. 


In spherics, 


sin ON + tan AN (tan AC + tan BD) 


cosc+ (x+y) sinc = — sin r tan r sin AB 


The second term 
= tan p cosec AB tan AN cotr (sin AT +sin BT) 
= tanp cot r sin TN sec AN = cosec r tan RN cos ON. 
Hence cos c+ (x+y) sinc = cosecr sin RO sec RN 
= cosec TEN sec RN = sec p. 


This equation is useful for coaxal circles, 


7. Dual theorem of § 5. If from a point in a given line three other 
lines be drawn, two of them touching a conic, and the third through 
the pole of the given line with respect to the conic, 


cot p, J- cot p, = 2 cot R, 


if p,, P» R denote the inclinations of the three lines to the given line. 
This theorem, which is equally applicable to Planimetry and Spherics, 
has been introduced to illustrate the use of the equation (A). 
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8. By this projection (§ 3) a plane «* is generally projected into 
a spherical (2n)* with n (n— 1) nodes. 
Let the quantic be arranged in order of its dimensions, 
Un F Unit... tu, = 0. 


When transformed, it becomes in spherical coordinates 


Unt 44.1 (1-- Sec p) +... +u, (1+sec p)" = 0. 
This may be written Un+U,-1 Sec p = 0, 
or, when rationalised, v. = vey (1+2?+y’). 


The intersections of the curves »v,, v„-ı are nodes. 
Thus the projection of a conic (not being a circle) is a binodal 
spherical quartic. 


9. The projections of a circle and of circular quantics may have 
lower dimensions. 


Let the plane circle be - 
2? -- y! -2ae --2by +c = 0. 
Its projection is the spherical circle 
(c+1) sec p+2ax+2by+c—1 = 0. 


As is known, the centres of the two circles are not in the line of pro- 
jection. 
Let a circular cubic, of which a focus is at the origin, be written 
(a? y) utr, = 0. 
Its projection is the spherical binodal quartic with two double 
cyclic arcs, one of which is the quadrantal polar of the origin, 


(v, — u)? = sec? p (v, +%)’. 


10. In transforming quadrically from plane to spherical tangential 
coordinates, conical projection is not directly applicable. 


In Fig. 1, let P'F be the complement of P' E, or p = a —p. 


Let also p' be the reciprocal of r with respect to the sphere. 


Then tan (f-2) stuf ata. 
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The following formule of transformation are thus dual to those 
given in $ 3, 


Ë = tn (4-2) = cot p R _ cosecp—1 
f 4 2 cosecp--1' p°?  cosecp+l 


Hence, if E = 1, the Boothian coordinates, 


E (= 70088) n (7 sin 0), 


become in Spherics 
—— P — 
1+cosec p' 1+cosec p 


where cose? p = 142-4 yf. 


'To the reciprocal polar of the plane curve there corresponds, but not 
by conical projection, the quadrantal polar of the projected plane 
curve. | 

Thus, the reciprocal polar of a circle is a conic, whose focus is at 
the origin; the corresponding spherical curves are both small circles, 
complementary to each other. 


11. A plane class-cubic, which has a double focus at the origin, is 
transformed, as in § 10, into a spherical class-quartic with two double 
foci, one of which 1s the origin, and two bitangents. 

Usually, as in $8, to a plane class-(»)" there corresponds a 
spherical class-(2n) with n (n —1) bitangents. 


On Contangential and Coaxal Spherical Circles. 


12. In Spherics, these systems of circles are dual or complementary 
to each other, i.e., a point in one circle is the pole of a tangent arc to its 
dual circle, their radii being comemplents of each other. In Spherics, a 
circle cannot beconsidered geometrically oranalytically, without its twin 
antipodal circle, 7.e., they must be treated together as the intersections 
of asphere with a cone of twin-pair sheets, so that, whereas in planothere 
is but one real radical axis of two circles, the other being the line at in- 
finity, in 'Spherics there are always two real radical axes of two circles, 
unless they are compolar or concentric. The radical axes of two 
small circles pass through the intersections of their compolar great 
circles. Hence it follows that the duals or. quadrantal poles of the 
radical axes of two circles are the centres of similitude of the com- 
plementary circles, in which two pairs of common tangents intersect 
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each other. The four radical centres of triads of circles, constituted 
by three small circles and their antipodal circles, are the duals or 
poles of the four axes of similitude of the corresponding triads of 
complementary circles. See infra, §§ 26, 27. 

The two limiting point-circles in a coaxal system are the duals of 
limiting great circles of the complementary contangential system ; in 
the first coaxal system the radical axis is external, in the second 
the centre of similitude is internal. 


13. The portions of the tan- 
gents, which are common to two 
small circles, which are termi- 
nated at the points of contact, are 
bisected in their radical axes ; 
and the points of bisection are a 
quadrant apart. 


13. The angle, under which 
two circles intersect each other, 
is bisected by the line joining 
either centre of similitude to a 
point of intersection; and the two 
centres of similitude subtend a 
right angle at such a point, real 


in Spherics, but imaginary in 
Planimetry. 


If two circles be referred to their common tangents, as axes of co- 
ordinates, their equations are, by § 4, 


+ secp = cosc+(#+y) sinc, dEsecp = cosd+(#+y) sind. 


By combining them, we determine the two radical axes of the given 
circles and their antipodal circles, 


cos c + cos d + (2+y)(sin c+sind) =0, 


or, separately, e+y—tan $ (cc -d) =0, 


€ -y T cot 1 (c4 d) — 0. 


Remembering that z, y denote tan v, tan y, we establish the two parts 
of the theorem, when æ = 0, y = 0 separately. 


14. In plano. When the radius of the sphere is infinite, 
e+y= _(ctd), 1-0; 


the theorem holds good for a single radical axis (Gergonne, tom. VIIL., 
p. 323). For the dual theorem in plano, if the given circles intersect 
each other in two real points, as the forms of their equations imply, 
there is one, and but one, centre of similarity, and the second part of 
the theorem is inapplicable. 

The next proposition is preliminary to the main property of radical 
axes. 
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15. If from any point P tan- 
gent arcs &, t be drawn to two 
small circles, whose radii are ¢,, 
ò» and if perpendicular arcs p, p; 
be also drawn from P on their 
radical axes, 


cos? ¢, — cos? f, = Q sin p, sin ps, 
if Q? = (sec? 0, — sec? ô)? 
+4 sec? à, sec? à, sin? O, O,. 
In plano, tj —t, = 2p (0,0,). 


Mr. H. M. Jeffery on 


[May 13, 


15. If a transversal intersect 
two small circles under angles 
ts i, and if perpendicular arcs 
Pı, p, be drawn from their centres 
of similitude on this great circle, 


cos? f, — cos? 4, = Q sin p, sin py 
if Q?— (cosec? 0, — cosec? ò)? 

+4 cosec? à, cosec? 6, sin? O,0,. 
In plano, 


1 1 
cos’ 4, —cos! t, = pp, Ux - 


If p be the radius vector of P (æ, y), (h, kj), (he ka) denote the 
centres O,, O,, and T, T, the tangents drawn from the origin to the 


circles, 


cos? t, — cos? f, = sec’ à, cos? (0, P) —sec! 0, cos? (O, P) 
= cos’ p fcos? T, (1 -F eh, - yk, )* —cos" T, (1 -- zh, +yk)’} 
(Gudermann's Sphärik, 86; Graves’ Appendia to Chasles’ Spherical 


Conics, § 3) 


= cos’p {cos T, —cos T, +2 (h, cos T, —h; cos Ty) 
+y (k, cos T, —k, cos T;) } 

x {cos T,+cos T,+2 (h, cos T, +h, cos T) 
+y (k cos T +, cos T;)} 


= Q, sin p, SIn P, 


(Gudermann, §13; Graves, § 4). 


For (cos 7',—cos T4)? + (h, cos T, —h, cos T,)? + (k, cos T', — k cos T,)? 


= sec? r, cos? T! -- sec! r, cos? T, —2 sec 7, sec r, cos T, cos T, cos (0,0) 


= sec’ à, + sec? 0, — 2 sec 6, sec 6, cos (O, O,). 


Cor. 1.—If the product sin p, sin p, be constant, t.e., if P be a point 
in any sphero-conic, which has the radical axes of the given circles 
for its cyclic arcs, the difference of the squares of the cosines of the 


tangent arcs 


(cos? t,—cos’ t) is constant. 


In plano the corresponding locus is a parallel to the radical axis. 


Cor. 2.— Conversely, if the difference (cos? t,—cos® 4) has various 
constant values, the several loci of the point P are biconcyclic sphero- 
conics, whose cyclic arcs are the radical axes of the circles. 
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Cor. 3.—If X, Y, Z be three singly coaxal circles, the squares of 
the sines of the tangent arcs drawn from any point of one of them to 
the other two are in the ratio of multiples of the sines of the perpen- 
diculars from that point on the separate radical axes ; 


sin? f, cosec p, : sin! t, cosec p, = constant. 


16. The following is a Geometrical proof of the dual theorem. 


Let P,, P, be the perpendicular arcs from O,, O, on the transversal ; 
Pu p, those drawn from Q,, Q; à,, 6, the radii of the circles. 


If Q,E be eliminated from the ratios, 
sin P, cosec O, R = sin P, cosec O, R = sin p, cosec Q, R = sin p, cosec QR, 
sin P, sin Q, Q = sin p, sin O, Q, 4- sin p, sin O, Qa 
sin P, sin Q, Q, = sin p, sin 0, Q, — sin p, sin O,Q,. 
Again, sinô, cosec O,Q, = sin à, cosec O,Q, = Q, cosec 0,0, 
sin 0, cosec O,Q, = sin 6, cosec O,Q, = Q cosec O,0;, 
if | Qj = sin? ò J- sin? à,—2 sin ò sin à, cos O,0,, 
| Q, = sin? ò -- sin? ò+ 2 sin à, sin à, cos 0,0,. 
Hence Q0, sin Q, Q = 2 sin ô, sin 6, sin O,0,. 
For 


= sin à, = cosec 0,0, sin (0,Q,—0,0,) = " sin à cos 0,0, —cos O;Q;, 
í 1 


5 sin ô = cosec O,O, sin (0,0,— 0,Q,) = cos 0,Q,— l sin 6, cos O,0,, 
3 3 


Q, Q, sin Q,Q, cosec O,0, 
= sin à, (sin ò -- sin à; cos O,0,)—sin ò (sin ô cos 0,0, — sin ài) 


= 2 sin à, sin ò. 


2c2 
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Consider the complements of the intersections 4, t„ and substitute 
the preceding values of sin P,, sin P,, 


cos? t — cos? ¢, = sin? P, cosec? 6,—sin? P, cosec? 6, 
4 . . e 9 9 
= —— sin p sin p, sin’ 0,0, cosec? Q,Q, 
0,0, 
= Q, Q, sin p, sin p, cosec? ô, cosec? à, 
= sin p, sin p, 4/ { (cosec? à, + cosec? ò)? — 4 cosec? à, cosec? ô, cos? 0,0,] . 


Hence the plane theorem may be deduced, or it may be proved in- 
dependently. 


Con. 1.—If the transversal be a tangent to a conic, spherical or 
plane, which has the centres of similitude for its foci, the difference 
of the squares of the cosines of the angles of intersection is constant. 


Cor. 2.—If the transversal touch one of three singly contangential 


circles, the ratio 2A sin? £, : 23 sin? ¢, is constant. 
Da Ps 


There cannot be three bi-contangential or three bi-coaxal circles. 


17. To determine the limiting circles of a coaxal system. 

They are definite or point-circles for the lowest limit, and the 
radical axis in all cases for the superior limit. 

By taking the radical axis as the (y) axis of Gudermann’s rect- 
angular coordinates, any of the coaxal circles may be thus denoted 
in one or other of the two coaxal systems: 


(1) sec p cos k = 1-4- he, or (2) secp = cos k (1+hz), 


according as the circles do or do not meet their radical axis. 

In these equations, h is the tangent of the abscissa of the centre; 
and k in (1) either ordinate of two fixed points, or in (2) the tan- 
gent from the origin. 

If v, y denote, as usual, tan a, tan y, 

sec? p = 1+27+y’. 

In the system (1), the limits are a small circle whose centre is the 
origin, and angular radius k, and the radical axis. 

In the system (2), point-circles (+k, 0) on the abscissa form the 
lowest limit. 

In this case h = k, secp = cos k (1+kz), 
or, since k denotes tan k, 

y’ + (sin kg cos k)* = 0. 
The radical axis is the highest limit of the system. 


1886.] Systems of Spherical Circles. 389 


18. To determine the limiting circles of a contangential system of 
circles. 
They are the centre of similitude and for the highest limit definite, 
small, or great circles. 
The equations 
(1) cosec p sin w =1—hi, (2) cosec p = cost (1— hé), 


which are the duals of those given in $17, denote two contangential 
Systems ; in (1) the centre of similitude is external, in (2) internal, 
and the common tangents are imaginary. 

In dualising, z-F£ =0, y+n’=0, where £, n denote the cotan- 
gents of the intercepts on the coordinate arcs of a line (&, 7’), which 
is the quadrantal polar of the point (2, y), 


cosec! p = 142-45; 
of the constants, h (=Œ tan h) is unaltered with the centre. 


In (1), 2w = mutual inclination of a pair of common tangents, 
which meet in the exterior cen tre of similitude. 


In(2, t= OPT = OPT. 


In Fig. 4, the circles are drawn in plano, 
which have O for an internal centre of simili- 
tude; TP is parallel to T'P', and OPP is 
perpendicular to the line of centres. 

In Spheries, OPP’ is the quadrantal polar 
of the origin, and O, the internal centre of 
similitude, is 90? distant from the origin. 

The superior limits of the system are, in Fro. 4. 

(1), p = w, the small circle, whose centre is the origin and diameter 
(2v), and in (2), great circles, 


{1+ (cos té sin t)? = 0], 
which are (7) distant from the centre of similitude on either side. 
In Plane Geometry, the limiting contangential circles are infinite, 


as also appears from considering Fig. 4, since there is no finite limit 
io the system. 


The inferior limits are the centres of dalade (— = 0). 


19. Any circle which passes 19. Any small circle which 
through the limiting point-circles touches the limiting great circles 
of he. coaxal system (2), and has of the contangential system (2), 
its centre in their radical axis, is and whose centre is equidistant 
an orthogonal trajectory of that from those great circles, has com- 
system. mon tangents with circles of the 

system (2), quadrants in length. 
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A circle which passes through the limiting point-circles of a 
coaxal system (2), and whose centre is in the (y) axis of coordinates, 
belongs to the coaxal system (1), 


sec p cos k = 1+ly. 
It cuts orthogonally any circle of the system (2), — 
sec p = cos k (1+hz2). 
For the condition of coorthotomy is satisfied : 


sec à, sec 6, = sec k./(1 +P) cos k /(1+h’*) = sec (0,0,), 


if ò, 6, are the radii, O,, O, the centres of the two circles. 


The following theorem is required for the next section. 


20. If from any point a trans- 
versal be drawn to meet & fixed 
spherical circle, 

tan ^ tan A = tan, 
where p,, p denote the intercepts 
from that point, and ¢ the tan- 
gent arc, if the point is external. 
Hymers' Spherical Trig., p. 37. 


20. If from any point in a line 
intersecting a fixed circle, plane 
or spherical, two tangents be 
drawn, 


L, 
where p,, pa denote their inclina- 
tions to the initial line, and ¢ the 
inclination of a tangent at either 
intersection to that line. 


tan a tan 5 = ta 


This theorem may be deduced at once by conical projection from 


the plane property 


or it may be derived from the equation (§ 4) 


secp = cos t+ (x+y) sin t. 


In the dual theorem, care must be taken to measure the angles p,, p, 


in the same direction. 


On Similttude and Inversion. 


21. These relations are closely allied, since a centre of similitude is 
also a centre of inversion, for two circles. 


If through a centre of simili- 


tude a vector arc be drawn 
circles at 


to intersect two 


If from each point of a radical 
axis of two circles, plane or 
spherical, two tangents be drawn 


1886.] Systems of Spherical Circles. 391 


distances p}, ps, Ps, Pa to them, the ratio of the tangents 
of half the angles, which they 
make with the radical axis, is 

r q constant. (Chasles’ Géométrie 
:: tan q n5. Supérieure, p. 468.) 


(The tangent arcs are c, d.) 


tano : tan -5 :: tan 9 : tan) 


This theorem defines spherical similitude, and may be deduced by 
conical projection (§ 3) from the plane analogue. 


By dualising, a second species of similitude is brought to light, in 
which the radical axis is also an axis of dual inversion. 


A formal proof is obtained by the aid of § 4. 


22. Let the two circles be referred to their centre of similitude, 
not necessarily being external to both, 


(1) sec p = cos c--(z--y) sine, (2) sec p = cos d+ (x+y) sind, 
if c, d denote the intercepts on a common tangent arc. 


For any transversal through the origin, both in Planimetry and 
Spherics, as is seen by gnomonic projection, 


æ cosec P = y cosec a = p cosec 2w, 
if x, y, p in Spherics denote tangents, and a +8 = 2w. 
Where it intersects (1), 
| sec? p = 1+2? sin? 2w cosec? B 
= {cosc+z (sin a+sin £) sin c cosec 9]*. 
Hence | ísinfsinc—z (sin a+sin £) cos c]? 
= 4a? sin? w f cos? 4 (a—(9) — cos! $ (a+) } 
= 4a? gin a sin f? sin? w. 
And 2zsinw Ícos c cos 1 (a —/9) 2 y (sina sin 9) | = sin c sin p, 


sec p {cos c cos} (a— B) + y (sin a sin 8) | 


= cos 1 (a—f)+cos c/ (sin a sin (9). 
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If p,, p, denote the vector arcs intercepted by the first circle, 


p — tanp _ C ; , 
tan -z = pu = tan cos w { cos $ (a—ß)+ / (sina sin 8) } 


l | 3 
= tan 5 sec w f 4/ (cos os 7) -qj (sin 2 sin È) } ; 
tan 2 = tan sec w Í q/ (cos 4 cos £) Jt (sin si) P ; 


If p p, denote the vector arcs for the second circle, they have 
similar values, so that 


tan fi : tan $8 :: tan £2 : tan £4. :: tan Ê : inm 


QU ^E g z` 9 


Cor. l. tan 5 tan 97 tan? — A , as in § 20. 


2 
Cor. 3. If tan! = = tan — tan r2 the circle, whose equation is 


sec E) = cos 4 (c—d) sec à (c +d), 
is coaxal with the two given circles, and has the common radical 
axis a+y = tan 4 (c-- d). 


This is also obvious geometrically, when the given circles intersect 
each other; for their circle of inversion must then pass through their 
intersections. 


Cor. 4. Since 
tan P. tan £* = tan © tan 2% = tan? ^ 
2 9. 9 49-"g! 
the centre of similitude is the centre of a system of points in in- 


volution, whose foci are on the circle of inversion. 


23. On Inversion. — A centre 23. On Dual Inversion. — A 
of similitude of two contan- radical axis of two circles is also 
gential circles is also their centre an axis of dual inversion of those 
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of inversion, and tbe circle (E) circles, and is such that, if from 
of § 22 is their circle of inversion. any point therein two pairs of 
| tangents be drawn, making 
angles p, P3; Ps, p, With the axis, 

then in cross order 


p p — p 3 
tan -z tan -5 = tan or tan fè 


R 
— tan? du 
| — ian 2" 
The circle (E) is compolar with 
the radical axis. See § 41. 


24. Àn angle is unaltered by 24. In Spherics, an are of a 
inversion. great circle, and in Planimetry a 
straight line, is unaltered in 

length by Dual Inversion. See § 41. 


In Planimetry an angle is unaltered by inversion; by conical pro- 
jection, the same theorem is established in Spherics. 


A formal proof is subjoined. 
Let a pair of circles be written 
(1) csecr =1+me+ny, (2) č secr = 1+ m‘a+n’y. 
The tangents at their points of intersection are 
-e (1l+ae'+ yy’) = (1-3 mz M ny) sec v, 
. € (Lex yy) = (1-m'-4 n'y) secr. 
If 0 denote their mutual inclination, by Gudermann's Sphàrik, § 11, | 


cos 0 — ox j 
where P = (cx —m sec r') (cv —m'sec 1^) + (ey —n see 7’)(c'y’ —w sec 7’) 
+ (c—8ec 7^) (c —sec 7’) 
= cc (L+? +y”) + (mm +n +1) sec?’ 
— | (mé + m'e) af + (nc +w) y c c | sec ' 
= (mm 4-nn'—cc +1) sec! r, 
Q? = (cea/ —m sec r)? + (cy —n sec 7”)? + (c—sec r)? 
= (mà -- n3 — c! +1) sec? v, 


R= (m+ n?’— e’ +1) sed r. 
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Hence 
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(mm + nn’ — cc’ +1) sec 0 = (m* +n?— e 1) (m? 4+ 0? —c? +1)! 


Next, to obtain the inverse circles. 


Write (1) in the form 


C (1 +tan’ z) —1-—tan? 4 +2 (m cos 0 -- n sin 0) tan 


Its inverse is, if 5 


r 


2 


tan — tan s =k 


secp {ê (c+1)+c—1} = c—1—« (c+1) +2 (ma 4- my). 


The inverse of (2) is 


sec p fi? (c --1) -6—1] = c—1—é (e 41) +. 2k (metny). 


The function P becomes for these values 
4 (mm +nn’) + ((c—1) - € (e+1)} f(c—1) 8 (+ )} 
— ((c—1) +è (c+1)} {(¢—1)+ (c -1)1, 


or An? (mm! 4- nm — cc -- 1). 
Similarly, 


2 
E 29 


Q becomes 4x? (m? +n?—c’? +1), 
An? (m?+-n?—c? +1). 


The angle of intersection (6) is therefore unaltered by inversion. 


25. If through a centre of 
similitude any two arcs be drawn 
meeting the first circle in the 
points E, R, S, S, and the 
second in the points p, p', c, ©, 


then the arcs RS, po; RKS, po 


will meet on one radical axis; 
and the arcs RS, po’; RS, po 
will meet on the other radical 
axis of the two circles. 


25. If from any two points ina 
radical axis two pairs of tangent 
arcs be drawn, so as to constitute 
two quadrilaterals with a common 
diagonal arc,—the arcs which 
join the angular points, one 
taken from each quadrilateral, 
will pass through one or other 
centre of similitude. 


The two quadrilaterals ELE SS, ppecc have O for a common centre, 
and the other two pairs of centres are collinear with O, the lines of 
collinearity forming a harmonic pencil with the other collinear sides 
ORp, OSc. See Fig. in Salmon’s Conic Sections, p. 107. 
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As in § 22, let the two circles be referred to the common tangents 
(1) sec p = cos c+ (z-Fy) sine, (2) secp = cos d+ (x+y) sind. 
For any transversal OpR, 
æ cosec È = y cosec a = p cosec 2e, 


where it intersects (1), as in § 22, 
sin c cos w = cos c cos 1 (a— 3) + v (sina sin f) ; 


the two values of p denote tan Op’, tan Op. 
So also are denoted tan OR’, tan OE, when d is written for c. 
For a second transversal OcS, 


æ cosec 6 = y cosec y = p cosec 2w ; 
a sin c cos w = cos c cos $ (y — à) + ./(siny sin ò), 


whose two values denote tan Oo’, tan Oc. Similarly, we express 
tan OS', tan OS. 
The equation to the chord p’o’ is 
(a—p, sin B cosec 2v) (p, sin a — p; sin y) 
= (y — p, sin a cosec 2«) (p, sin (9 — p, sin ò), 
or g (= sin a——-sin y) —y ( EN | ain à) 
Pi Pi p Py 
= (sin a sin ò— sin f sin y) cosec 2w...... (3). 


The equation to the chord RS is 
I | ee Lx l 
z (x sin a— p 7) —y (zin B— 7 sin’) 
= (sin a sin ó— sin f) sin y) cosec 2w...... (4). 
Multiply (3) by sin c, (4) by sin d, and add: 
sec w (cos c- cos d) {a | sin a cos 4 (y —à) —sin y cos} (a—8) | 


—y | sin 8 cos 4 (y —à) —sin ò cos 4 (a—5) | } 


= cosec 2w (sin c+sin d)(sina sin ó— sin ĝ sin y) ............(5). 
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But, since a -- B = y +ò = 2w, the coefficient of æ is 
sin a cos (y—w)—sin y cos (a—w) = sin (a—y) cos w, 
‘and sinasin (Zw — y) —sin y sin (2w—a) = sin 2w sin (a— y). 
After these and like reductions, (5) takes the form of the radical 
axis, in which (3) and (4) meet (see § 13), 
£44 = tan $ (c4-d)............ "nir 
Similarly, it may be shown that po and E'S' intersect in (5). 
The equation to E'S' is 
w (s sin a— zany) —y (x; sin 8— zane) 
= (sin a sind—sin f) sin y) cosec 2u...... (6). 
Multiply (8) by sinc, (6) by sin 2, and subtract one from the other. 


The resulting equation may be reduced, as (5) was, to denote the 
second radical axis (see § 13), 
@+ytcot ys (ed) =O uus (7). 
Similarly, it may be shown that p'o’ and RS meet in (7). 
The centres of the two quadrilaterals lie in the two lines 


æv (sina sin y) + yv (sin f sind) = 0. 


Cor.—The tangents at R, p; Cor.—Ares which join the 
F, p’ meet on one radical axis, points of contact of a pair of tan- 
those at E, p; R’, p meet on the gents, which are drawn from any 
other radical axis. . point in the radical axis to one 

circle, to the points of contact of 
a pair of tangents to the second 
circle, intersect in one or other 
centre of similitude. 


On the Problem of Contacts. 


26. To describe pairs of spherical circles, which shall touch three 
given circles and their antipodal circles, by triads. 

Let the radical centre of the three given circles be taken as the 
origin of Gudermann’s coordinates; their equations may be written 


sect sec p = 1+ax+by 
sect secp = l-cececdyg..5.225-———— (1). 
sect Sec p = 1+ ez+ fy 
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The centres or poles are (a, b), (c, d), (e, f), severally ; ¢ is the tan- 
gent arc drawn from the origin to any of the three circles, supposed 
to be external to each other (see Fig. in Salmon’s Conics, p. 112). 

Also sec? p = 1+2'+y’, if æ, y, a, b, ... denote the tangents of those 
arcs, as usual. The Jacobian of the three circles, 


Sec p = sec t, 


cuts them orthogonally, since it satisfies the test of coorthotomy 
(Proceedings, Vol. xv1., p. 111). 

The centre of the Jacobian is also the centre of similitude of a 
required pair of circumscribed circles (Salmon, loc. cit.), and therefore 
the Jacobian is their circle of inversion, and therefore also coaxal with 
them, their common radical axis being the axis of similitude of the 
three given circles. (Casey, Sequel to Huclid, p. 118.) 


There are four radical centres, including the origin, 
ax+by+1 =+(cxtdy+1) — 2 (ez fy 1); 


but at present only the positive signs are considered. And there are 
four corresponding Jacobian orthotomic circles, of which that which 
cuts the three given circles is 


Sec p = sec t. 


The equivalent Boothian tangential equations to the given circles 
have the form 


sin’ r, (à! Fb -- 1) (2 +n? +1) = (a£ 55 — 1), 
or, since. a?+b?+1 = sec? t sec’ r, 
tan? r, sec? £ (+n? -- 1) = (a£ 4-59 — 1)*. 
There are therefore four axes of similitude, thus denoted 
+60 sec t tan r, d- a£ 4- by —1 = 0, 
+6 sec £ tan r,+ c£ --dy —1 = 0, 
+0 sec t tan r,+ e£' 4-fn —1 = 0. 


The set of values here required is found by giving the same sign 
to tan rı tan r, tan 73, 


Osect _ -ë Z " - 1 
|a, d, 1| ]|tanr,d,1| |tanr, c, 1| | tan, f| 


By the preceding theorems, the required equation to a pair of cir- 
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cumscribed circles must have the form 


secp = sec t+ p (ai -- ym — 1). 


But it is better to introduce first another circle coorthotomic with the 
Jacobian, and having the axis of similitude (Z, 7) for their radical 


axis, sec p = cos t+ sin t tant (2 -- yg). 
We will now thus present the required pair of circles, 
(14-7) sec p = cos t+r sec t+sin t tant (zë +yn’) ...... (2). 


The multiplier (7) must be found from the condition that the pair 
touch each of the three given circles. 

In general, for the condition of contact for two circles, whose 
spherical radii are 7,, E, and whose equations are 


cos 7, sec p (1-r a? +b) = 1+az-+ by, 
cos R sec p (1 -- a? J- 93)! = 1-F az 4- By, 
cos (r, ~ E) = cos D = (1-4-aa-F b(3) (1 -- à? 4-03) 3 (1 -F a* -- (9?) 7t. 
Let these conditions be applied to (2) and the first circle of (1). 
In this case a+b --1 = sec? t sec? r, 
(14r à? +B) (cost+r sect) = (l1 +r) sec R ............ (9). 
With these values, the condition of contact becomes 
(1+7) tan r, tan R = (a£ +b —1) sin? t 
= — ĝ sin? t sec ttan 7, ............ (4). 
Eliminate R from (3) and (4), 
(1+7)?+ 05 sin’ ¢ tan? t = (cost+r sec £)? -- (£? +n’) sin’ £ tan? t. 
Hence, finally, the two values of r in (2) are obtained in terms of 
known constants, r? = cos! t— (2? -- 5? — 0?) sin’ t. 


This equation (2) and the values of r have been otherwise obtained 
by Gergonne’s process (Salmon's Conics, p. 110). 

But since different radical centres (other than the origin) and 
Jacobians are necessary for the other cases, where one or more of the 
antipodal circles are concerned, three-point coordinates are preferable 
to exhibit the equations collectively. 


27. To find the equations to pairs of spherical circles, which shall 
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touch three given small circles, and their antipodal circles, when 
three point-coordinates are employed. 


Let ABC, the triangle of reference, have the centres of the given 
circles for its angular points; if a, b,c; a, f), y denote the sines of 
the sides and the perpendicular coordinates, and if 7,, r, v, be the 
angular radii, and 6V = bcsin A (in Todhunter’s Spherical Trig., 
p. 22, n = 3V). For the given circles and their antipodal circles, 


S, = aa+bB cos c+ cy cos b=+6V cos 7, = 0 
S, = aa cosc+b3+cy cos aF V cos — iris (1). 
S, = aa cos b -- b cosa+cy+6V cos r, = 0 


The equations are rendered homogeneous by the fundamental relation 
(see Salmon's Solid Geometry, Sphero-Conics, p. 198, where three- 
point and three-line coordinates are introduced), 


Z (aa? 4- 2bc By cos a) = (6V)*. 


The given circles have four radical centres, which are also the centres 
of the corresponding Jacobians, 


(aa+bB cos c - cy cos b) sec r, = + (aa cos c +b +cy cos a) sec r, 
= + (aa cos b+bB cos a+cy) sec Ty. 
The Jacobians of the several triads of circles are 
+ aa cos r, + bB cog r, + cy cog r; = 6V, 
or aaS,+bBS,+cy8, = 0. 


The Jacobians intersect the several triads orthogonally, for it was 
shown (Proceedings, V ol. Xv1., p. 111) that the condition of coorthotomy 


for two circles, [la+mB+ny = d, l'a m tr n'y =d], 
is X (WI — (m'n4- mm) cos A} = dd’. 
These conditions are satisfied by the Jacobians. 
The tangential equivalents to the circles (1) are 
pens ČSA rl" 


if p, q, r denote the sines of the perpendiculars drawn from A, B, O 
on à tangent arc. For the four axes of similitude, 


p? 3 3 
27 2 "3 


3 
1 7 £^ 
or, in point-coordinates, aar, +bBr;&cyrs = 0, 


also fi, 7s, t, now denote sin 7, .... 


+ 
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As has been stated in § 26, the required equation to a pair of 
circumscribed circles is coaxal with a Jacobian, the radical axis being 
the axis of similitude of the corresponding triad of circles, 


aa (cos r, +78in7,) +b (cos v, +r sin 7,) + cy (cos, +r sin) —67V...(3). 
The two values of the multiplier (7) are found by the condition that 
this circle (8) touches any one of the circles (1). 


In general, if p,, p, be the angular radii of two touching circles, and 
D be the connector of their centres, 


cos (p, Æ p.) = cos D, 
or ` (cos p, cos p,— cos D)? = (1 — cos? pı) (1—cos*p,), 
If, then, their equations be 
lat+mB+ny =d, lat+mB+ny=d, 
the necessary condition for contact is 
{3 [W — (mw +m’'n) cos A |—dd’}? 
= {2 (P—2mn cos A)— d} (X (1?—2m'n’ cos A)—d"}. 
If this condition be applied in this case, 
(14-7) (6V)* 

= X (a! (cos r, +r sin ,)! —2bc (cos , 4- r sin r,) (cos rs - r sin 75) cos A}. 

Since there are four radical centres, and four axes of similitude, 


there are in all 16 pairs of circumscribed circles, or 32 solutions in all. 


Con. 1. If ri = r, = r, = 0, there is no axis of similitude, and the 
Jacobians denote the four circles described about ABO and its 
associated triangles, A'BC, AB’C, ABC’, whose equations are 


+ aa + bB zb cy = 6Y. 


Cor. 2. If r, =r, =r, = 57, the Jacobian is the imaginary circle 
(6V = 0), ? = cot? R, if R be the radius of circumscribed circle; and 
the equation is derived to the circle inscribed in the polar triangle 
of ABC, 

aa +bB+cy = 6V tan R, 


whose angular radius is therefore the complement of E. (Tod- 
hunter's Spher. Trig., p. 66.) 


28. Dr. Casey has pointed out that each pair of circles circum- 
scribed about a triad of circles is a degenerate case of sphero- 
cyclides, when the dirigent conic has double contact with the 
Jacobian. | 
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In the Proceedings of the Royal Irish Academy, Vol. 1x., p. 396, he 
obtained the equation to such a pair of circles, 


sin z / (S, sec r,) + sin D / ( 8, sec r,) + sin E / (S8, sec r,) = 0, 


where J, m, n denote the lengths of tangent arcs common to pairs of 
the given triad of circles, and S,, $,, © denote their equations given 
in $27. 

I propose to obtain Dr. Casey’s equation both analytically and 
geometrically. 


29. In general, if the variable circle, which generates a sphero- 
cyclide, be aaL-rb0M-rcyN -6V ....... eene nnne (L), 
and the Jacobian of three given circles be, as in $ 27, 

aa cos 7, + bó cos r,+ cy COS r4 = GV ...... eee (2), 


then, if the pole of (1), which moves so as to intersect (2) orthogonally, 
be made to lie on the dirigent conic 


(u,v, w, w, v, w (p, q, T)! = 0, 
the sphero-cyclide will be denoted by the equation 
(u, v, w, w, v, wt Si S, 85)? = 0. 


For, by a known theorem of Dr. Casey, quadric transformation is 
thus effected from the tangential coordinates 


pigird t5. T Sy 


(Casey on Cyclides, $40. See also a proof in Proceedings, Vol. 
XVI., p. 115). 


90. To determine the dirigent conic, when it has double contact 
with the Jacobian. 
Let the given triad of circles (1), in $27, be supposed to intersect 


m 
each other at the angles ¢,, ¢,, ¢,; then, if (Sa, S,;) = $, 
COS à, = COS 7, COS 3 + Sin 7, Sin y cos (— 44) 


= cos (r,—,) —2 sin r, sin r, cos? 5 


2 
Next, let l, m, n denote, as in $28, common tangent arcs, 
cos à, = sin’, sin T; + COS 7, COS T, cos Í 
= cos (r,—,) —2 cos r} cos r, sin? 3 
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Now, remembering that (6V)? = X (a!a! 4-2bc(9y cosa), 


the Jacobian may be written 
aa? sin?r, + Df? sin? r, - ... —2boßy sinr, sin’, cos 9, — ... = O, 


or (aasinr,-- b sinr,-- cy sinr)? = 4bc By sin, sinr, cos? + 


Since the dirigent conic has double contact with the Jacobian, 
its form must be 


bB 


. . l e e 
or, since C08 7, COS 7, Sin? — = sin r, sin 7, cos? $i, 
, 3 8 2 2 8 2 


l l 1 D) 1 
— cosec 7; cos" $1 + — cosec T, COS” $..L cosec 7s COS’ 5 = 
aa 2 2 cy 


1 .,m, 1 "PE 
— 8607; 8 sin? — st — secr sin? — + — secr sin! — = 0. 
aa T 2 cY 2 


Its equivalent eon equation is 
sin B / (p secr) sin / (p sec r) -- sin 2 /(rsecr;) = 0. 


Hence Dr. Casey’s equation to a pair of circumscribed circles is 
derived by the theorem quoted in §29: 


sin ~v (S, sec) +sin a /(S, 8ec7,) + sin 2 / (S, secr) = 0. 


Before I proceed to obtain this equation geometrically, the follow- 
ing lemmas are prefixed. 

31. If two spherical circles be inverted from an arbitrary point, 
the product sin z (cot r, cot 7,)? is unaltered, if AB denote a common 
tangent arc. This expresses in another form that the angle, under 


which two small circles intersect, is unaltered by inversion. (§ 24). 


From $30, cos? $s = cot, cot 7, sin’ 3 


32. If A, D, C, D be four points on a spherical great or small circle, 


P si AD CA . BD AB . CD 


8in — sin — +sin ——sin — +sin— sin —— = 0. 


2 2 2 2 2 


This extension of Ptolemy's theorem may be readily established, by 
joining the points to the centre, and expressing the semi-arcs in 
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terms of the angles, which they subtend. Identically 
b— b 


C a— 
sin Č sin 2— + gin — sin £2 +sin tne a 0. 


2 2 2 2- 2 2 
Let four circles whose radii are 7,, To Ty r, touch the preceding 
great circle ABCD in the points A, B, C, D; then, if the system be 
inverted from any point, by §31, 
ABRE AD se NOM LL BD o a A sO 


9 9 EE MEE EE sin 7- sin 7 


=0, 


a factor (cotr, cotr, cotr, cotz,)* being suppressed in each case. 


In this case, the enveloping circle is small, and, in the touching 
four circles, A’B’, A'C', ...... denote common tangent arcs to pairs of 
circles. 


33. Lastly, let one of the four circles become a point-circle, as at 
D'; then AD’, BD’, CD’ denote tangent arcs drawn from a current 
point in the enveloping circle to the other three. Call these t, ta, ts 

Since S,, S» Ss of $27, denote the equations to the triad, for an 
external point, 


_ of 
S, = cos r, —cos 7, cost, = 2 cos 7, sin? ; 


and S, S have like values. Thus, from the theorem 
. BC C' A' WD co 
2 


tsin 2 sin —. ; 2 9 ; 


is deduced Dr. "X 8 equation to a pair of — circles, 


sin / (S, sec r,) + sin a / (S, sec r3) + sin — v (S; sec rz) = 0. 
Cor. As has been shown in §30, this a. may take the form 


cos A „/ (S, cosec 7,) + cos — 5 / (S, cosec r,) + cos $s / (S,cosecr,) = 0. 


34, To deduce the equations to the inscribed and escribed circles in 
the triangle of reference and its associated triangles. 
In these cases, +S, becomes 


aa +bß cos c4- cy cos b ; 


it denotes the side B'O’ of the polar triangle A’B’C’, and is expressed 
as one of its coordinates (a’ = 0), since 


6Va = aa+bf cosc+cycosb; 
2D2 
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$1, $a $s become the angles of A’B’C’, and the required equations are 
cos 4 (£a) + cos. /(4-ff) + cos T A (2E y) = 0. 


35. To deduce the equation to the circle described about the 
triangle of reference. : 


By the theorem of $32, 
BC . AD CA . BD AB . CD 


sin^;-8in^5--Fsin ~~ sin n= tsi n= sin —— = Q, 


2 2 2 2 
this is the vector equation to the circumscribed circle. 
But, by Todhunter’s Spher. Trig., p. 63, 


tan F sin BC sin CD sin BOD = 4 sin BD an CD an BE 


2 2 2:7 
and sin CD sin BCD = sin a. 
By substituting in the preceding theorem, we derive the required 
1 an PC l tan C2 nB = 
t Ee nE MID c LS 
equation sing 2 T ig^ "oc dc ston > 


The vector-form of the equation to the circumscribed circle, 


b 
sin 2 z sin A sin 5. 9 sin 2 4-sin & 9 sin ^ = 0, 


may be also thus reduced to the usual three-point equation. The 
vector-form may be expanded to 


sin? A cos! (S— 4) (1 —cos p,)*+ 


... —2 gin B sin C cos (S — B) cos (S — C)(1— cos p,) (1 —cos ps) —...= 0, 
since sin? a sin B sin Ü = — cos S cos (S — A), 
and 6V cos p, = aa + bb cos c + cy cos b. 


This may be reduced to the complete square of the circle 
sin A sin (8 — 4) cos p, - sin B sin (S— B) cos p, 
+sin C sin (S — C) cos p, 4-1 (6V)? sec S (4) = 0. 
Again, we find that l | 
sin A sin (S— A) --cosc sin B sin (S— B) +cos b sin C sin (S—C) 


sin A 
= 6V — c 
sina 


ot R =— sec S (sin a sin B sin 0)’, 
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since the coordinates of the pole are 
a cosec (S— A) = fj cosec (S— D) = y cosec (S — C) = sin R. 
This vector-form may be thus further reduced to the known forms 
aa d-b8 +cy = 6V 


1 a, 1l b 1 eos 
and PODIUM I MEE 


It may be remarked that this is the first and almost the sole applica- 
tion to Spherics, by Gudermann, of the three-point system, or, as he 
calls it, Plücker's system of coordinates, then (1830) recently intro- 
duced. (Sphdrik, p. 160.) 


For an associated triangle the vector equation of & circumscribed 


; , . a T b. r C . fT 
circle is sin — cos — + cos — sin— + cos — gin — = 0. 
2 2 2 2 2 2 


This may be reduced to the three-point equations 
—aa+bB+cy = 6V 


1 a 1 b 1l C 
accu MÀ — — — — VU, 
and ; m Be oro 0 


The limiting cases of the problem of contacts have thus been con- 
sidered, when the radii become quadrants or zero. 


36. Conversely, the equation to a pair of circles circumscribed 
about three others may be deduced from the equation to the circle 
inscribed in a triangle of reference. 

The Fig. 5 is taken from A 
Dr. Caseys memoir on the 
problem of contacts in plani- 
metry (Proc. of Royal Irish | 
Academy, Vol. 1x.). But the © Cx 
circles must be considered as 
small spherical circles, and the 


sides of ABC as great circles. ; (16) 
Three circles are drawn at the NA 
points of contact, of radii 7, B N N, € 


T, 7; Pisa point in the in- 
scribed circle, radius R. 
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If S,, S, S, denote, as in § 27, these three circles; then, if the 
coordinates be those of an external point P, 


S, = cos r, —cos 7, cos & = cos r, —cos PO, 
= cos7,—cos R cos (E —7,) —sin E sin (R— r,) cos POO, 
= 9 gin R sin (E — r,) sin! 4 (POO,) = 2cosecRsin (E—7,) sin! $ (PN): 
Hence sina sin PN, cos PN,O = 2 sin? 1 (PN) cot E 
= K, cos R cosec (R—7,). 


Again, cos O,0, = sin 7, sin r, + C08 7, COS 7, COS n 


„an 
= cos (7,—7,) — 2 cos, cos 7, sin? PE 


if, as in § 28, Z, m, n denote common tangents to pairs of circles. Also 
cos 0, 0, = cos (R—r,) cos (E —,) J- sin (R —7,) sin (E —7,) cos (0,00,) 
= cos (r, —7,) — 2 sin (K —,) sin (R—r,) sin* 3 (0,00), 


and oos 5 = cos R sin 1 (0,00,). 


Therefore 
C > 3 N 
cos? >= gin? z cos? R cos r, cos r, cosec (R—1,) cosec (E —7,) 


1 
515 


. . e. N 
sin a sin 9 sin? y C08", COS ny. 


Substitute for sin a, sin f), sin y, in the equation to the inscribed circle, 
cos A V/ (sin «) --cos L /(sin B) +cos E V/ (sin y) = 0. 


The equation is deduced to a pair of circles circumscribed about three 
others, 


sin E / (S, sec r) + sin E /(S, sec 75) 4- sin > / (S, sec r,) = 0. 


37. The dirigent conic may be determined geometrically both in 
Spherics and in Planimetry. 


The polar of a radical centre of three given circles with respect to 
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any one of them intersects their axis of similitude in a point, whose 
connector with the centre of that circle touches the dirigent conic in 
that point. 


On referring to § 27, a radical centre is thus defined :— 
(aa +b cos c+cy cos b) sec r, = (aa cos c-4- b + cy cos a) sec r, 
= (aa cos b 4- bB cos a+cy) sec 75. 
The polar of this point ( f, g, h) with respect to the circle S, is 
(aa + b cos c+ cy cos b) (af + bg cos c+ ch cos b) sec? 7, 
= aa (af + bg cos c-- ch cos b) +b (af cos c-F bg 4- ch cos a) 
+cy (af cosb+bg cos a.4- ch), 
or (aa+bß cosc+cy cos b) sec 7, = aa cos ri + bB cos ,-4- c'y cos rg. 
This may be simplified to the form (8 30) 
aa sin, — b sin r, cos $,—cy sin r cos $, = O. 
Through its intersection with the axis of similitude 


aa sin 7,+b6 sin r, - cy sin 7, = 0, 
the line bó sin r, sec? ^ + cy sin r, sec? $s =0 


passes, which is the tangent to the dirigent conic (§ 30) 


1 1 1 
=cos? i cosec 7, + — cos? $3 cosec r, + — cos’ Bs cosec 7; = 0, 
cy 


aa 2 bB 2 


1 ; l.anm 
or — sin? — secr, + — sin? — ~ gec r,+ — sin? — secr, = 0. 
aa cy 


T. 2 


Three points A, B, C are therefore known, and the tangents at those 
points, of the dirigent conic; three other points can be found from 
the property given in $ 5, 


cot p, 4- cot p, = 2 cot p. 


And Pascal's theorem enables us to construct the conic, when five of 
its points are given. 


38. Another solution of the problem of contacts is suggested by the 
perfect duality which exists in Spherical Geometry. 


408 Mr. H. M. Jeffery on [May 13, 


The dual forms of the equations (1) of § 27 denote in the tangential 
form, when they are referred to the polar triangle as the triangle of 
reference, three circles, which are polar or complementary to the 
three given circles S, S,, Ss. 


. All three complementary circles have the type 
ap —bq cos C— cr cos B = 6Vsin ae 

An auxiliary Jacobian, the dual of the Jacobian in § 27, 
ap sinr,+bq sin 7,-- cr sin, = 6V, 


denotes a circle whose common tangents with these complementary 
circles are quadrants in length. 

A pair of circles, which shall be circumscribed about these three 
circles, will be contangential with their Jacobian,—their common 
centre of similitude being a radical centre of the given circles. 

The rest of the analytical solution would proceed as in § 27, mutatis 
mutandis. 


99. The axes of similitude of the given circles S,, S, S, in § 27 are 
quadrantal polars of the radical centres of their complementary circles 
in $ 38. 

This is evident both geometrically and analytically. 

The line-equations of the primitive circles S,, S» S, are 


p = sinr, g?=sin’r, P = sin’ r. 


When combined, they denote the four axes of similitude. The three- 
point equivalent equations to their dual circles of § 38 are 


a? = cos’ ri, B” = cos r, y’ = cos? rs. 


When combined, they denote the four radical centres. The accents 
are added, to indicate reference to the polar triangle. 

It is evident from a diagram that p — a', q=, r= y; and the 
radii of the triads of circles are complementary to each other. 


40. The theorem here used may be generalised. Every tangential 
equation to a spherical curve referred to a triangle ABC has a corres- 
ponding three-point equation of the same form, referred to the polar 
triangle A'B'C', to denote its complementary or polar curve. 


[41. Note on §§ 23, 24.—In plano a circle is only dually inverted into 
another circle, when the angles of inversion are complementary. 


P p. — Ps Ps — P 
tan, tan 9 tan 7 tan 9. l, and E 7 


\ 
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Then the Boothian circle ~ l1+mé+ny (€ being the common radi- 


cal axis) is transformed into z = —l—mé + ny, and the common 


tangent of two circles is unaltered in length by Dual Inversion. ] 


Reciprocation in Statics. By Prof. Genese, M.A. 
[Read June 10th, 1886.] 


If a system of complanar forces P,, P,, &c., be in equilibrium, and 
any transversal meet their lines of action in J,, J,, &c., at angles 0,, 6,, 
&c. (estimated with due regard to the directions of the forces and 
one direction of the transversal), then, resolving perpendicularly to 
the transversal, we have a system of parallel forces P, sin 0,, P, sin 6, 
&c., at J, I, &c., in equilibrium. 

The opposite to one of the above forces is defined as the resultant 
of the others. The cases of four and five forces led to the theorems 
in the right-hand column of the following 


. CONTRAST. 


1. If I be the centre of parallel 1. If ò be the line of action of 
forces l, m, n at the points A, B, | the resultant of forces l, m, m, 
- €, then forces LILIA, mIB, nIC are | acting along the sides a, b, c, then 
in equilibrium. (Leibnitz.) parallel forces lsin (da), min (6b), 

| n sin (òc) are in equilibrium. 


A 
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2. Therefore, if z, y, z denote 
the connectors 14, IB, IC, 


mlIB nlO 


C — 0 —— MO eee 
— - 


sin (yz) sin(zv) sin (ay) 


3. If I' be a second point, the 
centre for forces V, m’, n’; the 
resultant of forces IIA, mI'B, 
. ^I'O acts along T'I, and 
= (l+m+n) TI. 


Similarly for forces VIA, m'IB, 
n'IC. 
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2. Therefore, if X, Y, Z denote 
the intersections da, ôb, óc, 


———— — i oi iO 


YZ LX XY 


3. If 6’ be a second line for 
forces V, m,n’; the centre for 
parallel forces /sin(d’a), m sin (0), 
&c., is 66’, and resultant 


= (1, m, n] sin (60), 


where fl, m, ni — resultant of 
l,m, n. Similarly for parallel 
forces V sin (6a), m sin (òb), 
n sin (c). 


4. The above six forces are in equilibrium— 


if l+m+n=V+m tv, 
These conditions are secured— 


if l, m, n be the areal coordinates 
of I, 


V, m, w those of T. 


5. If II' meet BO at U, 
l: V 3: (UI): (UI). 


| if 


(5 m, n] = {Um n). 


if l, m, n be the quantities ap, bq, 
cr, where p, q, r are the distances 
of 6 from vertices of abc (for the 
resultant of these 


= / ab! + ... —9bcqr cos A— &c. 
= 24), 


l, m, v the quantities for ò’. - 


5. If 60’ connect with bc by %, 
l: V 3: sin (uò) : sin (wo). 


Whence, taking the six forces in pairs,* and observing that the three 


* Let the resultant of VIA and /I’A meet IT’ at U’, then 
U'I : U'I' :: AU'IA : AU'I'A. 


A. 


B 
And, by moments about V’, 


C U 


l'AU'LA — lAU'T' A', 


therefore 


U'I: UT stil: UI: UT, 


or U' is harmonic conjugate of U with respect to IJ’. 
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resultants must meet in a point, the following theorems in Geometry 
may be obtained :— | 

If IT’ meet the sides of ABC in If 00 be joined to the vertices 
U, V, W, and U’, Y', W' be the | of abc by u, v, w, and w’, v', w be 
harmonic conjugates of U, V, W | the harmonic conjugates of u, v, - 
with respect to I and I’; then | w with respect to dando; then 
AU’, BV’, CW’ meet in one point. | aw’, bv',cw' are in one straight line. 


An example of analytical corres pondence is given by the following: 
If forces P,, Pa P,, P,, acting 


along lines (Lm n), &c., pe in 
equilibrium, and 


If parallel forces w,, wa ws, Wy 
acting at points (limn), &c., be 
in equilibrium, and 


| 1, 2,3 | denote | 7, m, |, 
l m, n, 
ls ms n, 
then then 
—— _ a «o. X NEM, 2 a = 
|2,3,4| [3,41] , [2.334] [8 4 1| es 


Or, w, —w,, &c. are proportional | or P,, —P,, &c. are proportional 
hd ne LAE e: ine corros pon ding to quotients of the form a where 
triangles with their proper signs. R’ 

: A is the area of the corresponding 
triangle, and R the radius of its 
circum -circle. (See Clifford's 


Mathematical Papers, p. 90.) 


These theorems suggest the existence of à principle of reciprocation 
in Statics. This will now be presented synthetically. 

It will be convenient henceforth to replace the term “ parallel 
. force " by “ weight.” 

Let P, P, &c. be any system of complanar forces in equilibrium ; 
Aj A, &c. the poles of their lines of action with respect to any 
circle, centre O, radius unity. The forces 
P, Pa, &c., translated to O, would balance, 
and therefore also if rotated through: 
—90°. They will then act along OA, 
OA,, &c., from or towards O according 
io the sign of the moments of the forces 
about O. 

Hence, by Leibnitz’ theorem, weights 
op of &c., at A, 4; &c. are m 
Poule That is, weights equal to 
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the moments of the forces P,, P,, &c., about O, placed at A,, A,, &c., 
balance. Reversing one of the forces, we have the resultant of the 
rest. Hence, if weights be placed at the poles of the lines of action of 
amy system of complanar forces with respect to a, circle centre O, propor- 
tional to the moments of these forces about O (with their proper signs), 
the resultant force will act along the polar of the centre of the weights ; 
and its magnitude ae direction may be found from the resultant 
weight. 


Cor. 1. If the weights balance, the forces balance. 


Cor. 2. If the weight centre be at O, the system of forces is equi- 
valent to a couple, and conversely. 

The following illustrates the theory. 

Let ABC... X be any closed polygon, 
ALM X a rectangle of double the area on 
the same side of AB. Let forces repre- 
sented by AB, BC... act along all the 
sides except AX. Then AX is the mag- 
nitude of the resultant. By taking 
moments round A, it will be seen that LM represents completely the 
resultant. This is true when the polygon becomes a curve. Re- 
ciprocating, we obtain the weight-centre of the reciprocal curve 
properly loaded. In particular, if the curve be an arc of circle, 
centre O, weight-centre G, T moments about O, 


LM x a= = sum of moments round O 


= twice sector AOX, 
= arc AX xr, 


| AXXr 
^ arc AX’ 


whence 


Again, forces may be projected orthogonally according to the same laws 
as the lines representing them. For, suppose a system of forces in 
equilibrium to be represented by straight lines, then their moments 
about any point are represented by areas. These areas project or- 
thogonally in a constant ratio. The conditions for equilibrium are 
that the sums of moments round the vertices of a triangle should 
severally vanish; but the moments for the given system vanish, 
therefore they do for the projected system. 

The same is true for weights. Therefore the reciprocation theorem 
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which has, been proved for the circle will hold also for any ellipse ; whence, 
also, using vmaginary projection, for any hyperbola. 

A corresponding theorem may be derived for the parabola; the 
centre being at infinity, the perpendiculars from it vary as the sines 
of the inclination of the forces to the axis of the parabola. Hence, 
if forces P,, Pa, c. make angles 0,, 0,, &c. with one direction of the 
axis of a parabola, and weights P, sin 0,, P, sin 0, &c. be placed at the 
poles of the lines of action with respect to the curve, then the resultant 
force acts along the polar of the wetght-centre. 

The preceding theorems admit of easy verification by the methods 
of Cartesian coordinates. 

The method of the paper has an interesting application to 
Kinetics. If G be the centre of inertia of a plane laminal mass 
m, at rest, and a force P begin to act in the plane at a distance 


GL = p from G, it generates a linear acceleration v of the mass per- 
pendicular to GZ, and an angular acceleration w about G, given by 


MOS" Poss citt tees b) 
ID — — CA G 


where E! is the radius of gyration about G. 
If I be the centre of instantaneous rotation, an angular velocity 
wdt must give velocity vdt to G, i.e., IG. w must be equal to v. Hence 


the known relation IG.p = F, 
or GI.GL =— è, 


i.e., I is the pole of the line of action of P with respect to a circle, 
centre G, radius kv —1. | 

Now, simultaneous small rotations may becompounded by the same 
rules as parallel forces, and for different forces are proportional to 
the moments Pp. Hence the following theorem :— : 


If any number of forces begin to act in the plane of a laminal mass, 
and weights, proportional to their moments about the centre of mass, be 
placed at the poles of the lines of action of the forces with respect to a 
circle about the centre of radius V —1 times the radius of gyration round 
it ;* then the centre of the weights is the centre of instantaneous rotation.t 


* Of course a real circle of radius & may be substituted, and the radius to the 
pole reversed. 

t One of the referees points out that if the laminal mass be considered not at 
rest, but at any time during its motion, then the theorem gives the point which for 
the moment has no acceleration. 
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** Proceedings of the Royal Society," Vol. xL., Nos. 243—246. 

** Educational Times," July, August, September, October (1886). 

** Proceedings of the Physical Society of London,” Vol. vinr., Part 1., July, 1886. 

** Mathematical Questions, with their Solutions, from the * Educational Times,’ ' 
Vol. xrv. 

** Greek Geometry from Thales to Euclid," by G. J. Allman ; 8vo pamphlet. 
(** Hermathena," Vol. vr., No. x1r., 1886.) 

* Appendix to Mathematical Questions and Solutions from the * Educational 
Times,’ Vol. xri1v.— Solutions of some Old Questions," by Ásütosh Mukho- 
pàdhy&y ; 8vo pamphlet. 

** A Note on Elliptic Functions," by Asütosh Mukhopadhyay ; 8vo pamphlet. 
(Quar. Jour. of Math., No. 83, 1886.) 

* Smithsonian Report for 1884," 8vo; Washington, 1885. 

** Journal of the Franklin Institute," Vol, xc11., No. 3, Sept., 1886. 

* Proceedings of the Canadian Institute," Toronto, Vol. xxr., No. 145, 1886. 

** Johns Hopkins University Circulars,’ Vol. v., Nos. 49, 50, 61. 

** On the Flexure of Meridian Instruments, and the means available for elimi- 
nating its effects from star places," by Prof. W. Harkness, 4to pamphlet ; 
Washington, 1886. 

** Bulletin des Sciences Mathématiques," T. x.; August, Sept., and Oct., 1886. 

** Bulletin de la Société Mathématique de France, ?? T. x1v., Nos. 3 and 4, 1886. 

** Annales de l’École Polytechnique de Delft," Livr. 1 ànd 2; Leide, 1886. 

** Sitzungsberichte der Königlich Preussischen Akademie der Wissenschaften zu 
Berlin," 1. to xxxix., 1886. 

** Atti della Reale Accademia dei Lincei,” Serie Quarta—‘‘ Rendiconti,” Vol. 11., 
Fasc. 12—14; 2° Semestre, Comunicaziani pervenute all’ Accademia sino al 
4 Luglio, 1886; Vol. 11., Fasc. 1—5. 

* Atti della R. Accademia dei Lincei—Memorie," Serie 3, 1884; Vols. xvin., 
XIX. ; Serie 4, Vol. r1. 

* Acta Mathematica," vir., 1—4. 

** Journal für die reine und angewandte Mathematik," Bd. c., Heft 2. 

* Jahrbuch über die Fortschritte der Mathematik," Bd. xv., Jahrgang 1883, 
Heft 3; Berlin, 1886. 

** Berichte über die Verhandlungen der Königlich Sächsischen Gesellschaft der 
Wissenschaften zu Leipzig," 1.—1v., 1886. 

** Beiblatter zu den Annalen der Physik und Chemie,” Band x., St. 5—9. 

** Annali di Matematica," Tome xrv., Fasc. 2, 3. 

** Archives Néerlandaises des Sciences Exactes et Naturelles,’? Tome xx., Liv. 5; 
Tome xxr., Liv. 1. 

** Jornal de Sciencias Mathematicas e Astronomicas,’’ Vol. vrr., No. 1. 

** Bollettino delle Pubblicazioni Italiane,” ricevute per Diritto di Stampa dalla 
Biblioteca Centrale di Firenze, Nos. 11—18 ; Firenze, 1886. 

** Bollettino delle Opere Moderne Straniere," acquistate dalle Biblioteche pub- 
bliche Governative del Regno d'Italia, Nos. 1, 2, 3; Roma, 1886. 

* Liste Alphabétique de la Correspondance de Christiaan Huygens qui sera 
publice par la Société Hollandaise des Sciences à Harlem" ; 4to, Harlem. 

A number of pamphlets by M. Émile Lemoine. 

A number of pamphlets by M. Maurice D'Ocagne. 

** A History of the Theory of Elasticity and of the Strength of Materials from 
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Galilei to the Present Time," by the late Isaac Todhunter, edited and completed 
for the Syndics of the University Press, by Karl Pearson. Galilei to Saint Venant, 
1639—1850, Vol. 1., pp. X., XVI., 924; Cambridge, 1886. From the Editor. 

* Sur les Surfaces Anallagmatiques," par J. Neuberg (Association Francaise 
pour l'Avancement des Sciences, Congrés de Grenoble, 1885.) 

** Sur quelques Systèmes de Tiges Articulées, tracé mécanique des Lignes," par 
J. Neuberg (Université de Liége, Association des éléves des écoles spéciales), 25 Av., 
1885, et 21 Mars, 1886; Liége, 1886. 


** Sur le Point de Steiner," par J. Neuberg (Journal de Mathématiques Spéciales) ; 
Paris, 1886. 


** American Journal of Mathematics," Vol. vir., Nos. 3, 4; Baltimore, 1886. 
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Mr. Basset's paper (p. 122) is published in the Philosophical 
Magazine for August, 1886 (Vol. xxir., No, 135, pp. 140—144). 


Prof. Neuberg's article, ** Sur Quelques Systèmes de Tiges Articu- | 
lées " (above), contains a good deal of information on Linkages. 


The short communication by Mr. H. M. Taylor (p. 127) is embodied 
in an article entitled, * On a Geometrical Interpretation of the Alge- 
braical Expression which equated to zero represents a Curve or & 
Surface,” in the’Messenger of Mathematics for July, 1886 (Vol. xvi., 
No. orxxxir., pp. 399—441). 


Mr. J. Griffiths sends the following Note: 


* In a paper published in the Proceedings of the Society (Vol. xiv., 
p. 196), it was shown by me that the integral relation 


t = p+ q sn u sn (u—uU) 
gives a differential equation 


dt 
JP 


The object of the present note is to point out that the above leads 
to an easy method of finding the integral of 


= Mdu, where T = (a), a,, a, As, a4) (t, 1)*. 
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where X — (cy, Cy, Cy, C5 C4) (a, 1)» and Y = (ey €, Ca Css c4) (Y, 1)‘. 


In fact, since t= p +q snu sn (u—u,) is equivalent to 


sn? (u— $)-m' 
t= ptg 4 ———————————— } 


1—2 sn? 7 sn? (u— 2) 


gn? Po. —p+t 
or gn? (u— o.) = : 2 : 


m—- co——————M———À | 
—7}3 3 Uy 3.42 "o 
q k'p sn -p +k sn -ot 


it follows that if, in the integral addition equation 
{Etn — E sin? u Z5 — l — cos? p}? = 4 cosè u (1-2) (1—3), 
we make the homographic substitutions 


ff ate 7? = aty 
b 4- cz! b+cy’ 


there results an integral relation between æ and y which must lead to 
a differential equation of the form 


There is no difficulty in working out the details. 


The above addition equation in , 7, where p is an arbitrary con- 


dé dy 


per Jie RË Jln. k 


Bi ata s. aty 


d = = 
is b 4- ca! : b+cy 


dt = = da 


ive PER SORT T 
= 2 (a+)? (b+cx)? 


JIE ILKE = /b—at(c—1) z. b—Kat(c—F) x 
| b+cx 


with similar expressions with respect to n and y. Hence — 
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where X =a+a.b+cx.b—a+(c—1)2.b—Ka+(c—F) v, 
Y=at+y.b+cy.b—a+(c—1)y.b—Ha+(c—P) y, 
and a, b, c, k are four independent constants, say given constants. 
Conversely, the complete integral of 
de ay — 
JX AY 
is — (@+n'—F sin? p Py — 1 —cos? u)? = 4 cos? p (1—2) (1— $9), 


re ates 2_ aty 
b+cx’ b+cy’ 


and u is the arbitrary constant of integration. 


d- 0 


where 


[ For a discussion of the differential equation 


de ay 
JX LY 


see Chap. xrv. of Prof. Cayley's ‘ Elliptic Functions.’ |." 


We are informed that reference is made to Mr. Kempe’s remarks 
on Map colouring (Proc., Vol. X., p. 229) in a recent number of the 
“ Berichte über die Verhandlungen der K. Sächsischen Gesellschaft 
der Wissenschaften zu Leipzig.” 

For an abstract of Mr. Kempe’s remarks (p. 196), see Messenger of 
Mathematics, Vol. xv., p. 188—cf., also his “Memoir on the Theory of 
Mathematical Form " (Phil. Trans., Pt. 1., 1886.) 

The method of Mr. Griffiths referred to by. Mr. Leudesdorf, in $ 15 
of his paper (p. 210), was contained in & paper read before the Society 
on March llth, 1886, entitled, ** On the Invariantisers of a Binary 
Quantic.” The scope of this paper may be briefly described as 
follows :— 

Taking an invariant to be a function of the coefficients a), Qi, ... a, 
of a binary quantic, 


T, (a 4, ... Any €, y) = ayz” pna z^ sy + OS ag y + se Hany", 


which is reduced to zero by one, or both, of the operators 
d d d 
Q= ^o ja, + 2a, da, + — + dius 


O d d d 
0 = a 4-2a, 1 daa +.. + na da,’ 


then such functions of the elements a,, a4, ... «, as will, when substi- 
VOL. XV1I.—NO. 279. 25 
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tuted for x and y respectively in 7,, make the quantic an invariant, 
are called Invariantisers of the quantic. 


One of the fundamental theorems is 


| dl, dl, 
OI, (a5 Qis coe Any e, y) m go MEL Yy ; 


OT, (ay &, ... 45, 2, y) = a On+ an a 2 (Oy+2). 


Hence it appears, for example, that if Qy = 0 and QOz+y = 0, then 
I, is annihilated by Q; t.e., J, is an invariant according to the above 
definition. For instance, if we take as invariantisers y — a, and 
æ ——a, we have 


I, =a,t+ay = 0, 
I, = aye? + 2a, gy + a,y? = a, (aoig — a), 
I, = a+ 3a, s’y + 8a,2y*+ ay = a, (2a, —3a, 4, +4 a), 


and so on. 


The following is the short Note by Mr. Simmons (p. 197),* entitled 


A Theorem in Conies. 


Through the focus K of an ellipse draw LKL', MKM chords 


* With respect to this Prof. Neuberg writes,—‘‘ Elle peut étre le point de départ 
de nouveaux développements sur cette géométrie Brocardienne."' 
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making an angle of 60? with the major axis; join DM’, MI’ and 
describe an ellipse, focus K and DM’, MI/ for tangents at vertices, then 


(i.) The eccentricity of the inner ellipse aba’ is half that of the 
outer ellipse ABA’. 


(ii.) They both have the same directrix nearer K. 


(ii.) An infinite number of triangles can be inscribed in one 
which are circumscribed to the other. 


(iv.) If ABA’ be orthogonally projected into a circle, the tri- 
angles all have the projection of K for Symmedian point, the 
ellipse aba’ becomes the Brocard-ellipse, the intersections of LL’ 

and MM’ with bc become the Brocard-points, the Brocard-angle 
= sin (2) 
= sin (25 , &c., &c. 

Or, conversely :—If v, w be Brocard-points, and K Symmedian point 
of a triangle, and if angles Kww', Kww be each orthogonally projected 
into angles of 60°, the circum-circle and Brocard ellipse project into 
ellipses with the same focus. 


We have not been able to get much information about Mr. Duncan 
Brockelbank, late Assistant Actuary, Continental Life Insurance 
Company, New York. From the Times we gather that he was the 
third son of the late Lemuel Brockelbank, M.A., formerly of Green- 
wich. Mr. Woolhouse, who was slightly acquainted with him, informs 
us, on his grandson's authority, that “he was of very active habits, 
and clever as an accountant and business man; he brought out the 
scheme for the ‘Times’ Assurance Company, Limited, which em- 
bodied several new ideas. The Company nearly got a start." Mr. 
Brockelbank died September 27th, 1885, on board the “ Melbourne," 
during the passage to Australia, where he had intended to reside. He 
was in his 36th year. 


The following corrections should be made in the present volume :— 
p. 109, first line of $4, read, —** we have, if (vu), = aU +a,U’ = aU—a'U', &c.” 
p. 256, add = 0 in equation (1). 

p. 257, equation (8), for 540 read 50s. 

p. 259, the second equation should have the additional terms 


{(c—a)v+(c+a) v}. 


p. 211, last line but one of § 15, reference should be to ** $ 11?* instead of ** $ 12.” 
2x2 


o —«' 


a 


Ed {(a—6) w — (a+b) w} + 
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The following results were arrived at in attempting to generalize 
known properties of the Brocard and Lemoine points. 


I. A predominating constant is K = o!-Fb-Fc!; if we take a point 
P, such that | 
—a, = 2aA[(b? +° — aè), 8, = 2bA[(D -- c? —a?), y, = 2cA [(0 -- c —a?), 
we have -—a,-atan A[2, B, = b tan 4/2, y, = c tan A[2, 
and, O being circumcentre, we find 

OF, = Hsec A, OP,= Esec B, OP, = RsecO, 


and therefore BOCP,, &c. are concyclic, or OCP,, &c. are right angles, 
hence AP,, BP,, CP, are Symmedian lines. These points are then 
Neuberg's ** Associés du point de Lemoine " (Mathesis1., 1881). I 
have not met with the equation to the circle P, P,P, | I find it to be 


4 (aby+...)+(asec B sec C+...)(aat+...) = 0, 


which shows that it is coaxal with the circum-, polar-, nine-point, 
and orthocentroidal circles [see below p. 425 (xii.) ]. 


II. I next examined what would be the result if the “ Lemoine ” 
point were enlarged so as to be circular (and triangular); i.e., for 
what circles the intersections of tangents to them parallel to the sides 
of the triangles would give concyclic points. The results, obtained 
mostly in November, 1886, follow.* 


pt 


For simplicity, let (O) be a circle entirely within the triangle ABC 
to which are drawn the two sets of tangents parallel to the sides, and 
cutting them in the points D, D'; E, E'; F, F" (see figures). 

Let the coordinates of O be (h, k, l) and the radius equal 7’, then 

htr = BF’ sin B= CEsin C 
kar’ = 0D sin 0 = AP Sin A > ............. (1). 
lx = AE sin A = BD sin B | 


* T am well acquainted with the ordinary treatment of the circles, but the method 
here adopted led to the discovery of the conjugate circles. 
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Again, AF’ sin B =csin B—(h+r’) | = AE sin 0 
= bsin C—(h+1’) 
BD sin 0 = BF sin A = asin C- (kr) 
OF’ sin A = ODsin B = b sin A— (lr) 
If, now, the respective sets of six points are concyclic, we have, from 
(i.) and (ii), 
htr _k+r_l+r _ 2Adc2rs || 2(A+rs) 
a b C a? 4- 0$ te K © 
whence it follows that the locus of O is the straight line 
(b —c) h+(c—a) k+(a—b)1=0 ...............(àV.) 5 


hence all the centres lie on the line joining the Symmedian point (K) 
to the in-centre of ABC. Also, we learn from (iii.) that, if O,, O, be 
centres of equiradial circles of the two systems,* then 


KOS KO. co icine Y.) 


or we may say that the distance of the Symmedian point from the 
in-centre is the A. M. between the distances of the auxiliary centres 
from the same point. 


From (i.) and (iii.), we have 
BF’: OD : AF = ab": be}: can}, 
ie. BF = pa[b, OD’ = pb[o, AE’ = pe[a ............(vi.), 
or the series of circles DE EF FD are ** Tucker ” circles.t 
In the notation of (I), 


ce (Hi), 


and therefore /K —1 =+ r/r, where r is the in-radius of ABC, and 
o? zz AE [o m PRF nesne ese oee (VIIL). 


Let ¢,, ti be the values of ¢, and p,, p; the radii of the two “ Tucker" 
circles (corresponding to the upper and lower sign respectively of 
the ambiguity), then we have 


(t +t) K22, (4-4) K=2q7 ...............(ix.), 


* Auxiliary circles to the group. 

t See ** A Group of Circles, Quar. Jour. of Math., Vol. xx., No. 77, cited as (I.). 

t These we propose to call conjugate Tucker circles. The director triangles are 
directly and inversely homothetic with ABC, K being the centre. 
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p; 2 
-L = 4A gr 


^92 d 


therefore XM (4 +t) = (pF p)/ E | 
vee (X.). 
= t AME 


KE? (ÈE) =2(F+77)/r 


Hence 2p Rr = (pi + p?) / (r7), 
1.6., if p be the “ T. R.” radius, and p' the “ Br." radius, 
9p? _ +p? _ p? + p — 9p 
dE CT a NER m (xi.). 
p?—ph = (pp?) 2r] 


From [I. (vi.)] we get the sum of the perimeters of a pair of con- 
jugate “ Tucker" hexagons to be, by (ix.), 


= 3 (4+) abc a [1+4 t K--1-- a KE] r.i... 
€ 
= I | 8abe+ a* +b 4- e] — 2 perimeter of * Lemoine" hexagon, 
or the sums of conjugate “ T." hexagons are isoperimetrical; it 1s 


seen, also, that the sums of the corresponding sides of the conjugates 
equal twice the corresponding sides of the “ Lemoine " hexagon. 


Again, the sum of the areas of the conjugate “ T." hexagons 
= 24 [1-5X-1— £0 ] = 24 [2— (pl p?)/ E? ]...... (xii). 


From (viii.) of (L.), and (vii.) above, the a coordinate of the mid- 
point of the join of the two conjugate centres is 


R [ cos A+ (Ka^—»*)/ 2bcK | 

= R | K (0 +0c?)—»*|/2bcK 

= R (bc+a’ cos A)/ K, 
hence this mid-point coincides with the “ T.R.” centre. Assume 

D F'= qa, 4 BDF = 9, 
then sin 0 = (h+ r)/qa = 24 (1+gr)| qK, 
and a—(K+r)/sin0 = BD = (h+ r) cot B+ qa cos 6, 
Ùe., `  a—qbsin 0/ sin C = qa (sin 0 cot B + cos 0). 
= qa sin (6+ B)/sin B; 


* See '' The Triplicate-ratio Circle," Quar. Jour., Vol. xIx., No. 76, p. 345, 
cited as (II.) 
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therefore 
asinBsinO =q [ (a gin C cos B +b sin B) sin 0 +a sin C sin B cos 0 , 
i.e., 1/q sin 0 = cot w+ cot 0 = K/2A (1-- q^) 
= 2 cot «/ (1-- 9), by (IL, xv.) ; 


cobe—cotO — ,, 
cot w + cot 0 q 


and cot 6 /cot w = (A—7's) [ (A+7’s) 


hence 
rrr (Xi) 


This result, bearing in mind (vii.) above, is identical with (I. vii.). 
Referring to (I. ix.) for the equations to the “ T.” circles, we have, 
bearing in mind (ix.) for conjugates, the equation to the radical axis 
of such a pair to be 
bc? cos Aa + ea’ cos BB + a?b? cos Cy = O............ (xiv.), 


or pairs of conjugate circles have a common radical axis, which is, of 
course, parallel to the radical axis of the-“ T. R." and circum-circles, 
and cuts circum-Brocard axis in the point 
a (16A?—a?K) : b (16A?—8°K) : c (16A! —K). 

We also get results (geometrically) which are obtained in (xi.), and 
below on the same page. 

Considering any pair of “ Tucker” circles, we get the equation to 
the radical axis to be | 

bca + caf 4- aby = abc (aat+bB+cy) (£4- t)............ (xv.), 


and, combining this with the equation to the circles, we have 
aBy+bya+coP = abctt' (aa A- bo Hcy’ ............ (xvi). 

Hence, if i’ = T/K, with t/K=1+ qr", ¢(/K=1-— qr", we get that 

the intersections of this series of pairs of “ T." circles lie on the con- 

centric circles Æ? (aßy+...+...) = abcT (aat+...+...)’, 

given by assigning different values to T. 


III. In this section I give results arrived atin December, 1886, and 
January, 1887; most of them are well-known, but the methods are 
somewhat different from those employed elsewhere, and the proper- 
ties of the orthocentroidal circle are in many cases, I believe, novel. 


Let QAB, Q'AC be the Brocard angles of a triangle ABC, then the 
following equations hold for. the circles through (B, C), (0, A), 
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(A, B), respectively :— 
(Q) c(aByt+...)—ba (aat+...) 20 (S) 
(V) b(aM--...)—ca (aa+...) 2 0 (ej) 
(0) a(aBy+...)—cB(aat+...) 2 0 (8j) 
(Q) c(aByt+...)—aB(aa+...) =0 (e) 
(Q) b(afy-r...)—ay (aad...) 2 0. (Sj 
(V) a(aBy-4...)—by (aa...) —- 0 (e) 


From these equations it is evident that the radical axes of Sc, 
S,7,, 8,7, cointersect in the Symmedian point (K), and those of So, 
S,c,, S,7, in the centroid ae ; and if G lies on a, oy then K lies on 
S,, (e,), and so on. didus (ausa Supr uos E A ... (11. ). 


— Again, $,0, intersect in p Lise cos jus b, RE 37; in q a 2ac cos e c), 
Kır, in r (a, b, 2ab cos Clc), where p, q, r are the angular points of 
Brocard's second triangle. ,4......... cec ene ene (IIL). 


Again, o,S; intersect in p (a/2becos A, 1/b, llc), e,S, in g (l/a, 
b/2ca cos B, 1/c), and c, 8i in 7' (l/a, 1/b, c/2ab cos c). ............ (iv.).* 


The radical axis of S, 8, is aba — id of 9,5, is Mm = a^y, and 
Of 8, 5, I8 cay. mm D'a- oue dose —: S (v.), 


in like manner, the radical axis of e,o, is ovs a, of 0,0, is "e 
and of 0301 18 caa — Uy R29 


the radical centre of 
857,0, (m) is ac, bc, a? 
8, 07,0, (pa) is b’, ab, ACH ............... (vil. ; 
Ss, 71, % (p) is ab, cl, bc 

of ey, Da S, (7) is ab, a, bc 
065, Ss, S, (m) is ac, be, b e anicent (V): 
oz 9, S, (7,) is č, ab, ac 

If we denote the Brocard circle by B, then the radical centre of 

oa S4, B (B) is a’, be, b'c 
os, Sj, B (Ba) is ac, b, ade esssseseeeeoeee(iX.). 
o Sa B (B) is ab’, a’b, cà 


* The points (iii.), (iv.) are evidently what Prof. Neuberg calls isogonal conju- 
gate points. 
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The line joining Q (ac’, ba?, cb?) to p (iii.) is 
abca — c (+e) B+a*by = 0, 
and that joining Q (ab’, bc’, ca’) to q is 
— c (+æ) a - abeo d- aby = 0; 


these intersect in (ab?, a?b, cè), i.e. (ix.) in the point (, [in the case 
supposed in (ii.) this point lies on the circum-Brocard axis]. 
In like manner, 


Qg | bca - abc — a (+a?) y = 0] 
meets Qr | b’a—a (a? +b) B+abey = 0] 
in aè, be’, bc, i.e., in 9, ; and Qr, (p meet in f, 


Again, Or, Qg; Qp, Qr; Qg, Qr meet BC, CA, AB where they 
are met by bca +caß +aby = 0. 
The equation to the circle round p’q’r’ being written in the form 


aBy+... = (aat...)Aa+pBt+ vy), 


we have to determine A from the equation 
A|2bcosC, 22acos O, C = |2ccos C, 2acos C, C . 
2c cos B, b 2a cos B 2b cos B, b, 2a cos B 
a, 2ccos A, 2bcosA 2acosA, 2ccosA, 2bcos A 


i.e., 9A (1 —8 cos A cos B cos C) = 2 cos A (1—8 cos A cos B cos C), 


therefore 3\ = 2 cos A, 
and the equation required is 
8 (aBy +...) = 2 (aa+...)(a cos A +B cos B +y cos O)... (x.); 


this evidently passes through the centroid and through the ortho- 
centre, and may hence be called the “ orthocentroidal" circle. It has 
for its diameter the join of the last named points ..................(xi.)* 


It is evident, from (x.), that the orth.-, circum-, nine-point, and 
polar circles have a common radical axis, viz., 
a cos A+ cos B+y cos O = Q .............. e (xii.). 
The radical axis of the “ B." and orth. circles has for its equation 


3 (beat+...) = 2K (acosA+...), 


* This equation has also been obtained by Captain Brocard under the form 
a sin 2A +...+... =aBsinC+...4+... 


See Casey, Conics: cf., also Reprint, Vol. xutv., p. 111; and Artzt, Programm, 
1886, p. 19. 
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which is satisfied by 

a (b e, b(e +a”, c (@ +b"), 
hence it passes through the mid-point of QQ. 


Denoting the circum-, orth.-, and orthocentres by the letters O, O', 
and H, respectively, we see, since 30G = OH, that, from (xi.), the 
orth. circle is seen from O under an angle of 60°. . 


The polar of O with respect to O' has for its equation 
asin 9A t f sin 3B -- y sin 80 = 0, 


which passes through the nine-point centre, as from the last paragraph 
is evident geometrically, and (tangent from O)? = 3p!, where p is the 
orth. radius. 


The polar of the Symmedian point is 
(eos (B— 0) +cos 34] at...$... m 0 uree (xiii), 
and the tangent through the centroid has for equation 
(a3 —2abc cos A)at+...+... — 0 Suhail). 
The polars of Q, (Y are 
bc (a? +b") a-- ca. (b?+c*) 6-- ab (ca) y —0 
bc (a? +c’) dida (+a) B+ab (+d) y = 0 | 


these intersect on 
bc (V—C)at+...+... = 0, 


i.e., on the circum-B. axis. 


The equations to p; ps, ps ps ps p, are 


ab (c —a^) a+a’ (b°—c’) B+be (à —b?) y =0 
ca (P —c) a+be (a?—b*) B +b? (e—a) y =O} ....-. (xvi.). 
€ (a’—b’) a+ab (C —a?) B+ca (be) y = 0 
The triangles p, p; p, and ABO are triply in perspective; the axes of 
perspective, respectively, are 
for K, a(b?—c*)(c’—a*) a b (&—a)(aà—V)g 
+c (a’—b’)(0?—c’) y —0 
for G, c'a (a’?—b*)(b’—c’) a+a’b (b?—c?)(c?—a’) B+... —0[7" 
for (Y, bc (c —a*)(a’?—b’) a+ca (a?—b?)(b?—c*) B+... =0 


(xvii.). 
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The triangles rrr, and ABC are in perspective with regard to G, 
and the equations to 7,75, T,T, T,7, and the axis of perspective are, 
respectively, 


b (?—a*) a-F ab (b —) B+ca(a?—b’) y = 0 

ab (b — c*) a--c* (@ —&) B+be (c —a?) y = 0 

ca (a? —b*) a-- bc (e—a) B+a7 (P —) y = 0 

ab? (0 —c?) (C — a?) a tbe (à —a?)(aààj —&) B+... —0 
Again, the triangles (,9,0,, ABC are in perspective, with Gas a 


centre of perspective; the equations to the sides and axis of per- 
spective are — 


bc (a?c? —b*) a+ca (b —a*) B+ab (a’b?—c*) y = 0 
be (0°? — a*) a+ ca (a*b?’—c') B+ab (ca? — b*) y = 0 
be (ab? — c*) a 4- ca, (a’c?— bt) B+ab (bc —a*) y = 0 
bc (b? —c*) (ca? — bt) at... m ee = 0 


... (xviii.). 


woe (xix.). 


The triangles p'q'r, ABC are in perspective, with G for centre of 
perspective; the equations in this case are exceedingly involved. 


To return to the orth. circle, we obtain the polars of A, B, O to be 
— 4a cos Aa J- ef) +by = 0 
ca — 4b cos BB +ay = OF Jueces (RX) 
ba +aß— 4c cos Cy = 0 


these lines meet the opposite sides of ABC in the points where the 
harmonic conjugates of the respective Symmedians, with regard to 
the sides, issuing from A, B, C, meet BO, CA, AB, and the area of the 
triangle formed by their intersection = 12E?u, where 


p = 1—8 cos A cos B cos C. ; 
The polars for the points (1, 1, 1), (1, 1, —1), (l, —1, 1), 
(—1, 1, 1) are 
a [b+ce—4acosA]+... = 0 
a [c—5 —4a cos A | +B [c—a—4b cos B ] - y [a+b+4c cos C] 20 
a [b—c—4acos A] - 8 [at+c+4bcos B] -- y [b—a—4ecos 0] —0 
a [b+c+4acos A | - 8 [a—c—4b cos B] +y [a—b—4cco8 C | = 0 
ees 


The last three lines, of course, intersect in pairs on the lines (xx.). 
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Referring (0’) to rectangular axes through O, parallel and perpen- 
dicular to BC, and assuming that OH makes an angle 0 with BC, we 
have, for equation to (O^), 


(a— 2p cos 0)? -- (y—2p sin 0)? = pt, 
or z+ y! — 4p cos 02—4p sin Oy --8p! = 0............ (xxii.). 


We have, for determining the envelope of the polar of any point on 
the circum-circle with respect to (O^, 


&' (% —2p cos 0) +y (y —2p sin 0) = 2p (a cos 0 +y sin 0) —3p!, 


, 


ERE. pm — EE a R pe 2. . 2 
æ—2pcosð ~ y—2p sind [V [+y — 4p (# cos 0-1 y sin 6)+4p? ], 
where (2, y’) is a point on +? = F. 


From these equations, we get 
2p (æ cos 0 +y sin 0) —3r? = R/[ ety t... ] mm (xxiii.), 
whence there results 
a | P —4p? cog? 6| Ty! | E — 4p? gin? J — 8p’ sin 0 cos Ogy +... = O, 
which is an ellipse. | 


Proceeding in the usual manner to find the centre, we obtain the 
equation h sin 0— k cos 6 = 0, | 
which shows that the centre is on OH. 

If we put y = æ tan 0 in (xxiii.), we obtain 


2p x sec 0—3p' = + R (z sec 0— 2p), 


or x, sec 0 (I|. —2p) = 20k —3o* = 1, (R — 9p), 
æ, sec 0 (E. -- 2p) = 2R +3 = l, (R+2p), 

whence lh = 4p (R*— 3p") / (E? — 40), 

and lL— l = 2Rp? [| (I —4o!). 


If we now turn the axes through an angle 0 and move the origin to 
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the centre of the ellipse, we get its equation to be 


a Ls; + thas ER ere ©6470 
From this equation it follows that the eccentricity is given by 
e = 2o] R = 20H/3R. 
We may note here that < OAH = C—B, 
therefore 3p cos 0 = R sin(C— B), 
3p sin ô = R [ cos (C — B) —2 cos A], 

and (Booth, * New Geometrical Methods," Vol. 11., p. 302) 

99? = 9 R3 — (a? +b? -- c!) 


EDI eR nean n aaa A) 
If £,, &, t, are the tangents from the angular points, we have, from 
(x.), t; = 2ab cos C18, 
therefore 930 = K. 


Assume 24,, 2B,, 2C, to be the angles under which (O") is seen at the 


angular points, then cot A, = talp, 
therefore Scot? A, = 3/p? = K/3p3, 
and X cosec? A, = (K+ 9p’) /3p? = 3R?/p?. 


The envelope of the polar of any point on (O^, with regard to circum- 
circle, may be found from the equations 


za yy = Be, 


y —2psinO _ x —2p cos 8 
y NN 


r j 9 212 
í TA x+y e SeenON (Sin) Se . 
eRe ed { R*— 2p (v cos 0+ y sin 0) f? 


This, when referred to OH, as axis of e, can be written 
p? (X?+ Y?) = R'— 4p RP X + 4p? X?, 
or 9p! X? — pP Y*—4o F? X + Rt = 0, 
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making Y=0, X,— Flp, X, = RB /3p; 
whence the equation to the hyperbola referred to its centre is 
Y! RE 
xi — = —, 
3 9p 


The year has been prolific in publications bearing on the modern 
geometry of the triangle and circle. 

Dr. Casey has brought out a third edition of his valuable “ Sequel 
to Euclid,” which now embodies in its Appendix a vast amount of 
information and of interesting results. 

Captain Brocard sends us—“ Sur des nouvelles propriétés du tri- 
angle" (Journal de Math. élémentaires, 1883); “Propriétés d'un 
groupe de trois paraboles" (Mém. de. l' Acad. de Montpellier, 1886) ; 
he also sends a * Démonstration de la proposition de Steiner relative 
à l'enveloppe de la droite de Simson" (Bulletin de la Société Math. de 
France, 1873). 

Prof. Neuberg's paper, * Surle Quadrilatére Harmonique" (referred 
to, Vol. XVI., p. 321), has been published in Mathesis, and with it is a 
Note, ** Sur le point de Tarry” ; he has written, also, * Sur le point de 
Steiner” (Jour. de Math. Spéc., 1886), and has furnished, in co-opera- 
tion with M. E. Lemoine, * Notes sur la Géometrie du triangle," to 
Mathesis (April, 1886). 

The last-named writer sends several pamphlets; among them are— 
* Propriétés relatives à deux points w, w du plan d'un triangle ABC 
qui se déduisent d'un point k quelconque du plan comme les points 
de Brocard se déduisent du point de Lemoine” (Assoc. Frang. pour 
l'Avancement des Sciences— Grenoble, 1885); to this is appended 
* Renseignements historiques et bibliographiques," which trace the 
history of this branch from very faint foreshadowings in 1809 to 
1885 (close); “Sur une généralisation des propriétés relatives au 
cercle de Brocard et au point de Lemoine" (Nowv. Annales, Mai, 
1885); ** Théorémes divers sur les Antiparalléles des côtés d'un tri- 
angle" (Math., 1884) ; * Note sur quelques points remarquables du 
plan du triangle ABC” (Math., Janvier, 1886) ; “ Propriétés diverses 
du cercle et de la droite de Brocard " (Math., Mai, 1885); “ Quel- 
ques propriétés des paralléles et des antiparalléles aux cótés d'un 
triangle" (Bulletin de la Soc. Math. de France, 1884) ; ** Sur les points 
associés du plan d'un triangle" (Assoc. Franç. pour V Avancement des 
Sciences—Blois, Sept., 1884); * Exercices divers de Mathématiques 
élémentaires" (Jour. de Math. élémentaires, Paris, 1885). 

Oberlehrer A. Artzt contributes ‘‘ Untersuchungen über ähnliche 
Dreiecke, die einem festen Dreieck umschrieben sind, nebst einer 
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Anwendung auf die Gerade der zwólf harmonischen Punktreihen und 
ihre beiden Gegenbilder, die Ellipse und den Kreis der zwölf har- 
monischen Punktsysteme ” (Kreis Brocard's), as a ** Fortsetzung des 
Programms " von 1884 (des Gymnasiums zu Recklinghausen, 1886). 

Mr. W. S. M'Cay's paper, ** On three Circles related to a Triangle," 
is in the Transactions of the R. Irish Academy (July, 1885); and 
Dr. Casey’s, * On the Harmonic Hexagon of a Triangle,” is printed in 
the Proceedings (January 26, 1886) of the same Academy. 

M. Morel has written an “ Etude sur le cercle de Brocard," in the 
Jour. de Math. élémentaires (1883). 

To the Jornal de Sciencias Mathematicas e Astronomicas, M. Maurice 
d'Ocagne furnishes an “ Étude de Géométrie segmentaire"; the same 
mathematician supplies a * Monographie de la Symédiane" to the 
Jour. de Math. élémentaires (1886). 

M. E. Vigarié (not Figarié, as in Vol. xvr., p. 321) is contributing 
résumés and proofs of results arrived at in papers which are being 
published in the Jour. de Math. élémentaires, viz., * Note de Géométrie” 
(31 pp., 1886), and “ Propriétés générales des cercles de Tucker ” 
(8 pp., 1886). 

Dr. Lieber has sent portions of his Zeitschrift, xvi., pp. 577-608 ; 
on pp. 586—590 are a few problems connected with the Brocard circle. 

Dr. P. H. Schoute has sent us a copy of “ Over een nauwer Ver- 
band tusschen Hoek en cirkel von Brocard’’ (from the Verslagen en 
Mededeelingen der K. Akad. van Wetenschappen, 1886). 

* On some Geometrical proofs of Theorems connected with the In- 
scription of a Triangle of constant form in a given Triangle," by 
Mr. M. Jenkins (Quar. Jour. of Pure and. Applied Math., Vol. xxr., No. 
81), contains results connected with this subject, but it is mainly con- 
cerned with supplying Geometrical proof of results given by Mr. H. 
M. Taylor (Lond. Math. Soc. Proc., Vol. xv., pp. 122-139). 
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S.W. 


13. Crosr, FREDERICK, Colonel, Royal Artillery ; Woolwich. 


9. COCKLE, Str JAMES, Knt., M.A. Trinity College, Cam- 
bridge; F.R.S., F.R.A.S., F.C.P.S.; Corresponding Mem- 
ber of the Literary and Philosophie Society of Manchester ; 
Honorary Member of the Royal Society of New South 
Wales; late President of the Queensland Philosophical 
Society ; and Chief Justice of Queensland, Australia ; 
12 St. Stephen's Road, Westbourne Park, W. 


16, CocksHorr, ARTHUR, M.A.; late Fellow and Assistant Tutor 
~ of Trinity College, Cambridge; Eton College, Windsor. 


24. CORRIE, JostaH OWEN, B.A. Cambridge; F.R.A.S. ; Barrister- 
at-law; Casanova, Upper Eglinton Road, Shooter's Hill, 
Woolwich. 


16. CorrERILL, JAMES Henry, M.A., F.R.S., Member of Council 
of the Physical Society ; late Scholar of St. John's College, 
Cambridge; Professor of Applied Mathematics, Royal 
Naval College, Greenwich; 18 Gloucester Place, Green- 
wich, S.E. 


13. Craic, THomas, Ph.D.; United States Coast Survey; Asso- 
ciate Professor of Applied Mathematics at Johns Hopkins 
University ; Member of the Paris Mathematical Society ; 
Baltimore, U.S.A. 


14. CUNNINGHAM, ALLAN JOSEPH CHAMPNEYS, Major R.E.; Asso- 
ciate, Institute of Civil Engineers; Fellow of King’s 
College, London; Brompton Barracks, Chatham. 


11. DANIELS, ARCHIBALD Lamont, A.B.; Fellow of Johns Hopkins 
University ; Baltimore, U.S.A. 


26. Darwin, GreorcE Howarp, M.A., F.R.S., F.R.A.S., F.C.P.S. ; 
LL.D. Edinburgh ; Fellow of Trinity College, and Plumian 
Professor of Astronomy and Experimental Philosophy in 
the University of Cambridge ; Newnham Grange, Cambridge. 


14. Davis, RoBEnT Freperic, M.A.; late Scholar of Queens’ Col- 
lege, Cambridge ; 70 Torrington Square, Bloomsbury, W.C. 


9. Dick, GEoRcE Rocer, M.A.; late Fellow of Gonville and 
Caius College, Cambridge; Professor of Mathematics in 
the Royal University, Mauritius; Mauritius. 


14. DicksoN, James Doucras HAMILTON, M.A., F.B.S.E., F.C.P.S.; 
Fellow and Tutor of St. Peter's College, Cambridge; Cam- 


bridge. 


m -m 


Date of Election. 


` 1885. Jan. 


1880 Feb. 
11875 Jan. 


$1865 June 
1884 June 


1866 Juno 


1866 June 
1882 June 


T1883 Dec. 


71855 June 


T1866 Mar. 


1881 May 
1881 May 
1882 Dec. 


41871 Dec. 


1869 Dec. 


1872 June 


8. 


12. 
14. 


19. 


12. 


18. 


26. 


13. 


19. 


19. 


8 


Durr, MaugNpRA Natu, B.A., Calcutta University; Senior 
Professor of Mathematics, St. Stephen’s College, Delhi; 
Maharaja of Vizianagram Medallist; St. Stephen’s College, 
Delhi. 


EDWARDES, DaviD; 7 Erith Villas, South Road, Erith, Kent. 


EvLiott, Epwin Baitey, M.A.; Fellow of, and Lecturer at, 
Queen's College, Oxford ; Ozford. 


ELLIS, ALEXANDER JOHN, B.A. Cambridge; F.R.S., F.C.P.S., 
F.S.A.; Vice - President of the Philological Society; 25 
Argyll Road, Kensington, W. 


ELY, Grorce STETSON, Ph.D.; late Fellow of Johns Hopkins 
University ; Patent Office, Room 98, Washington, D.C., 
U.S.A. 


Esson, WiLL1IAM, M.A., F.R.S., F.R.A.S. ; Member of the Phy- 
sical Society; Fellow and Tutor of Merton College ; Lecturer 
at Magdalen and Corpus Christi Colleges, Oxford ; 1 Brad- 
more Road, Oxford. 


FAULKNER, CHARLES JosEPH, M.A.; Member of the Physical 
Society ; Fellow and Tutor of University College, Oxford ; 
Ozford. 


. ForsytH, ANDREW RussELL, M.A., F.C.P.S.; Member of the 


Physical Society; Fellow and Assistant Tutor of Trinity 
College, Cambridge ; Trinity College, Cambridge. 


FonTEY, Henry, M.A.; late Scholar of Gonville and Caius 
College, and of Jesus College, Cambridge; late Acting 
Principal and Professor of Mathematics, Presidency 
College, Madras ; Inspector of Schools, Madras Presidency, 
and Fellow of the Madras University ; 18 Hughenden Road, 
Clifton. 

Foster, Joun EBENEZER, M.A. Trinity College, Cambridge; 
2 Scroope Terrace, Cambridge. 


Fow Ler, Sir RosEnT NicHoras, Bart., M.A. London; F.R.G.S., 
M.P.; Alderman of the City of London; Fellow of Univer- 
versity College, London ; 50 Cornhill, E.C. 


. FRANKLIN, FaBIAN, Mrs., Johns Hopkins University ; Baltimore, 


Maryland, U.S.A. 


. FRANKLIN, Fabian, Ph.D. ; Johns Hopkins University ; Balti- 


more, Maryland, U.S.A. 


. Fraser, Huca, M.A., late Scholar of Trinity Hall, Cambridge ; 


Woodhouse, Harrow-on-the- Hill. 


. FREEMAN, Rev. ALEXANDER, M.A., F.R.A.S., F.C.P.S.; Member 


of the Physical Society ; late Fellow of St. John’s College, 
Cambridge ; Murston Rectory, Sittingbourne, Kent. 


. Frost, Rev. Percivat, M.A., D.Sc., F.C.P.S., F.R.S. ; Fellow 


of, and Mathematical Lecturer at, King's College ; and late ' 
Fellow of St. John’s College, Cambridge; 15 Fitzwilliam 
Strect, Cambridge. 


. Genese, Rogert WILLIAM, M.A.; late Scholar of St. John's 


College, Cambridge ; Professor of Mathematics, University 
College of North Wales ; Aberystwith. 


Date of Election. 
T1883 Jan. 11. Gerrans, HENRY Tresawna, M.A.; Fellow of, and Mathe- 
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matical Lecturer at, Worcester Collego, Oxford ; Ozford. 


T1868 Feb. 27. Guaisuer, James, F.R.S., F.R.A.S.; 1 Dartmouth Place, Black- 


11872 Feb. 


1883 Dec. 


1873 Mar. 


1871 June 
1874 May 
11865 Mar. 


1879 Mar. 


+1865 Oct. 


1874 Dec. 


1865 Oct. 


+1884 Mar. 


1871 Feb. 


1884 Mar. 


8. 


13. 


13. 


oo 


14. 


20. 


13. 


16. 


10. 


16. 


18. 


co 


heath. 


GLAISHER, JAMES WHITBREAD LEE, M.A., F.RS., 
F.R.A.S., F.C.P.S.; Fellow and Tutor of Trinity College, 
Cambridge; PRESIDENT; Cambridge. 


GLAZEBROOK, RicHaRD TETLEY, M.A., F.R.S., Fellow and 
Assistant-Tutor of ‘Trinity College, and Demonstrator of 
Physics in the University of Cambridge; Member of Council 
of the Physical Society; Secretary of the Cambridge 
Philosophical Society ; Cambridge. 


GREENHILL, ALFRED GEORGE, M.A., F.C.P.S.; late Fellow of 
Emmanuel College, Cambridge ; Examiner in Mathematics 
and Natura] Philosophy in the University of London; Pro- 
fessor of Mathematies to the Advanced Class of Officers, 
Woolwich ; Royal Artillery Institution, Woolwich. 


. GrirFitHs, Joun, M.A.; Fellow and Tutor of Jesus College, 


Oxford; Oxford. 


Hasson, James, M.A.; late Scholar of Queen's College, Cam- 
bridge; Buckhurst Hill, Essex. 


HanniNG, Percy Jonn, M.A. Cambridge; Bedford College, 
8 York Place, Portman Square. 


HARGREAVES, RicHanD, M.A.; Fellow of St. John’s College, 
Cambridge; Mathematical Master at Merchant Taylors’ 
School; 36 Lincoln’s Inn Fields, W.C. 


HaRLEY, Rev. Ropert, F.R.S., F.R.A.S.; Corresponding Mem- 
ber of the Literary and Philosophical Society of Man- 
chester; Honorary and Corresponding Member of the 
Queensland Philosophical Society; late Principal of The 
College, Huddersfield; 96 Netherwood Road, W. 


Hart, Harry, M.A.; late Fellow of Trinity College, Cambridge; 
Professor of Mathematics and Applied Mechanics in the 
Royal Military Acacemy, Woolwich; Cromer House, Lee 
Terrace, Blackheath. 

Haypon, Frank Scorr, B.A. Cambridge; Public Record Office, 
Rolls House, Chancery Lane, W.C.; and Southey Lodge, 
Kingston Road, South Wimbledon, S.W. 


Hayes, Epwarp Hanorp», M.A., Fellow of, and Mathematical 
Lecturer at, New College, Oxford ; Oxford. 


HaYWARD, ROBERT BALDWIN, M.A., F.R.S., F.C.P.S. ; President 
of the Association for the Improvement of Geometrical 
Teaching ; Mathematical Master at Harrow School; Fellow 
of University College, London; late Fellow of St. John’s 
College, Cambridge ; The Park, Harrow-on-the- Hi. 


. Heatu, RoBERT SAMUEL, M.A. Cambridge; D.Sc. London ; 


Fellow of Trinity College, Cambridge ; Professor of Mathe- 
matics in the Mason Science College, Birmingham ; 
Birmingham. 


Date of Election. 
1868 April 28. HENRICI, OLAUS M. F. E.; Dr. Phil. Heidelberg ; LL.D. 


1883 Dec. 18. 


1878 May 


+1883 May 


+ * 


1871 Mar. 


+1873 Feb. 


1868 May 


1881. Dec. 


+1879 Dec. 


1875 Jan. 


+1865 May 


1879 Dec. 


1875 Mar. 


9. 


10. 


13. 


28. 


11. 


11. 


14. 


15. 


11. 


11. 
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St. Andrews; F.R.S.; Member of the Physical Society ; 
Professor of Mechanics and Mathematics in the City and 
Guilds of London Institute, Central Institution; Exhibition 
Road, S.W.; VICE-PRESIDENT; Meldorf Cottage, Kemplay 
Road, Hampstead, N.W. 


HePPEL, GEoncE, M.A., St. John's College, Cambridge ; 
180 The Grove, Hammersmith. 


Hicks, WILLIAM MITCHINSON, M.A., F.R.S., F.C.P.S. ; Member 
of the Physical Society ; Fellow of St. John’s College, Cam- 
bridge; Principal of Firth College; Endclife Crescent, 
Sheffield. 


Hitt, Micaranh Joun Mutter, M.A., Fellow of St. Peter's 
College, Cambridge ; Examiner in Mathematics and Natural 
Philosophy in the University of London; Professor of 
Mathematics in University College, London ; Gower Street, 
W.C., and 71 Southboro Road, South Hackney, E. 


HIRST, THOMAS ARCHER, Ph.D. Marburg, F.R.S., F.R.A.S., 
F.C.P.S.; Member of Council of University College, London ; 
Member of the Physical Society; Member of the Paris 
Mathematical Society ; 7 Oxford and Cambridge Mansions, 
Marylebone Road, N.W., and Athenzum Club, S.W. 


. HopncsoN, CHARLES RoBERT, B.A. London; Secretary of the 


College of Preceptors; 29 Milner Square, Islington, N. 


Hopkinson, JOHN, M.A. Cambridge, D.Sc. London, F.R.S.; 

Vice-President of the Physical Society; late Fellow of 
' Trinity College, Cambridge ; 3 Holland Villas Road, Ken- 
sington, W. 

Hupson, WiLtrAM Henry Hoar, M.A., LL.M., F.C.P.S.; late 
Fellow of St. John’s College, Cambridge; Professor of 
Mathematics, King’s College, London, and Queen’s College, 
Harley Street; External Examiner in Mathematics to the 
Victoria University ; 14 Geraldine Road, Wandsworth, S.W. 


InBETSON, WiLL!iAM Joun, B.A., F.R.A.S., F.C.P.S.; late 
Senior Scholar of Clare College, Cambridge; 26 Bateman 
Street, Cambridge. 


Jack, WILLIAM, M.A., LL.D. ; Member of the Physical Society ; 
Professor of Mathematics in the University of Glasgow; 
late Fellow of St. Peter’s College, Cambridge ; Glasgow. 


JEFFERY, HENRY Martyn, M.A. Cambridge, F.R.S.; late Head 
Master of the Grammar School, Cheltenham; 9, Dunstan- 
ville Terrace, Falmouth, Cornwall. 


JENKINS, MORGAN, M.A.; late Scholar of Christ’s College, 


Cambridge; Honorary Secretary; 50 Cornwall Road, West- 
bourne Park, W. 


JOHNSON, WILLIAM WooLsEY, M.A.; Professor of Mathematics 
in the United States Naval Academy; Annapolis, Mary- 
land, U.S.A. 

KEMPE, ALFRED BRAY, M.A., F.R.S. ; Barrister-at-Law ; 


late Scholar of Trinity College, Cambridge; Treasurer; 
7 Crown Office Row, Temple, E.C. 


Date of Election. 
1885. Mar. 12. 


+1873 Dec. 11. 


11874 Jan. 8. 


1884 Mar. 13. 


1874 Feb. 12. 


+1875 Jan. 14. 
41883 Mar. 8. 


1873 Jan. 9. 


1882 Dec. 14. 
1885. Mar. 12. 


1880 Mar. 11. 


1868 May 28. 
1878 April 11. 


11883 Nov. 8. 


1875 Dec. 9. 


1881 Jan. 13. 


1883 Jan. 11. 
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LACHLAN, RoBERT, B.A.; Fellow of Trinity College, Cum- 
bridge ; Cambridge. 

Lams, Horace, M.A., F.R.S.; late Fellow of Trinity College, 
Cambridge; Professor of Mathematics in the Owens Col- 
lege, Victoria University ; Manchester. 


LAMBERT, CARLTON JOHN, M.A. Cambridge, F.R.A.S.; Member 
of the Physical Society ; late Fellow of Pembroke College, 
Cambridge; Professor of Mathematics, Royal Naval Col- 
lege; Greenwich, S.F. 


LARMOR, JoSEPH, M.A., D.Sc. London; Fellow of, and Lecturer 
at, St. John’s College, Cambridge; Fellow of the Royal 
University of Ireland ; late Professor of Natural Philosophy 
in Queen’s College, Galway ; Cambridge. 


LAVERTY, Rev. Warris Hay, M.A.; late Fellow of Queen's 
College, Oxford; Rector of Headley ; Liphook, Hants. 


LEUDESDORF, CHARLES, M.A.; Member of the Physical Society ; 
Fellow of, and Lecturer at, Pembroke College, Oxford; 
Oxford. 


Lover, ALFRED, M.A.; Fereday Fellow of St. John’s College, 


Oxford; Assistant Professor of Mathematics in the Royal 
Indian Engineering College; Coopers Hill, Staines. 


MACLEOD, JouN, University of Glasgow; one of Her Majesty's 
Inspectors of Schools, Scotland ; Elgin. 


MacMAHON, PERCY ALEXANDER, Captain R.A.; Instructor of 
Mathematics, Royal Military Academy, Woolwich; Wool- 
wich. 

MacNus, Puiurp, B.A., B.Sc. London; Director and Secretary 
of the City and Guilds of London Technical Institute, 
Gresham College, E.C.; 48 Gloucester Place, Portman Square. 


McCuintock, Emory, Actuary of the North-Western Life 
Insurance Company ; Milwaukee, Wisconsin, U.S.A. 


Main, PurLiP. Tuomas, M.A., F.C.P.S.; Fellow of, and Leo- 


turer in Natural Science at, St. John's College, Cambridge; 
Cambridge. 


MARTIN, ÁRTEMAS, M.A.; Member of the Paris and Edinburgh 
Mathematical Societies ; ; 117 East Tenth Street, Erie, Penn- 
8ylvania, U.S.A. 


MILNE, Rev. Joun James, M.A.; late Scholar of St. John’s 
College, Cambridge; Second Master of Heversham Gram- 
mar School; Chestnut House, Heversham, Milnthorpe, West- 
moreland. : 


MINCHIN, GEorGE MINCHIN, M.A.; Trinity College, Dublin; 
Member of the Physical Society; Professor of Applied 
Mathematics at the Royal Indian Engineering College ; 
Coopers Hill, Staines. 


MITCHELL, OscAR Howarp, Fellow of Johns Hopkins Univer- 
sity ; Marietta College, Marietta, Ohio, U.S.A. 


Mo.utson, WirLiAM Loupon, M.A., Fellow of Clare College, 
Cambridge ; Cambridge. 


Date of Election. 


1868 Mar. 26. 


1874 April 9. 


11884 Jan. 10. 


11874 Dec. 10. 


1874 April 9. 
.1873 May 8. 


1865 Dec. 18. 


.1872 April 11. 


1884 Nov. 13. 


1880 Mar. 11. 


1877 April 12. 


1868 Jan. 23. 


` 1885. Feb. 12. 


1878 Jan. 10. 


1881 Nov. 10. 


* 1868 June 25. 
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MourroN, JOHN FrietcHer, M.A., F.R.S., F.R.A.S., F.C.P.S., 
Q.C.; Member of the Physical Society; late Fellow of Christ’s . 
College, Cambridge ; Barrister-at-Law ; Vice-President of 
the Association for the Improvement of Geometrical 
Teaching; 74 Onslow Gardens, S.W. 


Muir, Tuomas, M.A. Glasgow, LL.D. Edinburgh, F.R.S.E. ; 
Mathematical Master in the High School of Glasgow; 
late President of the Edinburgh Mathematical Society ; 
Beechcroft, Bishopton, N.B. 


MuxkuopdpuyAy, AsutosH, B.A., F.R.A.S.; Scholar of Presi- 
dency College, and of the University of Calcutta; 77 
Russapaglah Road, Bhowanipore, Calcutta. 


Nanson, Epwarp Jonn, M.A., late Fellow of Trinity College, 
Cambridge; Professor of Mathematics in the University 
of Melbourne; Melbourne. 


NivEN, CHARLES, M.A., D.Sc., F.R.S., F.R. A.S. ; late Fellow of 
Trinity College, Cambridge; Professor of Natural Philosophy 
in the University of Aberdeen; 6 Chancery, Old Aberdeen. 


Niven, WiLLiíAM Davinson, M.A., F.R.S., F.R.A.S., F.C.P.S.; 
Fellow of Trinity College, Cambridge; Member of the 
Physical Society ; Royal Naval College, Greenwich, S.E. 


NoBLE, ANDREW, Captain (late R.A.), F.R.S., F.R.A.S.; Jesmond 
Dene, Newcastle-on-Tyne ; and Athenzum Club, S.W. 


Paice, WinLiAM, M.A. London; University College School; 
28 Caversham Road, N.W. 


Pearson, Karu, M.A. ; Fellow of King's College, Cambridge ; 
Professor of Applied Mathematics in University College, 
London ; 2 Harcourt Buildings, Temple, E.C. 


PEIRCE, CHARLES SANDERS, A.M. and S.B. Harvard; of the 
United States Coast and Geodetic Survey; Lecturer on 
Logic at the Johns Hopkins University ; Member of the 
National Academy of Sciences; United States Coast and 
Geodetic Survey, Washington D. C., U.S.A. 


PENDLEBURY, CHARLES, M.A., F.R.A.S.; late Scholar of St. 
Johu's College, Cambridge; St. Paul's School, Hammer- 
smith, W.; and 4 Glazbury Road, West Kensington, W. 


PERIGAL, Henry, F.R.A.S. ; Member of the Physical Society ; 
9 North Crescent, Bedford Square, W.C. 


PERRIN, Emity; late of Girton College; Ladies’ College, 
Cheltenham. 


PHILLIPS, FRANCIS BARCLAY WILMER, M.A. and M.B. Oxford ; 
B.Sc. London; M.R.C.S.; 75 Lansdowne Place, Brighton. 


Piug, Rev. GroncE, M.A., Fellow of Queen's College, 
Cambridge; Professor of Mathematics in the University 
of Aberdeen ; Aberdeen. 


De PoricNac, Prince CAMILLE; Member of the Paris Mathe- 
matical Socie.y ; 24 Charles Street, Berkeley Square, W. 


Date of Election. 
11866 June 26. 


1866 June 26. 


1865 Oct. 16. 


T* 


1885. May 14. 


11873 June 12. 
11871 April 13. 


1875 June 10. 


1874 June 11. 
1880 Dec. 9. 
1865 June 19. 


11885. Jan. 8. 


1880 Dec. 9. 
1885. Nov. 12. 


1881 May 12. 


* 


41875 Jan. 14. 
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Price, Rev. BartHotomew, M.A., F.R.S., F.R.A.S., Hon. 
F.C.P.S. ; Member of the Physical Society ; Member of the 
Paris Mathematical Society; Fellow and Vice-Gerent of 
Pembroke College, Oxford ; Sedleian Professor of Natural 
Philosophy in the University of Oxford; Curator of the 
Bodleian Library ; 11 St. Giles’s, Orford. 


Prick, CHARLES JAMES CoveRLEY, M.A.; Fellow of, and Lec- 
turer at, Exeter College, Oxford; Oxford. 

RACSTER, WILLIAM; 17 Cambridge Terrace, Crystal Palace 
Road, East Dulwich. 


RanyarpD, ARTHUR Cowprr, M.A., F.R.A.S.; Pembroke 
College, Cambridge; Member of the Physical Society ; 
Barrister-at-Law ; 25 Old Square, Lincoln’s Inn, W.C. 


Rav, D. HANUMANTA, B.A.; Acting Headmaster, Government 
Normal School; Madras. 


Rawson, RoBERT, F.R.A.S.; Havant, Hants. 


RAYLEIGH, JOHN WILLIAM, Lorp, M.A. Cambridge; 
D.C.L. Oxon.; LL.D. Edinburgh; F.R.S., F.R.A.S., F.R.G.S. ; 
Honorary Fellow of Trinity College, Cambridge; Vice-Presi- 
dent of the Cambridge Philosophical Society; Vice- 
President of the Physical Society ; Terling Place, Witham, 
Essex. 


RHopkEs, EnwARD HAWKSLEY, B.A. Cambridge; Deputy Keeper 
in Her Majesty's Office of Land Revenue Records; Vice- 
President of the Aristotelian Society; 11 Norfolk Road, 
St. John’s Wood, N.W. 


RircHig, WILLIAM Irving, B.A.; late Scholar of Trinity 
College, Cambridge ; Education Department, Whitehall; and 
Southmead, Wimbledon Park. 


RoBERTS, RALPH Aucustus, M.A.; Scholar and Senior Mathe- 
matical Moderator of Trinity College, Dublin; 23 Clyde 
Road, Dublin. 


ROBERTS, SAMUEL, M.A. London, F.R.S.; 126 Tufnell 
Park Road, Holloway, N. 


ROBERTS, SAMUEL Oxiver, B.A.; Scholar of St. John’s Col- 
lege, Cambridge; Senior Mathematical Master at the 
Royal Grammar School, Newcastle-on-Tyne; 4 Gloucester 
Terrace, Newcastle-on - Tyne. 

RonERTS, WILLIAM RALPH WESTROPP, M.A.; Fellow of Trinity 
College, Dublin; 2 Wellington Road, Dublin. 


Rocers, LEONARD JAMES, B.A., B.Mus., Balliol College; 
Mathematical Lecturer at Wadham College, Oxford ; Oxford. 


ROSENTHAL, LIONEL, B.A. Dublin; 4 New Square, Lincoln’s 
Inn, W.C. 


RourH, Epwarp Joun, M.A., D.Sc. Cambridge; LL.D. Glas- 
gow; F.R.S., F.R.A.S., F.G.S., F.C.P.S.; Honorary Fellow 
and late Assistant Tutor of St. Peter's College, Cambridge ; 
Newnham Cottage, Cambridge. 

RussEeLL, Jonn WesLEY, M.A.; Member of the Physical 


Society ; Fellow of Merton College, and Lecturer at Balliol 
College, Oxford; Ozford. 


Date of Election. 


11866 April 16. 


1865 June 


1881 Jan. 


1874 Jan. 


+1879 Dec. 


1884. Dec. 


$1875 Jan. 


| 1870 Dec. 
1881 Jan. 
11868 Nov. 
1874 June 
1866 Feb. 
+1879 Mar. 


1881 Dec. 


. 1865 June 


13. 


8. 


13. 


8. 


19. 
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SALMON, Rev. Georce, D.D. Dublin and Edinburgh; D.C.L., 
LL.D., F.R.S., Hon. F.C.P.S.; Regius Professor of Divinity 
at, and Fellow of, Trinity College, Dublin; Corresponding 
Member of the Institute of France; Dublin. 


. SavAGE, Tuomas, M.A., F.C.P.S.; late Fellow of Pembroke 


College, Cambridge; Extra-Assistant Examiner in Mathe- 
matics and Natural Philosophy in the University of London; 
2 St. Bartholomew Road, Tufnell Park, N., and New Uni- 
versity Club, St. James’s Street, S.W. 


Scott, CHARLOTTE ANGaS, D.Sc. London; Pancas hiri College, 
Whalley Range, Manchester; and Bryn Mawr College, Phila- 
delphia, U.S.A. 


Scott, Ropert Forsytu, M.A. ; Fellow and Senior Bursar of 
St. John's College, Cambridge; Barrister-at-Law ; Mem- 
ber of the Edinburgh Mathematical Society ; Cambridge. 


. SHARP, WILLIAM JOSEPH CURRAN, M.A.; late Scholar of Trinity 


College, Dublin; 14 Mount Street, Grosvenor Square, W. 


. SımĮmons, Rev. Toomas CHARLES, M.A., Magdalene College, 


Cambridge; Mathematical Master of Christ's College, 
Brecon ; 14 Bridge Street, Brecon. 


. SMITH, CHARLES, M.A.; Fellow and Tutor of Sidney-Sussex 


College, Cambridge; Cambridge. 


. Smita, JAMES HAMBLIN, M.A., Gonville and Caius College ; 


late Lecturer at St. Peter's College, Cambridge; 42 
Trumpington Street, Cambridge. 


SMITH, JAMES PARKER, M.A.; Fellow of Trinity College, Cam- 
bridge; Barrister-at-Law ; 8 Stone Buildings, Lincoln’s 
Inn, W.C. 


. SPRAGUE, THOMAS BoNp, M. n F.R.S.E., F.C.P.S.; late Fellow 


of St. John's College, Cambridge; Scottish Equitable Life 
Assurance Office; 26 St. Andrew Square, Edinburgh. 


. STEVENS, Rev. ALFRED JAMES, M.A.; Fellow of St. John’s 


College, Cambridge; 15 David Place, Jersey. 


. STIRLING, JAMES, M.A. ; Trinity College, Cambridge ; Member 


of the Physical Society; Barrister-at-Law; Union Bank 
Chambers, 61 Carey Street, W.C.; and 73 Ladbroke Grove, 
Notting Hill, W. 


. Story, WILLIAN E., A.B. Harvard; Ph.D. Leipzic; Associate- 


Professor of Mathematics at Johns Hopkins University ; 
Baltimore, U.S.A. 


Stuart, GEoRGE Hewry, M.A.; late Fellow of Emmanuel 
College, Cambridge ; Kumbakonam, Madras. 


SYLVESTER, JAMES JOSEPH, M.A. Oxford and Cambridge; 
D.C.L. Oxon.; LL.D. Dublin and Edinburgh; F.R.S. L. 
and E., Honorary Fellow of St. John's College, Cambridge, 
and Fellow of New College, Oxford ; Savilian Professor 
of Geometry in the University of Oxford; Foreign 
Associate of the United States National Academy of 
Sciences; Foreign Member of the Royal Academy of 
Sciences, Göttingen ; VICE-PRESIDENT ; New College, Ozford. 


Date of Election. 


.1875 Nov. 


+1872 June 
11866 Mar. 


+1880 Mar. 


+1878 May 


1866 Dec. 


+1883 Dec. 


+1867 Nov. 


1883 Dec. 
1882 Feb. 


1865 Oct. 


1877 Jan. 
1883 Dec. 
1865 Oct. 


11881 May 
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11. TANNER, HENRY WILLIAM Lrovp, M.A. Oxford; Associate of 
the Royal School of Mines; Professor of Mathematics and 


Astronomy in the University College of South Wales and 
Monmouthshire; The Abbotts, Clive Road, Penarth, Cardiff. 


18. TAYLOR, Rev. CHARLES, M.A., D.D., F.C.P.S., F.S.A.; Master 
of St. John's College, Cambridge ; Cambridge. 
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